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Similarity Renormalization Group

Basic Concept

continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis

e flow equation for Hamiltonian H(s) = U(s)HU'(s) :

9 hi(s) = s Hs)] . nfs) = T2Sut(s) = —a(s)

e choose 7(s) to achieve desired behavior, e.g.,
n(s) = [Ha(s), Hou(s)]
to suppress (suitably defined) off-diagonal Hamiltonian

e consistent evolution for all observables of interest
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SRG in Three-Body Space

3B Jacobi-HO Matrix Elements
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In-Medium SRG
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Solving the Flow Equation

e operator flow equation:

S H(s) = [n(s).H(S)

 encodes information for all systems described by H

e (“arbitrarily”) complex unitary transformation to solve
everything at once

e truncation / organization scheme

e [ntroduces restrictions (particle number, ...), uncertaintiesL

e basis (operator algebra and/or Hilbert space)

* generator

‘e introduce information from target system (e.qg. reference
state) to optimize transformation, reduce uncertainties
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Normal Ordering

e second quantization: A"/ =al ...a] a,...a,

e particle- and hole density matrices:

M= (O|Af|0) — ndf, ne e {0,1}

=M -0  — —nkdf = —(1 —nk)df
e define normal-ordered operators recursively:

Al it = AL N AR o singles
+ (M — X A,f) Ak"’ kv ;4 doubles + .
e algebra is simplified significantly because
Ki...K
<<D| :A/11...INN : |<D> =0

e \Wick’s theorem gives simplified expansions (fewer terms!)
for products of normal-ordered operators
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Normal-Ordered Hamiltonian

Normal-Ordered Hamiltonian

H=Eo+ ) fif A+ Zr LAY LN ik
Kkl

k/mn Ifkimn

(O
2 S W
X

two-body formalism with
In-medium contributions from
three-body interactions
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Decoupling in A-Body Space

Op-Oh 1p-1h 2p-2h 3p-3h . Op-Oh 1p-1h 2p-2h 3p-3h
S S
=3 =3
& &
N N
& &
R S
o o
(ap) (ap)
\J \J

C[H ) (i[H(e0) |})

aim: decouple reference state |¢ )
(Op-0h) from excitations
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Decoupling in A-Body Space

Op-Oh 1p-1h 2p-2h 3p-3h

Op-0h

£ <g|H|w>:Zf,"<w|:Ag 2 AC W) = —npiipf!
ki

g ’ZﬁfH|w>:Zr§§n<w\:Ag’;’, ::Aﬁf,,,:\w>~r’;’,‘j,'
kimn

3p-3h

\J

* define off-diagonal Hamiltonian (suppressed by IM-SRG flow):

1 / /
Hod = fod + Toa, foa = » 1 :AP: +H.C., Tog = 1 > THE A +H.c
ph pp’hh’

m) construct generator
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Choice of Generator

e Wegner: ' = [Hg, Hod]

e \White: (J. Chem. Phys. 117, 7472)

I y p . rﬁﬁ/ pp’
=Y -n AP L AP + Z . AP —H.c.
ph p/o’hh’ hh’

AP A’,fjﬁ, approx. 1p1h, 2p2h excitation energies
e “imaginary time”: (Morris, Bogner)

1 :
"= sgn (Bp)FE AR S sgn (AR T ARR  —Hec.
ph pp’hh’

2
» off-diagonal matrlx elements are suppressed like e 2°

(Wegner), e~® (White), and e~ 2 (imaginary time)
e @.s. energies (s — oo) differ by < 1%
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IM-SRG(2) Flow Equations

0-body Flow ~ 2nd order MBPT for H(s)
O

f
af _ + (@ + A + \
as

O

IM-SRG(2): truncate ops.
at two body Ievel
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IM-SRG(2) Flow Equations

2-body Flow O(N®) scaling

(before particle/hole distinction)

S0
S0

s channel t channel u channel

ladders rngs
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Decoupling
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N3LO, A =2.0 fm™ ', epyax = 8
non-perturbative

resummation of MBPT series
(correlations)

off-diagonal couplings
are rapidly driven to zero
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Multi-Reference IM-SRG

H. H., in preparation
H. H., S. Bogner, T. Morris, S. Binder, A. Calci, J. Langhammer, R. Roth, Phys. Rev. C 90,

041302 (2014)
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Multi-Reference IM-SRG

e generalized Wick’s theorem for arbitrary reference states
(Kutzelnigg & Mukherjee)

e define irreducible n-body density matrices of reference state:
e = N + Moy = N,
ol = \IK L NXE 1+ N AK 4 permutations

