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Resume 
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T=0, S=1 

T=1, S=0 

Tz=0 

The interaction in both channels is about v01=1.5v10. 
Proton-neutron pairing for N≈Z. 
Which channel? 2H has 3S1 ground state 
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“Pairing” :  presence of many correlated pairs 
   of the same type 

Analogy:    pair condensate of infinite systems 
Difference: strong fluctuations of the condensate 

   parameter Δ.  

E(Δ) 

Δ 

mean field value “condensate”+pairing vibrations  
static pairing 

dynamic pairing 
pair vibration 

instead of phase transition 
smooth cross-over 

HFB->static equilibrium 
QRPA->harmonic oscillations 
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The playground 
Shell model 
in reach 

20 

20 

28 

28 

50 

50 
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Signatures for presence  
       of p-n pairing  

Large scale  
Shell Model  
calculations 

 
Experiment 
 

Which are suitable indicators of the correlations? 



•  Spin orbit vs. short range attraction: What can be 
qualitatively be expected? 

•  Mean field predictions  
•  Mean field signals:  
     symmetry breaking and pair- and iso-rotational bands 
     quasiparticle spectra 
•  Experimental binding energies and odd-odd spectra 
•  Rotation  
•  Shell model calculations: mean field signatures, pair 

correlation measures 
•  Pair transfer, β-decay, charge exchange reactions 
•  Quarteting vs. pairing 
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Effective pn - interaction  
in j-j coupling.  
  

θ12

J=1 J=2j 

J=0 
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vS=0,T=1 

l, ml ½, ms 

vS=0,T=1 

vS=0,T=1 

j=l+1/2 

j=l-1/2 

j, mj 

j, mj 

The spin-orbit splitting not important for the T=1 pairing. 

+ 
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vS=1,T=0 

l, ml ½, ms 

vS=1,T=0 

j=l+1/2 

j=l-1/2 

j, mj 

j, mj 

The spin-orbit splitting attenuates the T=0 pairing. 

vS=1,T=0 

+ 
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vS=1,T=0 

l, ml ½, ms 

vS=1,T=0 

j=l+1/2 

j=l-1/2 

j, mj 

j, mj 

No pair scattering: angular momentum conserved. 
They do not generate a condensate. 

vS=1,T=0 

J=2j pn pairs 
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β + =Uc+ +Vc,  pairs:   c+c +⎡⎣ ⎤⎦TMTJM

ε −λ +Γ Δ

Δ − ε −λ +Γ( )
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Γ1 = Tr2 (v12ρ2 ), Δ1 = Tr2 ( !v12κ2 )
The T=0 and T=1 pairfields usually appear as separate solutions.

Mean field calculations  
 
The HFB equations 
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T=0 for 
 
20Ne 
24Mg 
28Si 
32S 
36Ar 
 
HFB 
Yale-Shakin 
G-Matrix 
 
A.L. Goodman,  
Adv. Nucl. Phys.  
11 (1979) 263. 
 

 A. L. Goodman, PRC60, 014311 (1999) 
 

T=1 pairing        T=0  (α,α) field 

T=0  (α,α) field: p and n in identical orbitals 
                                ??? 
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ΔT=0 /ΔT=1

ε spherical Woods Saxon, half filled j-shells
v   monopole term of δ  interaction, v0 =1.5v1   
G.F. Bertsch, Y. Luo, Phys. Rev. C 81 (2010) 064320 

T=1 
ground states 
A<100 

Deformation 
may change 
the T=0 
Preference.  

p1/2,  
p3/2 

Spin-orbit 
potential is 
located in 
surface   -> 
ratio  
♯ interior states  
♯ surface states 
increases  
with A.  
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Evidence for the presence of the  
        pair fields in energies 

Spontaneous symmetry breaking -> pair rotational bands 
 
 T=1, J=0  and  T=0, J=1 Cooper pairs 
assume good isospin, subtract Coulomb energy <vC> 
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 T=1, J=0 pair field             T=0, J=1 pair field 
 vector in isospace               vector in ordinary space 

!
Δ

z 

y 

x isospin invariant 
Hamiltonian ->  
iso-rotational excitations (SU2) 
ΔA=4 quartet band 

rotational invariant 
Hamiltonian -> 
rotational excitations (SU2) 
ΔA=2 pair band 
 

all directions 
are equivalent  

S.F. , J Sheikh NPA 645, 509 (1999) 



rotation in ordinary space
rotational energy: 

E(I) =< H > +
I(I +1)

2θ
     

Deformed nucleus Isovector pair field 

rotation in abstract isospace
isorotational energy: 

E(I) =< H > +
T (T +1)

2θiso
     

Limit of strong symmetry breaking: Wigner X=1  
(“large deformation” in isovector space) 
The experimental X often close to 1, but not as close as for 
ordinary rotation.                   Weak deformation. 

