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What have we done?
 The existing chiral EFT potentials (WPC) are based on naive 

dimensional analysis (NDA) are wrong because the NN scattering 
amplitudes don’t satisfy RG invariance (UV cutoff independence): 
WPC has to be modified by the guidance of RG invariance.$

 At LO, attractive triplet channels (at lease 3P0 and 3P2) need a 
counterterm that are, however, considered Q^2 corrections in 
WPC. $

 Modifications to WPC in subleading orders are also needed, 
but are different in (3P0, 3P2) vs.  1S0. Renormalization is most 
easily demonstrated when subleading interactions are treated as 
perturbations on top of LO.



What to do now? 


(as I understand it)

 Implement the correct LO potential in SCGGF. (Use RG 
invariance to further constrain the approximations in many-body 
calculations?)$

 Explore the difference between pert. and non-pert. treatments 
of subleading potentials, in terms of RG invariance and 
describing phenomenology



Back to NN

Modify power counting of NN 
contact interactions, so as$
!
(1) to satisfy renormalization 
group invariance;$
!
(2) to better understand how 
much of nuclear physics is 
decided by short-range 
interactions as opposed to 
chiral symmetry.



Modified Game Plan
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TABLE I. Power counting for pion exchanges and S- and P -wave
counterterms up to O(Q3). p (p′) is the magnitude of the center-of-
mass incoming (outgoing) momentum. The two-by-two matrices are
for the coupled channels.

O(1) OPE, C1S0
,
( C3S1

0
0 0

)
, C3P0

p′p,
(C3P2

p′p 0
0 0

)

O(Q) D1S0 (p′2 + p2)

O(Q2) TPE0, E1S0
p′2p2,

( D3S1
(p′2 + p2) ESD p2

ESD p′2 0
)
,

D3P0
p′p(p′2 + p2), p′p

(D3P2 (p′2 + p2) EPF p2

EPF p′2 0
)
,

C1P1p
′p, C3P1p

′p

O(Q3) TPE1, F1S0p
′2p2(p′2 + p2)

the O(Q3) counterterms have the following structure:

⟨1S0|V (3)
S |1S0⟩ = C(3) + D(2)

2
(p′2 + p2) + E(1)p′2p2

+ F (0)

2
p′2p2(p′2 + p2). (38)

The numerical implementation of O(Q3) for 1S0 is currently
being worked on and will be reported in later publications.
Summarized in Table I is our power counting for the
two-nucleon sector in both singlet and triplet channels for S
and P waves.

We scrutinize WPC with a more stringent interpretation
of RG invariance: not only should the cutoff dependence
become vanishingly small for ! ! Mhi, but it must vanish
sufficiently fast so that the accuracy claimed by the power
counting is consistent with the cutoff error. This leads to
a crucial conclusion in our analysis that, contrary to WPC,
O(Q) of the EFT expansion does not vanish. Instead, O(Q) is
made of one insertion of the two-derivative 1S0 counterterm:
D/2(p′2 + p2). Although we are not the first to propose this,
our argument, that the cutoff error of the LO amplitude is
one order lower than TPE0 and has to be corrected by the D
term alone, provides some new insights. For instance, unlike
Ref. [7] (also discussed later in Ref. [47]), our rationale is
a priori and does not rely on the numerical value of D in a
particular renormalization scheme.

A full, nonperturbative RG analysis, with OPE as the
only long-range force, of the counterterms was attempted
in Refs. [11,20], in which it was also concluded that the
D counterterm is more important than TPE0. Although
the nonperturbative RG analysis appears to be free of any
guesswork for obtaining power counting, the robustness of the
conclusions of Refs. [11,20] is obscured by the assumptions
made therein to derive and solve the RG equation. On the
other hand, our approach can be viewed as the explicit,
order-by-order examination of an ansatz—the proposed power
counting—to the RG equation. If RG invariance can be shown
to hold at all orders, which we could not rigorously achieve
though, we cannot think of any reason why the proposed
power counting could not be one of the solutions to the RG
equation. In other words, we think that there may be more

than one RG-invariant power counting, and only the data or
the underlying theory can tell which one is more efficient.

It is instructive to compare the power counting of 1S0 with
that of the attractive triplet channels. A nonvanishing O(Q)
arising in 1S0 but not in the triplet channels has everything to
do with the fact that OPE is regular (1/r) in 1S0 but singular
(1/r3) in the triplet channels. It is interesting that the singular
attraction of OPE costs a few more LO counterterms in the
attractive triplet channels (e.g., 3P0 and 3P2 − 3F2) but in the
meantime it avoids the pionless-theory-like proliferation of
subleading counterterms.