Imn Imn

* irreducible densities give rise to additional contractions:

o pab... . akl... ab
°Acd... “Amn... . . )‘mn

o paab... . akl... ab
°Acd... "Amn... . . )‘cm
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Decoupling Revisited

®) og)  [oRT)  [og))
°
o0 p = PE:kSKE:kI skl
ki kimn
e Pq = = pq Z Dk \ tk Z K\ stk K\ stkl
Qi <St ‘H ’¢> ~ npnqnsntrst ? r-sl )‘qlﬁ fl )‘pqla § :rmn)‘pqmnv e
ki ki kimn
~ pqr
STH o) ~
<

e truncation in irreducible density matrices based on, e.g.,

e number of correlated vs. total pairs, triples, ... (caveat:
highly collective reference states)

e perturbative analysis (e.g. for shell-model like states)

e verify for chosen multi-reference state when possible
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GGenerators

gyt )t Aponanns e

pr A7 pqrs qu
" = [san(A8))[en df +.. ) AP + +7 Z[sgn A7) (PongnmsTRi+..]) :ART: —H.c.
pr pars

e \White generator: small energy denominators due to near-
degeneracies

* [maginary time generator: sign choice depends on
approximate energies

e definition of H° subject to density truncations
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Brillouin Generator

e consider unitary variations of the energy functional
E(s) = (®|H(s) |®)

e define generator as the residual of the irreducible Brillouin
condition (= gradient of E)

nf = <<I> ::A'?:,H} ‘<D>
Nt = <<I> ::A'?Sq:,H} |CI>>

e fixed point (n = 0) is reached when IBC is satisfied, energy
stationary (cf. ACSE approach of Mazziotti et al.)

* Brillouin generator depends linearly on M2, A2 NP9 higher

irreducible density matrices are not required
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Brillouin Generator

NN-only, A=1.88 fm’ NN+3N-ind., A=2.0 fm"’
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e norm of Brillouin generator decays monotonically

(approximation: 2B “particle-hole”-like term switched off, 3B density not yet
implemented)

= use in Magnus formulation of MR-IM-SRG
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Multi-Reference Flow Equations G

NSCL
0-body flow:
dE 1 o
ds Z(na ~"b) ( f: Ty 773) 4 Z (ncdr rignacg) NaNphchg
ab abcd
1 d
T2 (ds rg‘;) \od +
abcd
1-body flow:
d
deQ — Z (77;7‘5 a772) + Z (%r 377221) ( - nb)
a
1 — — —
+ E Z (nbcr r;iﬁgg) (nanbnc + nanbnc)
abcdef
12 3 (nlerg - rizg) e+ S (niarsy - rians) X
abcde abcde
1 1
5 S (nlgres - i) agg+ 5 S (miarae — rinie) X
abcde abcde
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Multi-Reference Flow Equations G

NSCL

2-body flow:
d
< Taa = Z (AT + n2T85 — nTag — v E2 — fangs — fani + F5mi3 + fini3)

5 Z (dBT52 — i85 ) (1= ng — ny)

+ Z(na — o) (e — Tigns) — (vEsria — 3anis))
ab

two-body flow unchanged,
O(N®°) scaling preserved
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4
Particle-Number Projected HFB State G

NSCL

e HFB ground state is a superposition of states with different
particle number:

1 27 o
V)= Y ealva). (W) =Pulv) =5 [ dee Ny
A=N.N=E2....

e calculate irreducible densities (project only once), e.q.,

<W‘A;(PN|\U> ki _<\I!\Aﬁ§nPN‘\U>

_ vk k!
>‘l — <\U|\U> ) )‘mn — <\|f‘\|f> )‘m)‘m+)‘n)‘m

e work in natural orbitals (= HFB canonical basis):

A =ndf (=vidf), 0<ne <1

* in NO basis, A, Moy require only 2N?, 3N° storage
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Ground States of Closed
and Open-Shell Nuclei

H. H., in preparation

H. H., S. Bogner, T. Morris, S. Binder, A. Calci, J. Langhammer, R. Roth, Phys. Rev. C 90,
041302 (2014)

H. H., S. Binder, A. Calci, J. Langhammer, and R. Roth, Phys. Rev. Lett 110, 242501 (2013)

H. H., S. K. Bogner, S. Binder, A. Calci, J. Langhammer, R. Roth, and A. Schwenk,
Phys. Rev. C 87, 034307 (2013)




Hamiltonians

Initial Hamiltonian

e NN: chiral interaction at N3LO (Entem & Machleidt)
e 3N: chiral interaction at N2LO (cp, ck fit to 3H, *He energies, 8 decay)