S.F. , J Sheikh NPA 645, 509 (1999) 
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p-n  condensates generate pair-rotational bands: 
Regular sequence of ground states include the odd-odd nuclei 
           
        T=1 condensate                          T=0 condensate 

ee, T=0 
oo, T=1 

Z=N=A/2 

E 
1
θiso ee, J=0 

oo, J=1 

Z=N=A/2 

E 
1
θ

T (T +1)
2θiso

  = 75MeV
A

T (T +1)

symmetry energy
J(J +1)

2θ
   θ  large, 

cranking, Shell Model
Isorotation generates  
a quartet sequence 
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Lowest levels in odd-odd nuclei near N=Z 

D. Jenkins et al., PRC65, 064307 (2002). 

Like e-e neighbors 
T=1, 0+ ground states 
Characteristic property 
of the T=1 condensate 
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odd-odd N=Z 

T=1 pair gap + isorotational energy account for the N≈Z binding energies 
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A. V. Afanasjev,  
Int. J. Mod. Phys.  
E 16, 275 (2007) 

 
To calculate the rotational spectra one can use the y- direction 
of the condensate, which has no pn-component.  

T=0 rotational states have the same structure for all directions 
 of the IV pair field . 
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T=0 condensate generates pair-rotational bands: 
Regular sequence of ground states include the odd-odd nuclei 
           
                                                       

ee, J=0 
oo, J=1 

Z=N=A/2 

E 
1
θ

J(J +1)
2θ

   θ  large, 

cranking, Shell Model

The experimental 
T=0 odd-odd states do 
not join a pair-rotational band 
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G. F. BERTSCH AND Y. LUO PHYSICAL REVIEW C 81, 064320 (2010)
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FIG. 1. (Color online) Quasiparticle energies in 48Cr for the
f -shell space. Red circles, spin-singlet; blue squares, spin-triplet with
condensate in the Sz = 0 channel. Lines are drawn to guide the eye.

pairing neutrons with neutrons and protons with protons.
The quasiparticle energy Eq is the same for all eight orbitals
in the shell. The value, Eq ≈ 1 MeV, is in fact close to the
average experimental odd-even mass difference. Row 7 shows
the results for spin-triplet pairing. The S = 1 condensates
define a direction in space and the quasiparticle energies are no
longer independent of the jz quantum number of the orbitals,
as may be seen in Fig. 1. One sees that the quasiparticle
energy approaches zero as jz becomes small. This behavior
would be called gapless superfluidity in a large system. The
correlation energies of spin-singlet and spin-triplet pairing can
be compared in the rightmost column of the table. One sees
that it is smaller for spin triplet than for spin singlet. Thus,
the ground state should exhibit ordinary pairing, as expected.

We next augment the single-particle space by adding the
f5/2 shell, including the physical spin-orbit splitting. The
results for four choices of condensate are presented. First
of all, one sees that the correlation energies are larger than
in the pure f7/2 Hamiltonian. They could not be smaller
because the HFB theory is variational: Enlarging the space
can only lower the energy. The first two rows here show
the results for spin-singlet pairing, differing on the isospin
coupling. The energies are exactly the same owing to the
isospin invariance of the Hamiltonian. A similar degeneracy is
found for the spin-triplet pairing; here the condensate energy
does not depend on Sz. We shall exploit this invariance later
by limiting our trial condensates to be either (0, 10) or (10, 0).
Then jz is conserved and the HFB matrix can be diagonalized
in small blocks (see Appendix A). The final entry in the table
is for the Hamiltonian in the full fp shell. This is, in fact, the
truncation that results from the EB = 10 MeV cutoff around
the Fermi energy. We see that the correlation energies are
larger, as expected. The spin-singlet pairing is still the stronger
one, so the Hamiltonian with the EB passes the test of agreeing
with known phenomenology.

B. Systematics

In this section, we compare correlation energies for the
triplet and singlet pairing channels as a function of nuclear

size. We showed in the previous section that the correlation
energy does not depend on the z components of the spin or
isospin of the condensate, so we may limit our exploration of
possible condensates to the Sz = 0 channels. As mentioned
earlier, the HFB matrix reduces to blocks of fixed |jz| for these
channels. We find the self-consistent solutions of the HFB
equations iterating from a starting point in which there is a
finite condensate in some channel.