The distorted-wave enhancement to the singlet-channel
short-range forces occurs in only S wave (1S0), and it affects
the power counting to a lesser extent than that of the residual
counterterms. In contrast, the distorted-wave enhancement in
the attractive triplet channels takes place in higher partial
waves (3P0, 3P2 − 3F2, etc.) but not in S wave, and it plays
more important role in power counting than the residual
counterterms.

ACKNOWLEDGMENTS

We thank Bira van Kolck and Daniel Phillips for their
encouragement and critical discussions on the topic, and
Martin Savage for reminding us of the mπ dependence of
the leading counterterm. We are grateful for hospitality to the
National Institute for Nuclear Theory (INT) at the University
of Washington and the organizers of the INT program
“Simulations and Symmetries: Cold Atoms, QCD, and Few-
hadron Systems,” in which the work was stimulated. B.w.L.
thanks the nuclear theory group at the George Washington
University and the TQHN group at the University of Maryland
for their hospitality and Harald Greisshammer and Paulo
Bedaque for useful discussions. C.J.Y. thanks B. Barrett for
his valuable support. This work is supported by the US
DOE under Contracts No.DE-AC05-06OR23177 (B.w.L.)and
No. DE-FG02-04ER41338 (C.J.Y.), and by the NSF under
Grant No. PHYS-0854912 (C.J.Y.), and is coauthored by
Jefferson Science Associates, LLC under U.S. DOE Contract
No. DE-AC05-06OR23177.

APPENDIX A: LO WAVE FUNCTION

With the regularized LO potential, the S-wave radial wave
function is well defined at the origin and can be written as

ψk(r) = ψk(0)φk(r), (A1)

where φk(r) is the regular solution in the sense φk(r) →
j0(kr) as r → 0, with j0(ρ) being the zeroth spherical Bessel
function.

With regularization, ṼY (r)—the Fourier transform of
VY (q)—becomes relatively flat on the inside while it resumes
the Yukawa form on the outside. The LO contact potential,
V

(0)
S , is smeared inside and vanishes outside. This means that

the inside wave function is largely decided by C(0)(!) and !,
whereas the outside part is dominated by a combination of the
irregular [Hk(r)] and regular [Jk(r)] solutions to the Yukawa
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Counting

organization principle:$
a priori estimation of diagrams

. Low-energy Dofs$

. Symmetries
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Mhi = ⇤SB ,m⇢, · · · ⇠ 1GeV

Main benefit: reliable estimates of theo. err.



Dr. W’s prescriptions

D. Kaplan  INT  6/5/09

• Expand NN potential in 
chiral perturbation theory

• Sum up:

Weinberg method:

Procedure implemented to NNNLO by 

Epelbaum et al. 
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⇤

❖ State-of-art implemention by Epelbaum, et al (1999, 2003) and Entem et al 
(2002) with a small range of cutoffs$
!
❖ However, cutoff dependence of resummed amplitudes was not addressed in W 
counting

momentum$
cutoff

1. Derivatives on couplings are 
always suppressed ––– naive 

dimensional analysis. 
2. Nonperturbative iterations don’t 

affect power counting. 

Solve Sch. 
eqn. exactly

Derive 
potentials 
from Chi. 

Lag.



Strength of OPE provides an infrared 
scale

  

Dr. Weinberg's prescription for NN 
“potentials”

….

OPE Leading irreducible TPE

non-polynomials follow naïve dimensional analysis:

primordial c.t. 

Long-range

Weinberg's prescription

 → assumming c.t. follow naïve dimensional analysis, too

k: relative 
momentum
q: momentum 
transfer

varies for different partial waves

Naive dimensional analysis for estimating 
contact interactions is no longer reliable

! 1
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�
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4⇡

mN

 
C̃0

M0
�
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�
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Cutoff dependence of W counting
Nogga, Timmerman & van Kolck (2005)
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FIG. 8. Binding energies of the spurious bound states in selected
attractive triplet channels, before the introduction of the required
counterterms.

at other energies are cutoff independent for ! >∼ 8 fm−1.
Figures 11 and 12 summarize the analogous results for the
3P2-3F2 and 3D2 partial waves, respectively. The fits were
performed using the 3P2 phase shift at 50 MeV and the 3D2
phase shift at 100 MeV. We confirm the cutoff independence
(for large !) in all phase shifts and mixing parameters.

An alternative to absorbing the cutoff dependence in
the various P waves individually would be to employ one
counterterm with tensor structure. Unfortunately, we have not
been able to implement this idea without introducing cutoff
dependence in the 3P1 wave.

