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Similarity Renormalization Group

• flow equation for Hamiltonian                                : 


• choose         to achieve desired behavior, e.g.,


to suppress (suitably defined) off-diagonal Hamiltonian


• consistent evolution for all observables of interest

Basic Concept
continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis
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chiral NN + 3N

N3LO + N2LO  (3H fit)

SRG in Three-Body Space
SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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3H ground-state (NCSM)

λ =  ∞ fm-1λ =  3.16 fm-1λ =  2.66 fm-1λ =  2.24 fm-1λ =  1.88 fm-1λ =  1.58 fm-1λ =  1.33 fm-1

suppression of 

off-diagonal coupling 

greatly improved

convergence
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[figures by R. Roth, A. Calci, J. Langhammer]



In-Medium SRG

S. K. Bogner, H. H., T. Morris, A. Schwenk, and K. Tuskiyama, to appear in Phys. Rept.

H. H., S. K. Bogner, S. Binder, A. Calci, J. Langhammer, R. Roth, and A. Schwenk,            
Phys. Rev. C 87, 034307 (2013)

K. Tsukiyama, S. K. Bogner, and A. Schwenk, Phys. Rev. Lett. 106, 222502 (2011)



H. Hergert - ESNT Workshop “Near-Degenerate Systems in Nuclear Structure and Quantum Chemistry from Ab Initio Methods”, CEA Saclay, 03/31/2015

Solving the Flow Equation 
• operator flow equation:


!

• encodes information for all systems described by H

• (“arbitrarily”) complex unitary transformation to solve 

everything at once


• truncation / organization scheme


• introduces restrictions (particle number, …), uncertainties


• basis (operator algebra and/or Hilbert space)


• generator


• introduce information from target system (e.g. reference 
state) to optimize transformation, reduce uncertainties

K
KZ/(Z) =

�
�(Z),/(Z)
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Decoupling in A-Body Space
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to reference state:
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Normal Ordering

• second quantization:


• particle- and hole density matrices:


• define normal-ordered operators recursively:


• algebra is simplified significantly because


• Wick’s theorem gives simplified expansions (fewer terms!) 
for products of normal-ordered operators

⇥�
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� ⇤⇤��
�
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�⇤ ����� , �� ⌅ {�, �}
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Normal-Ordered Hamiltonian

Normal-Ordered Hamiltonian

� = �� +
�

�	

� �	 : ��
	 : +

�
�

�

�	
�

�	

� : ��	


� : +
�
��

�

���	
�

� ���
	
� : ����

	
� :
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two-body formalism with 

in-medium contributions from 


three-body interactions
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Decoupling in A-Body Space
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• define off-diagonal Hamiltonian (suppressed by IM-SRG flow):

!
!
!

➡ construct generator
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Decoupling in A-Body Space
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Choice of Generator

• Wegner:


• White: (J. Chem. Phys. 117, 7472)


                           : approx. 1p1h, 2p2h excitation energies


• “imaginary time”: (Morris, Bogner)


• off-diagonal matrix elements are suppressed like            
(Wegner),        (White), and             (imaginary time)


• g.s. energies (           ) differ by  
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IM-SRG(2) Flow Equations

0-body Flow

1-body Flow

��
��

= ＋

��
��

=                        ＋                        ＋                   ＋

~ 2nd order MBPT for H(s)

IM-SRG(2): truncate ops.

at two-body level
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IM-SRG(2) Flow Equations

2-body Flow

�
��

=                   ＋                －                 －                 
!

!

!
＋              ＋                ＋                       －

s channel t channel u channel
ladders rings

O(N6) scaling 

(before particle/hole distinction)
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Decoupling

off-diagonal couplings 
are rapidly driven to zero

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

���	, � = �.� ����, ��

 = �

non-perturbative 
resummation of MBPT series 

(correlations)



Multi-Reference IM-SRG

H. H., in preparation

H. H., S. Bogner, T. Morris, S. Binder, A. Calci, J. Langhammer, R. Roth, Phys. Rev. C 90, 
041302 (2014)

H. H., S. Binder, A. Calci, J. Langhammer, and R. Roth, Phys. Rev. Lett 110, 242501 (2013)
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Multi-Reference IM-SRG

• generalized Wick’s theorem for arbitrary reference states 
(Kutzelnigg & Mukherjee)


• define irreducible n-body density matrices of reference state:


                                         .  .  .