SRG-Evolved Hamiltonians

* NN + 3N-induced: start with initial NN Hamiltonian, keep
two- and three-body terms

NN + 3N-full: start with initial NN + 3N Hamiltonian, keep
two- and three-body terms
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Results: Oxygen Chain

0 —— 0 —
2 NN + 3N-ind. A0 | | NN + 3N-full (400) “O:
~25] Esmax=14 - -25] =14
A=1.88 fm™ ] A=1.88 fm™' |
~50} § —50} ‘
~75L § ~75}
> | L3
2. 100 § 2. 100
L [ 1 L
~125} exp. § ~125}
- ® IM-SRG j - ® IM-SRG
[ = |[T-NCSM ] [ = |T-NCSM
“r v cesp N ~1°%r  ccsp
[, A-CCSD(T) R A A-CCSD(T)
-175} -175} o ADC(3), A=2.0 fm™’ _
10 12 14 16 18 20 22 24 26 28 10 12 14 16 18 20 22 24 26 28

A HHetal, Phys. Rev. Lett. 110, 242501 (2013) A

ADC(3): A. Cipollone et al., Phys. Rev. Lett. 111, 242501 (2013)

 Multi-Reference IM-SRG with number-projected Hartree-Fock-
Bogoliubov as reference state (pairing correlations)

e consistent results from different many-body methods
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" " Qg @
Two-Neutron Separation Energies G@)‘l

NSCL

PRC 90, 041302(R) (2014)
NN + 3N-full (400)

_250_I I I I I I I I I I -
: e e 01 e differential observables
‘3005 /v CR-COE3) - (S2n, spectra,...) filter out
> 350} 1=1.88..2.24fm™" ] interaction components
= : that cause overbinding
LLl _
_ss0} 1 e predict flat trends for g.s.
I = i ' 54
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40 I I I I I I I I I I [ .
. nsniMeviel @ 92Ca, °*Ca robustly magic
—_— e A due to 3N interaction
% 20;—
= 1of ] { * no continuum coupling
g ———— Bl )-- yet, other Sz2n uncertain-
consistent with Aaf ties < 1MeV

2nd order Gor’kov GF

Soma et al., PRC 89, 061301 A
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Two-Neutron Separation Energies

PRC 90,

_400[*

E [MeV]

—700

S2 n [MeV]

-10
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NN + 3N-full (400)
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flat trends for g. s.
energies and San (similar
to Ca)

deformation instabillity in
64.66Nj calculations - issue
with “shell” structure

further evidence from 3N
cutoff variation

no continuum coupling
yet, other Son uncertain-
ties < TMeV
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The Ab Initio Mass Frontier: Tin (& On

NSCL

NN + 3N-full (400)

~800 [T _
: E3max |
900} 14 @
[ 16 O ]
| _ memory
CCSD 18 m ] E3max
= ~1000¢ CRCC(2,3) 18 7] (float) [GB]
= 1100} : 14 5
L f i ~
1200} _- 16 20
18 100+
~1300} ]
140035 704 708 112 116 120 154 158 132 136 140 144

A
e systematics of overbinding similar to Ca/Ni

e not converged with respect to 3N matrix element truncation:

e1 + €2 + €3 < Ezmax
(€123 : SHO energy quantum numbers)

 need technical improvements to go further
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Next Steps
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Reach of Ab Initio Methods

accessible with (MR-)IM-SRG,
IM-SRG+Shell Model, CC, 250 ENEEEEEEEEEEE
SCGF / GGF, ... R

[ | =Il [ |
red: studied with IM-SRG u-maman-
based methods EEEEmEEEE N=82
[ |
[ | =l= =
[ | IIE E..
/=28 = EHE E
aeeelis
=III=
Z=20 ! E EHH =
sam B y
[ [ ]|
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aloe— for many odd & deformed nuclei
B N=20 etendt - (numerically expensive)
B )
il B m)» need alternatives...
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e describe “excited states” based on reference state:
Vi) =Ri|Vo)

e (MR-)IM-SRG effective Hamiltonian in EOM approach:
[H(OO), Rk} — kak, WKk — Ek — Eo

e computational effort scales polynomially, vs. factorial
scaling of Shell Model

e can exploit Multi-Reference capabilities (commutator
formulation identical to flow equations)