After removing the cutoff dependence by adding appro-
priate counterterms, we still find spurious bound states in
the 3P0,

3 D2, and also the 3S1-3D1 channels. However, the
cutoff dependence of the binding energies is now completely
different, as shown in Fig. 13. As desired, only 3S1-3D1 has a
shallow bound state, the deuteron, which is cutoff independent
over almost the entire ! range; the deuteron binding energy is
predicted to be 1.92 MeV in this LO calculation. The bound
states in the other channels are all very deep. A new bound
state appears with infinite binding energy around the cutoff
at which the corresponding counterterm is singular, and then
approaches a constant, large binding energy for increasing !.

These bound states are beyond the range of the EFT, and they
are irrelevant for the low-energy physics.

With the added counterterms, we obtain a very decent
description of the phase shifts. Figure 14 shows that our 3P0
result follows the energy dependence of the Nijmegen PWA
remarkably well. Obviously, the addition of the counterterm
is here supported by the experimental data. In the coupled
3P2-3F2 channels the agreement with the PWA below 50 MeV
is still satisfactory. We emphasize that the 3F2 phase and
the mixing parameter ε2 are predictions. Choosing a high
cutoff ! clearly does not compromise the description of these
observables

For the 3D2 phase (see Fig. 15), we find again a good
agreement with the PWA. Here, we also included the prediction
based on a calculation without a counterterm, for ! =
8.0 fm−1 in the plateau region of Fig. 9. For low energies below
50 MeV, the results are comparable. The deviations from the
PWA become significant toward higher energies, where the
plateau seen in Fig. 9 is more and more tilted. For these higher
energies, the counterterm again improves the predictions.

Our overview is completed in Figs. 15 and 16 with the
3D3-3G3,

3 F4-3H4, and 3G4 channels. In these partial waves
there is a relatively small cutoff dependence in the ! range
that we studied (although presumably cutoff dependence will
become significant at cutoffs high enough to bring in spurious
bound states). In all cases the agreement with the PWA is
improved when we increase the cutoff from the traditional
values around 2.5 fm−1 [16] to our higher values. This is
especially true for the 3D3 partial wave, which, for our higher
cutoffs, becomes attractive for higher energies.

After these encouraging results, we examine the 3N bound
state in the next section.

IV. THREE-NUCLEON BOUND STATE

The power of EFT comes to bear when more nucleons
are considered. The 3N system is the first extension to
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FIG. 9. Cutoff dependence of phase shifts in
attractive triplet channels at laboratory energies
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and 100 MeV (dotted line).
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predicted to be 1.92 MeV in this LO calculation. The bound
states in the other channels are all very deep. A new bound
state appears with infinite binding energy around the cutoff
at which the corresponding counterterm is singular, and then
approaches a constant, large binding energy for increasing !.

These bound states are beyond the range of the EFT, and they
are irrelevant for the low-energy physics.

With the added counterterms, we obtain a very decent
description of the phase shifts. Figure 14 shows that our 3P0
result follows the energy dependence of the Nijmegen PWA
remarkably well. Obviously, the addition of the counterterm
is here supported by the experimental data. In the coupled
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cutoff ! clearly does not compromise the description of these
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For the 3D2 phase (see Fig. 15), we find again a good
agreement with the PWA. Here, we also included the prediction
based on a calculation without a counterterm, for ! =
8.0 fm−1 in the plateau region of Fig. 9. For low energies below
50 MeV, the results are comparable. The deviations from the
PWA become significant toward higher energies, where the
plateau seen in Fig. 9 is more and more tilted. For these higher
energies, the counterterm again improves the predictions.

Our overview is completed in Figs. 15 and 16 with the
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3 F4-3H4, and 3G4 channels. In these partial waves
there is a relatively small cutoff dependence in the ! range
that we studied (although presumably cutoff dependence will
become significant at cutoffs high enough to bring in spurious
bound states). In all cases the agreement with the PWA is
improved when we increase the cutoff from the traditional
values around 2.5 fm−1 [16] to our higher values. This is
especially true for the 3D3 partial wave, which, for our higher
cutoffs, becomes attractive for higher energies.

After these encouraging results, we examine the 3N bound
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E.g., 3P0

A singular attractive potential 
needs a counterterm –– 4-
nucleon operator with the 
same QM number as 3P0

A derivative coupling not suppressed!
Solid: Tlab = 10 MeV, dashed: 50 MeV

Very large cutoffs were used to illustrate the cutoff 
dependence, but we don’t insist on using them in practical 
calculations once power counting is established.



Subleading orders in triplet channels 
Renormalization of one insertion of two-pion exchange. 