• irreducible densities give rise to additional contractions:
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Decoupling Revisited

• truncation in irreducible density matrices based on, e.g.,


• number of correlated vs. total pairs, triples, ... (caveat: 
highly collective reference states)


• perturbative analysis (e.g. for shell-model like states)


• verify for chosen multi-reference state when possible
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Generators

• White generator: small energy denominators due to near-
degeneracies


• imaginary time generator: sign choice depends on 
approximate energies


• definition of Hod subject to density truncations
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Brillouin Generator

• consider unitary variations of the energy functional


• define generator as the residual of the irreducible Brillouin 
condition (= gradient of E)


• fixed point (           ) is reached when IBC is satisfied, energy 
stationary (cf. ACSE approach of Mazziotti et al.)


• Brillouin generator depends linearly on                    , higher 
irreducible density matrices are not required
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Brillouin Generator

• norm of Brillouin generator decays monotonically               
(approximation: 2B “particle-hole”-like term switched off, 3B density not yet 
implemented) 


➡use in Magnus formulation of MR-IM-SRG

Prelim
inary

Prelim
inary

NN-only, λ=1.88 fm-1

���� ���� ���� ���� ����

-��

-��

-��

-��

� [���-�]

�
[�
��

]

���
����=�

��=�� ���
��� 	
�� ��
�

��� ����
��������� (�������)
�� ��
�

� �� ��-���

-���

-���

-���

� [���-�]
�

[�
��

]

���
����=�

��=�� ���
	
	

��
 ����
��������� (������
)

NN+3N-ind., λ=2.0 fm-1



H. Hergert - ESNT Workshop “Near-Degenerate Systems in Nuclear Structure and Quantum Chemistry from Ab Initio Methods”, CEA Saclay, 03/31/2015

Multi-Reference Flow Equations
0-body flow:

1-body flow:
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Multi-Reference Flow Equations
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Particle-Number Projected HFB State

• HFB ground state is a superposition of states with different 
particle number:


• calculate irreducible densities (project only once), e.g.,


• work in natural orbitals (= HFB canonical basis):


• in NO basis,                require only 2N2, 3N3 storage
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Ground States of Closed 
and Open-Shell Nuclei

H. H., in preparation

H. H., S. Bogner, T. Morris, S. Binder, A. Calci, J. Langhammer, R. Roth, Phys. Rev. C 90, 
041302 (2014)

H. H., S. Binder, A. Calci, J. Langhammer, and R. Roth, Phys. Rev. Lett 110, 242501 (2013)

H. H., S. K. Bogner, S. Binder, A. Calci, J. Langhammer, R. Roth, and A. Schwenk,      
Phys. Rev. C 87, 034307 (2013)
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Hamiltonians

• NN: chiral interaction at N3LO (Entem & Machleidt)

• 3N: chiral interaction at N2LO (cD, cE fit to 3H, 4He energies, β decay)

 Initial Hamiltonian

• NN + 3N-induced: start with initial NN Hamiltonian, keep 
two- and three-body terms


• NN + 3N-full: start with initial NN + 3N Hamiltonian, keep 
two- and three-body terms

 SRG-Evolved Hamiltonians
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Results: Oxygen Chain

• Multi-Reference IM-SRG with number-projected Hartree-Fock-
Bogoliubov as reference state (pairing correlations)


• consistent results from different many-body methods

HH et al., Phys. Rev. Lett. 110, 242501 (2013)
ADC(3): A. Cipollone et al., Phys. Rev. Lett. 111, 242501 (2013)
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• further evidence from 3N 
cutoff variation


• no continuum coupling 
yet, other S2n uncertain-
ties < 1MeV
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The Ab Initio Mass Frontier: Tin

• systematics of overbinding similar to Ca/Ni

• not converged with respect to 3N matrix element truncation:


(e1,2,3 : SHO energy quantum numbers)

• need technical improvements to go further
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Next Steps
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Reach of Ab Initio Methods

blue: accessible with (MR-)IM-SRG,

IM-SRG+Shell Model, CC, 

SCGF / GGF, … 

!
red: studied with IM-SRG

based methods
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rely on IM-SRG + Shell Model 
for many odd & deformed nuclei 
(numerically expensive)

➡ need alternatives…
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Equations-of-Motion for Excitations

• describe “excited states” based on reference state:


•  (MR-)IM-SRG effective Hamiltonian in EOM approach:


• computational effort scales polynomially, vs. factorial 
scaling of Shell Model


• can exploit Multi-Reference capabilities (commutator 
formulation identical to flow equations)


➡complementary to Shell Model
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EOM Applications

• particle-hole excitations (TDA, RPA, Second RPA, ...) 