For the range of nuclear sizes that we consider, the pairing
gap is comparable to or smaller than the energy spacing of
the shell orbitals. Under these conditions, the strength of the
pairing condensate will be quite sensitive to the Fermi level.
Because we are interested here in nuclei that have well-formed
pairing condensates, we calculate only systems where the
chemical potential (λ = −13 MeV) coincides with the orbital
energy of some j shell. This gives about 50 cases for nuclei
with radii in the range of 4.0–12.0 fm. These correspond to
mass numbers in the range A = 25–1000. A table of the results
for the two correlation energies and their ratio is given in
Appendix B. For the lighter nuclei, correlation energies are
of the order of several MeV, except for several nuclei with
j = 1/2 shells at the Fermi level, for which the spin-singlet
correlation energy can be less than 1 MeV. In the heavy nuclei,
the correlation energy can be several tens of MeV.

Figure 2 shows a plot of the ratio of spin-triplet to spin-
singlet correlation energies as a function of the mass A. The
results show that there is a trend to favor spin-triplet pairing
for large nuclei, as was argued in the Introduction. However,
the ratio is by no means monotonic as a function of R. Spin
singlet is favored for R < 6.5 fm and spin triplet for R > 9 fm,
but nuclei in between could have either ground state. The
lightest nuclei predicted to have spin-triplet condensates are
indicated by their mass and element designation. They are
30P, 76Sr, and 136Er. The two lighter ones are in the physical
region, and the spectroscopic properties of one of them, 30P, are
well-known. The calculated correlation energy for this nucleus
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FIG. 2. (Color online) Ratio of spin-triplet to spin-singlet correla-
tion energies as a function of mass number A. Nuclei with spin-singlet
and spin-triplet condensates are shown as red circles and blue squares,
respectively. The vertical line at A ≈ 120 shows the dividing line
between nuclei that are bound (left) and nuclei that are unstable with
respect to proton emission, according to the mass table of Ref. [12].

064320-4

Quasiparticle  
spectra (j-shell) 

T=1 

T=0 

pair gap 
                between ee  
                and odd-A 
no pair gap  

!
Δ10Δ01

mj
2ΔΔ

 A. Gezerlis,  
G. F. Bertsch,  
and Y. L. Luo,  
PRL 106, 252502(2011) 

Gapless  
quasiparticle  
states are not  
observed 
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Low-lying states in odd-odd N=Z nuclei  

T=0 

T=1  
reflects ~1/A of symmetry energy 

J=2j or 2Ω (axial) 
the j of p and n  
are parallel  
“spin-alignment”  
J=1 the j of p and n  
are almost   
antiparallel  
 



25 

quasideuteron 

J=1 

J+     large B(M1) 

J-     small B(M1) 
The B(M1) are reproduced by  
coupling  the odd p and n to J=1 
Rapid variations not expected for 
strong T=0 correlations   



•  The p-n isovector pairing has to be as strong 
as the pp and nn pairing for symmetry 
reasons. No additional parameter to adjust. 

•  Mean field calculations predict a T=1 pair 
field for 40≤A≤100 

•  Binding energies and low energy spectra are 
consistent with absence of a T=0 field 

•  T=0 interaction aligns the spins of the 
lowest qp and qn in in the first T=0 states of 
oo nuclei. Not a pair field. 

•  There may be room for dynamical T=0 pair 
correlations.   
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Going far proton-rich 
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 A. Gezerlis, G. F. Bertsch,  
and Y. L. Luo,  
PRL 106, 252502 (2011) 

T=0 pairing 
T=0 +T=1 pairing 

T=1 pairing 
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•  More detailed calculations needed to specify 
for the region the signals for pn- pair 
correlations in the binding energies and 
excitation spectra 

•  Check them experimentally 
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Shell model studies 
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−Determine the strength of the pair correlations:
Pair counting operators N(TMT ) = PTMT

+ PTMT

−Test simple model for pairing (quarteting)

−Control the strength of the pair correlations GT=0 /GT=1

and study the consquences for observables.