Pavon Valderrama(2005, 2011, 2012)$
BwL, van Kolck (2008)$
BwL, Yang (2011, 2012)

Justification

complete analytic solutions not available, but asymptotic behavior at
r ! 0 is enough

for LO potential ⇠ �1/r 3,

 (0)
k (r) ⇠

✓
�
r

◆ 1
4

u0(r/�) + k2r 2

r
r
�
u1(r/�) +O(k4)

�

� =
3g 2

AmN

8⇡f 2⇡
u1, 2(x) ⇠ O(1)

V2⇡ ⇠ 1

r 5
r ! 0

T (2) = h (0)|V2⇡| (0)i

⇠
Z

⇠1/⇤

drr 2| (0)(r)|2 1

r 5
⇠ ↵0(⇤)⇤

5/2 + �0(⇤)k
2 +O(k4⇤�5/2)

Two pieces of divergences suggest two counterterms in uncoupled
channels: C & D terms in 3P0 ...

,



NumericsBRIEF REPORTS PHYSICAL REVIEW C 84, 057001 (2011)

where λ = 3g2
AmN

32πf 2
π

with gA = 1.29 the nucleon axial charge,
u0 and u1 are oscillatory functions in terms of r/λ and φ
with amplitudes ∼1, where φ is the phase between the two
independent solutions and is related to C3P0 .

Before two-pion exchanges (TPEs) are accounted for,
which provide O(Q2) or higher corrections to OPE, there
might exist a nonvanishing O(Q) manufactured by inserting
subleading contact interactions alone. In fact, Ref. [9] rated
the triplet P -wave subleading contact interactions as O(Q3/2),
a lower-order contribution than TPE.

We argue that a nonvanishing O(Q) does not seem to be
necessary. The study of Ref. [21] suggests that the residual
cutoff dependence of the renormalized LO 3P0 amplitude
is O($−5/2). Had this residual cutoff dependence vanished
slower than O($−2), our ignorance of short-range physics
would have been larger than O(Q2/M2

hi), that is, larger than
what TPE could compensate. If this happened, one would have
had to consider an O(Q/Mhi) correction to the LO amplitude
induced by inserting a four-derivative 3P0 counterterm, before
accounting for TPE. However, the rather small residual cutoff
dependence of the LO 3P0 amplitude does not ask for a
nonvanishing O(Q).

With O(Q) vanishing, the O(Q2) and O(Q3) amplitudes,
T (2) and T (3), consist, respectively, in one insertion of O(Q2)
or O(Q3) potentials,

T (2, 3) = V (2, 3) +
∫ $

V (2, 3)GT (0) +
∫ $

T (0)GV (2, 3)

+
∫ $ ∫ $

T (0)GV (2, 3) GT (0). (4)

Since this is equivalent to first-order distorted wave expansion,
one can evaluate the “superficial” divergence of one insertion
of V

(2)
L (leading TPE) and V

(3)
L (subleading TPE) before any

counterterm is considered, by investigating the short-distance
behavior of the matrix element of V

(2, 3)
L between the LO wave

functions. This is facilitated by the short-distance behavior of
the LO wave function (3) and TPEs, V

(2)
L ∼ 1/r5 and V

(3)
L ∼

1/r6. With a radial coordinate cutoff R ∼ 1/$, we arrive at

T (2) =
〈
ψ (0)

∣∣V (2)
L

∣∣ψ (0)〉 ∼
∫

∼1/$

drr2|ψ (0)(r)|2 1
r5

∼ α0($)$5/2 + β0($)k2 + O(k4$−5/2), (5)

T (3) =
〈
ψ (0)

∣∣V (3)
L

∣∣ψ (0)〉 ∼
∫

∼1/$

drr2|ψ (0)(r)|2 1
r6

∼ α1($)$7/2 + β1($)$k2 + O(k4$−3/2), (6)

where α0,1($) and β0,1($) are oscillatory functions diverging
slower than $. Their exact forms can be evaluated [22] but are
not crucial for our discussion.

It is not necessarily true that one must use two counterterms
to subtract the two divergent terms in Eq. (5) or (6). In fact,
WPC prescribes only one counterterm up to O(Q3), and with
the nonperturbative treatment it did provide a good fit to partial
wave analysis (PWA) for a moderate range of cutoffs [3–5].
We first consider the counterterms prescribed by WPC,

〈3P0
∣∣V (2, 3)

S

∣∣3P0
〉
= C

(2, 3)
3P0

p′p, (7)
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FIG. 1. (Color online) With the subleading counterterms (7), the
O(1), O(Q2) (upper row) and O(Q3) (lower row) 3P0 phase shifts as
functions of the momentum cutoff at Tlab = 40 (a), 80 (b), and 130
(c) MeV.

where we split C3P0 into three pieces with C
(0)
3P0

determined at
LO. This splitting reflects the fact that the value of the “bare”
C3P0 could be modified at each order by, e.g., the short-range
core of TPE, but the number of physical, short-range inputs is
still one.