➡giant resonances 

• particle attachment (analogous for removal):


➡ground and excited states in odd nuclei
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Effective Operators

• small radii: interaction issue (power counting, regulators, 
LECs, …),  also consider currents?


• implementation of electromagnetic & weak transition 
operators in progress; aim for consistent treatment: chiral 
EFT, SRG, IM-SRG ( & Shell Model code !)
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Magnus Series Formulation
• construct unitary transformation explicitly:


• flow equation for Magnus operator :


(Bk: Bernoulli numbers)


• construct                                  using Baker-Campbell-
Hausdorff expansion (Hamiltonian + effective operators)


• generate systematic approximations to (MR-)IM-SRG(3)


• simple integrator sufficient (Euler!) - unitarity built in


6(Z) = <(Z)6�<†(Z)

<(Z) = S L_W
� Z

�
KZ��(Z�) � L_W (Z)

K
KZ =

��

R=�

)R
R! HK

R (�) , HK (6) =
�

,6
�
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Example: Homogenous Electron Gas

T. D. Morris, N. Parzuchowski, S. K. Bogner, in preparation

7

Then clearly,

�E
T,103a

=� 1

4

Z 1

0

X

ae

(
X

ijb

⌦ab

ij

⌦ij

eb

exp(�t�
bij

))

⇥ (
X

kcd

Hcd

ak

Hek

cd

exp(�t�
cdk

))dt , (33)

Now, this integral can be done numerically via quadra-
ture. If N

q

represents the number of quadrature points
needed to evaluate the integral, then the cost of evaluat-
ing �E

T,103a

changes from the naive o3v4 to N
q

ov4. As
pointed out in the earlier works, the most expensive term
that must be evaluated have a cost of ov5, which for most
basis sets is going to be larger than o3v4 because o2 < v.
However, for the multireference case where no distinc-
tion is made between particle and hole states, bringing
the cost down from N7 to N6 is a dramatic improvement.
Thus the Magnus formulation of IMSRG may provide a
method for including triples accuracy in a multireference
formulation at a general N6 cost.

V. SIMULATION-CELL HEG

In this work, we focus on the simulation-cell HEG. We
will briefly review the basis we use, and what densities we
will perform our calculations at. Further we address how
we establish convergence in s with either the MIMSRG
or IMSRG method.

We begin with the plane wave single particle states
dictated by periodic boundary conditions, which have the
form

hk,�
i

|r,�
j

i = 1p
L3

exp(ik · r)�
�i,�j , (34)

where L3 is the volume, and ki =
2⇧

L

(i
x

, i
y

, i
z

). A basis
set truncation which includes M plane waves with mo-
mentum below a cuto↵ k

c

is made in our calculations as
well as the FCIQMC results we benchmark against [3].
In this system, the kinetic energy is trivially

T
i,j

=
1

2
ki

2�
i,j

. (35)

The Coulomb matrix element is also straightforwardly
computed, yielding the following expression

V
ijkl

=
1

L3

1

q2
�
�i,�k��j ,�l�q,ki�kk�q,kl�kj (36)

as long as q 6= 0. Thus the total Hamiltonian can be
written as

H =
X

i

1

2
ki

2a†
i

a
i

+
1

2!2

X

ijkl

V A

ijkl

a†
i

a†
j

a
l

a
k

, (37)

where we have ommitted the Madelung term. This is
chiefly since it contributes only in finite systems, and
even there not to the correlation energy in which we are

interested. As has been mentioned, a nice feature of this
system is that momentum conservation of the interaction
makes the plane-wave and hartree-fock basis equivalent
independent of the cuto↵ k

c

.
For both methods of solution we begin with the hartree

fock reference state consisting of the lowest energy nor-
mal ordered plane wave states. In order to solve (9),
we use a Gordon-Shampine integrator to keep timestep
error small. For solving (20) formulation we use a sim-
ple mid-point forward euler step method. In order to
gauge convergence, we follow previous IMSRG methods
by integrating until MBPT2 contribution is below 1e�6

Hartree. We do this as the size of MBPT2 generally
follows ”o↵-diagonal” strength. An example of this con-
vergence can be seen for the smallest and least correlated
system treated in this paper in Fig. 6.