= complementary to Shell Model
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EOM Applications

e particle-hole excitations (TDA, RPA, Second RPA, ...

k k
R, — ZR( ) . -ajap : + Z I—?ép),hh, ag,ag,ah/ah S
pp’hh’

m) giant resonances

e particle attachment (analogous for removal):

Ry = ZI—?(") ab:+Y Ry, :ahalan:+...
pp’h
= ground and excited states in odd nuclei

H. Hergert - ESNT Workshop “Near-Degenerate Systems in Nuclear Structure and Quantum Chemistry from Ab Initio Methods”, CEA Saclay, 03/31/2015



Effective Operators

[ o
38l Alfm™ ] 1
I m 1.88
3.6 ® 224
O L
A [
3.2_— i
2.8:— —
40 42 44 46 48 50

 small radii: interaction issue (power counting, regulators,
LECs, ...), also consider currents?

 implementation of electromagnetic & weak transition

operators in progress; aim for consistent treatment: chiral
EFT, SRG, IM-SRG ( & Shell Model code !)
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Magnus Series Formulation

e construct unitary transformation explicitly:

U(s) = Sexp /S ds'n(s’) = exp Q(s)
0

e flow equation for Magnus operator :

d > B,
%Q T Lokl
k=0

adg (), adg(O) = [Q,0]

(Bk: Bernoulli numbers)

e construct O(s) = U(s)OgU'(s) using Baker-Campbell-
Hausdorff expansion (Hamiltonian + effective operators)

e generate systematic approximations to (MR-)IM-SRG(3)

e simple integrator sufficient (Euler!) - unitarity built in
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<\Ud @
Example: Homogenous Electron Gas G@)‘l

NSCL

e—e Magnus(2) AEO(S)
o—o IMSRG(2) AEO(S) —
#—a IMSRG(2) Euler AEO(S)

rs=0.5fm
114 states -
N=14

AE [H]

O\
AAAAAAAAAAAAAAAAAAAAAAAAAAA
vvvvvvvvvvvvvvvvvvvvvvvvvvvvv

- -
1
1

T. D. Morris, N. Parzuchowski, S. K. Bogner, in preparation
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Conclusions




Conclusions

e [M-SRG is a powerful ab initio framework for closed- and
open-shell, medium-mass & (heavy) nuclei

e derivation of Shell-Model interactions (see talk by J. Holt)

= mmediate access to spectra, odd nuclel, intrinsic
deformation (at Shell Model numerical cost)

* |n progress:
e EOM for odd nuclei and excited states
o effective transition operators
e approximate IM-SRG(3)

e new perspectives for old (?) problems: evolution of long-
range correlations, construction of density functionals...
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Supplements




. sl &
Scales of the Strong Interaction G@)‘l

NSCL

quarks, gluons

chiral phase transition
(de)confinement phase transition

Weinberg’s 3rd Law of Progress In
Theoretical Physics:

“You may use any degrees of freedom you
like to describe a physical system, but if
you use the wrong ones, you’ll be sorry!”
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Chiral EFT
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. sl &
Scales of the Strong Interaction (. @)‘l

NSCL

quarks, gluons

chiral phase transition
(de)confinement phase transition

pions (r7), nucleons (N), ...

chiral symmetry

spontaneously broken,
T is Goldstone boson
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Chiral EFT
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SRG in Two-Body Space

nA) = ZH[TrelaH()‘)]
\N=s /4

“lowering resolution scale A
& decoupling of low and high .
momenta . 0.4 elimination of

deuteron wave function
T

short-range

0.0 3 0'3; correlations
/ ' Lg [ i
( — 0.2| s
| s :

q [fm™]

momentum space matrix elements

r [fm]

H. Hergert - ESNT Workshop “Near-Degenerate Systems in Nuclear Structure and Quantum Chemistry from Ab Initio Methods”, CEA Saclay, 03/31/2015



Induced Interactions

e SRG is a unitary transformation in A-body space

e up to A-body interactions are induced during the flow:

adH
ax HZ&QZ&E@]»Z\&T&T&&] =...+» ala'alaag+...
2-body 2-body 3-body

e state-of-the-art: evolve in three-body space, truncate

induced four- and higher many-body forces
(Jurgenson, Furnstahl, Navratil, PRL 103, 082501; Hebeler, PRC 85, 021002;
Wendt, PRC 87, 061001 )

e A-dependence of eigenvalues is a diagnostic for size of
omitted induced interactions
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4
In-Medium SRG Flow: Diagrams (.
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Results: Closed-Shell Nuclel
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Variation of Scales
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