Shell Model 
Monte Carlo 
K. H.Langanke  
et al. 
NPA 613(97)253 

Correlation strength 

isovector 

isoscalar 

isovector 

isovector 

expectation 
values of 
pair counting 
operators 

No pair  
correlations 

Weak but finite (dynamical) isoscalar correlations  

Strong (staic) isovector correlations  

TZ=1 

TZ=0 



0=T

The  
iso-rotational 
pattern of 
strong symmetry 
breaking   
 



T =1,Tz = ±1

The  
iso-rotational 
pattern of 
strong symmetry 
breaking   
 



T =1,Tz = 0

The  
iso-rotational 
pattern of 
strong symmetry 
breaking   
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T=1 and T=0 pairing in a simple model  
Hamiltonian 

8 levels diagonalization  
I. Bentley, S. F. PRC 88, 014322 (2013) 
 
Micro-Macro for shell structure and deformation 
interpolated QRPA 
K. Neergard, I. Bentley, S. F., PRC 89, 034302 (2014) 
K. Neergard, NUCLEAR THEORY, Vol. 36 (2017) 
eds. M. Gaidarov, N. Minkov, Heron Press, Sofia, and private communication. 
 

H = hnilsson −Gv PMT

+

MT

∑ PMT
−GSD

+D

P−1
+ = c

pi

+

i
∑ c

pi

+ P0
+ =

1
2

c
pi

+

i
∑ c

ni

+ − c
pi

+ c
ni

+ P1
+ = c

ni

+

i
∑ c

ni

+

D+ =
1
2

c
pi

+

i
∑ c

ni

+ + c
pi

+ c
ni

+



36 

Pure isovector 
GV=G 
GS=0 
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Pure isovector 
GV=G 
GS=0 

Calculated

X = 1

AME12
AME12 including extrapolated masses

24Mg

30P
40Ca 48Cr 56Ni

100Sn

30 40 50 60 70 80 90 100

−2

−1

0

1

2

3

4

5

6

7

8

A

X

Interpolated QRPA 
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WS+shell correction +T=1 pair field+interpolated RPA 
Sn isotopes 
K. Neergard, to be published 

E-Eliquid drop 

Perfect match from N=Z to N=32+Z  

BCS 

BCS+QRPA 
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Pure isovector pairing approaches that exactly 
conserve isospin describe the binding and excitation 
energies in detail, including the  Wigner X term and 
local fluctuations. 
 
8 levels diagonalization  I. Bentley, S. F. PRC 88, 014322 (2013) 
 
Micro-Macro for shell structure and deformation interpolated QRPA 
K. Neergard, I. Bentley, S. F., PRC 89, 034302 (2014) 
K. Neergard, NUCLEAR THEORY, Vol. 36 (2017) 
eds. M. Gaidarov, N. Minkov, Heron Press, Sofia and private communicatio 
 
No new parameters compared to standard N>>Z approach. 
Strength of T=1 interaction adjusted to  
ee-oo mass differences or eo mass differences. 
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T=1 and T=0 pairing in a simple model  
Hamiltonian 

8 levels diagonalization  
I. Bentley, S. F. PRC 88, 014322 (2013) 
 

Switch on the the isoscalar interaction 
 

H = hnilsson −Gv PMT

+

MT

∑ PMT
−GSD

+D

P−1
+ = c

pi

+

i
∑ c

pi

+ P0
+ =

1
2

c
pi

+

i
∑ c

ni

+ − c
pi

+ c
ni

+ P1
+ = c

ni

+

i
∑ c

ni

+

D+ =
1
2

c
pi

+

i
∑ c

ni

+ + c
pi

+ c
ni

+
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2Δ=24MeV/√20         24MeV/√100  

0 

1 

0 
IS cond. 

There is room for dynamic isoscalar pair correlations. 



Pair transfer strength 
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Collectively enhanced by the pair correlations 
Enhancement is the most direct signature. 
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Ao 

Closed shell 

σ ( Αgs→ Α+2gs)	

Single 

Particle 

∼ Ω	

∼ Ω2	

  
∼ (Δ/G)2 

Superfluids 

Vibrations 

~ (n +1 ) 

Closed shell 

Systematic relative measurements and within a given nucleus.   
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The results from the Two j-shells model 



45 Mean field approximation, surface delta interaction 
 



•  Only N-projected mean field or simple 1 or 
2 shell model calculations on the market. 

•  Realistic Shell Model not yet applied to pair 
transfer. 

•  Measurement of absolute enhancement is 
difficult  

•  Ratio of IS/IV enhancement is easier and 
interesting because the IV strength is well 
established 
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(3He,p) -  L=0 transfer 

np 

Even-even 

σ ?	