0 1 2 3 4 5
s

-0.5

-0.4

-0.3

-0.2

-0.1

0
∆

Ε
 [

Η
]

Magnus(2) ∆E
0
(s)

IMSRG(2) ∆Ε
0
(s)

IMSRG(2) Euler ∆E
0
(s)

FCIQMC 

FIG. 6. (Color online) IMSRG(2) and Magnus(2) ground-
state energy of M = 114, rs = 0.5 as a function of the flow
parameter s. Shown are �EMagnus(2)(s) (l), �EIMSRG(s)
(⌥), and �EIMSRG(s)(⌅) solved with forward Euler step of
�S = 0.2 . The dashed line indicates the FCIQMC result.

For comparison to the quasi-exact results already al-
luded to from [3], we choose to perform calculations with
14 electrons at Wigner-Seitz radii of r

s

= .5, 1, 2, 5 and
basis set sizes M = 114, 186, 358, 778. Further, we can
then perform a extrapolation to a complete basis set ex-
trapolation using the M = 358, 778 results in the same
way as shown in [3].

VI. RESULTS AND CONCLUSIONS

In this section, IMSRG(2) and Magnus(2) results are
presented for the ground-states of of the di↵erent densi-
ties calculated. We draw a comparison between Coupled
Cluster, FCIQMC, and our results. We also discuss the
timing of the two di↵erent methods, and further address
details of the new Magnus IMSRG method. We conclude
by showing that it is possible very cheaply to establish
observables in the Magnus IMSRG formalism.

rs = 0.5 fm!
114 states!

N = 14



Conclusions
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Conclusions

• IM-SRG is a powerful ab initio framework for closed- and 
open-shell, medium-mass & (heavy) nuclei


• derivation of Shell-Model interactions  (see talk by J. Holt)


➡ immediate access to spectra, odd nuclei, intrinsic 
deformation (at Shell Model numerical cost)                


• in progress: 

• EOM for odd nuclei and excited states 

• effective transition operators

• approximate IM-SRG(3)


• new perspectives for old (?) problems: evolution of long-
range correlations, construction of density functionals... 
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Scales of the Strong Interaction
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chiral phase transition

(de)confinement phase transition

quarks, gluons

Weinberg’s 3rd Law of Progress in 
Theoretical Physics: 
“You may use any degrees of freedom you 
like to describe a physical system, but if 
you use the wrong ones, you’ll be sorry!”
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Scales of the Strong Interaction
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chiral phase transition

(de)confinement phase transition

quarks, gluons

pions (π), nucleons (N), ...

spontaneously broken,

π is Goldstone boson
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SRG in Two-Body Space
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• SRG is a unitary transformation in A-body space


• up to A-body interactions are induced during the flow:


• state-of-the-art: evolve in three-body space, truncate 
induced four- and higher many-body forces                      
(Jurgenson, Furnstahl, Navratil, PRL 103, 082501; Hebeler, PRC 85, 021002; 
Wendt, PRC 87, 061001 )


• λ-dependence of eigenvalues is a diagnostic for size of 
omitted induced interactions
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Induced Interactions
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In-Medium SRG Flow: Diagrams
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In-Medium SRG Flow: Diagrams

& many

more...

non-
perturbative 
resummation
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He4 O16 O24 Ca40 Ca48 Ni48 Ni56
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Results: Closed-Shell Nuclei

NN + 3N-ind.

Phys. Rev. C 87, 034307 (2013), arXiv: 1212.1190 [ nucl-th]
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NN + 3N-full (400)

experiment

validate chiral 
Hamiltonians
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Variation of Scales

• variation of initial 3N 
cutoff only 

• diagnostics for chiral 
interactions 


• dripline at A=24 is robust 
under variations 

• (leading) continuum 
effects too small to bind 
26O

NN + 3N-full

Phys. Rev. Lett. 110, 242501 (2013)