T=0 J=0 

Odd-odd 

T=1 J=0 

 T=0 J=1 

Measure the np transfer cross section to T=1 and T=0 states 
 
Both absolute σ(T=0) and σ(T=1) and relative σ(T=0) / σ(T=1) tell us about 
the character and strength of the correlations  

(3He,p) Transfer Reactions 
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Ratio between the cross sections for transfer of an IV pair 
and an IS pair from ee 0+

1  to the 0+
1 and the 1+

1 
states in the oo.  

IV dominates 

No pairing 

Does a beyond- m. f.  IV scenario account for experiment?   



GT - transitions 
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enhancement 
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QRPA with isoscalar paring interaction with coupling constant GS=0.3 Gcritical 
 for onset of isoscalar condensate. 
Other QRPA studies of β+ decay, β+β+ decay, and  β- decay of neutron-rich nuclei  
require  dynamical isoscalar pair correlation to reproduce data. 
 
 

β+ decay 

Shell model QRPA 
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Charge exchange reactions A(3He,3H)A test the influence of pairing  
correlations on the GT matrix element in a different energy range 

HFB+QRPA calculations 
Uncertainty: 
Competition of the  
GT resonance in pp channel 
with isoscalar pair 
correlations   



Quarteting 
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Isospin conservation and quarteting 

+++ ∝ iiiP νν1
+++

− ∝ iiiP ππ1
+++++ +∝ iiiiiP νππν0

non-collective quartets  

τ
τ

τ
πνε ,

,
,

)()( ),()( j
ij

iii
i

i PPjiVNNH ∑∑ +++=

€ 

Qij
+ = [Piτ

+Pjτ'
+ ]T =0 ∝ Pνν ,i

+ Pππ , j
+ + Pππ ,i

+ Pνν , j
+ − Pνπ ,i

+ Pνπ , j
+

collective  quartet 

quartet condensate 

€ 

|QCM >=Q+nq | − > (has  T=0, J=0)  

Q+ = xij
ij
∑ [Piτ

+Pjτ '
+ ]T=0
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Quartet  condensation  and Cooper pairs 

++ ∑=Γ ττ ,i
i

iPx

‘coherent’  mixing of  condenstates formed by  nn, pp and pn pairs 

|QCM >= (2Γνν
+ Γππ

+ −Γνπ
+ Γνπ

+ )nq |− >

€ 

|QCM >=Q+nq | − >

collective  pairs Q+  = 2Γνν
+ Γππ

+ −Γνπ
+ Γνπ

+

calculations 

>−ΓΓ>∝ ++ |)(1| qnPBCS ππνυ>−Γ>∝ + |)(0| 2 qnPBCS νπ

Q+ = xij
ij
∑ [Piτ

+Pjτ '
+ ]T=0

method of recurence relations 

δx <QCM |H |QCM >= 0
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Quartet condensation versus pair condensation 

jt
ij

it
t

T
J

i
ii PPjiVNH ∑ ∑∑ +=

=+= ),(10ε

N. S, D. Negrea,  J. Dukelsky, C.W. Johnson, PRC85, 061303(R) (2012) 

€ 

|QCM >≡ (Q+)nq | − > >−ΓΓ>∝ ++ |)(1| qnPBCS ππνυ >−Γ>∝ + |)(0| 2 qnPBCS νπ

pairing forces extracted from SM interactions 

•    T=1 pairing is accurately described by  quartets, not by pairs 
     
 •   there is not a pure condensate of isovector pn pairs in N=Z nuclei   

Conclusions 

States with good isospin always contain a mixture of Γππ, Γνν, Γπν. 
How different are PTM=0PA|T=1 MF> and |QCM>? 
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Wigner energy: comparison with earlier calculations 

Bentley & Frauendorf PRC(2013) 
Negrea & Sandulescu PRC(2014) 
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Isovector (J=0) pairing versus isoscalar (J=1) pairing   

T=1 and T=0 pairing correlations always coexist 
                                      &  
                  difficult to disentangle   

M. Sambataro, N.S. and C.W.Johnson, Phys. Lett. B740 (2015)137 

T=1 correlations dominate, some T=0 correlations            T=1 condensate+dynamical T=0 
 



A<100:  T=1 condensate combined   
with dynamical T=0 correlations 

 
•  The binding energies show iso-rotational pattern 
•  The N=Z odd-odd spectra have low density  
•  The rotational spectra can be quantitatively 

described by conventional mean-field without 
explicit pn-pairing, some indication for T=0 
correlations 

•  Cross section for IV pair transfer larger than for IS 
pair transfer.  

•  Dynamical T=0 correlations->GT, M1 58 