The other scenario is to provide an equal number of
counterterms as the divergent terms in Eqs. (5) and (6):

〈3P0
∣∣V (2, 3)

S

∣∣3P0
〉
= C

(2, 3)
3P0

p′p + D
(0, 1)
3P0

p′p(p′2 + p2). (8)

Thus, up to O(Q3), every 3P0 counterterm gets enhanced
relative to WPC by the same amount, O(M2

hi/M
2
lo). This is

exactly what to be expected based on NDA [12].
There are a few versions of TPEs in the literature with slight

differences in how double counting is avoided [2–4,23]. For
definiteness, we use the version in Ref. [3], delta-less TPE
expressions with dimensional regularization. We adopt the
following low-energy constants for the ν = 1 ππNN seagull
couplings (GeV−1): c1 = −0.81, c3 = −4.7 and c4 = 3.4 [3].

We first test the prescription given by WPC (7). At each
order, C3P0 is determined such that the phase shift at Tlab =
50 MeV agrees with the Nijmegen PWA [24]. Note that extra
cares are needed to convert the subleading T -matrix into phase
shifts, as shown in the Appendix.

Figure 1 shows the resulting phase shifts as functions of $ at
Tlab = 40, 80, and 130 MeV. At O(Q2), the oscillatory cutoff
dependence becomes more evident as the energy increases.
This is consistent with the superficial divergence (5); while the
α0 term is taken care of by C

(2)
3P0

, the amplitude of the oscillation
of β0($)k2 is left intact and grows as the energy increases.
Moving on to O(Q3) we find more drastic, oscillatory cutoff
dependence with a visibly growing amplitude. This is due
to the factor of $ that accompanies the oscillatory β1($) in
Eq. (6).

With the NDA counting (8), we need two physical inputs to
determine the values of C3P0 and D3P0 . We fit them to reproduce
the PWA at Tlab = 20 and 50 MeV. The plateaus in Fig. 2
clearly show the RG invariance of the power counting (8),
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where λ = 3g2
AmN
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Before two-pion exchanges (TPEs) are accounted for,
which provide O(Q2) or higher corrections to OPE, there
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hi), that is, larger than
what TPE could compensate. If this happened, one would have
had to consider an O(Q/Mhi) correction to the LO amplitude
induced by inserting a four-derivative 3P0 counterterm, before
accounting for TPE. However, the rather small residual cutoff
dependence of the LO 3P0 amplitude does not ask for a
nonvanishing O(Q).

With O(Q) vanishing, the O(Q2) and O(Q3) amplitudes,
T (2) and T (3), consist, respectively, in one insertion of O(Q2)
or O(Q3) potentials,

T (2, 3) = V (2, 3) +
∫ $

V (2, 3)GT (0) +
∫ $

T (0)GV (2, 3)

+
∫ $ ∫ $

T (0)GV (2, 3) GT (0). (4)

Since this is equivalent to first-order distorted wave expansion,
one can evaluate the “superficial” divergence of one insertion
of V

(2)
L (leading TPE) and V

(3)
L (subleading TPE) before any

counterterm is considered, by investigating the short-distance
behavior of the matrix element of V

(2, 3)
L between the LO wave

functions. This is facilitated by the short-distance behavior of
the LO wave function (3) and TPEs, V

(2)
L ∼ 1/r5 and V

(3)
L ∼

1/r6. With a radial coordinate cutoff R ∼ 1/$, we arrive at

T (2) =
〈
ψ (0)

∣∣V (2)
L

∣∣ψ (0)〉 ∼
∫

∼1/$

drr2|ψ (0)(r)|2 1
r5

∼ α0($)$5/2 + β0($)k2 + O(k4$−5/2), (5)

T (3) =
〈
ψ (0)

∣∣V (3)
L

∣∣ψ (0)〉 ∼
∫

∼1/$

drr2|ψ (0)(r)|2 1
r6

∼ α1($)$7/2 + β1($)$k2 + O(k4$−3/2), (6)

where α0,1($) and β0,1($) are oscillatory functions diverging
slower than $. Their exact forms can be evaluated [22] but are
not crucial for our discussion.

It is not necessarily true that one must use two counterterms
to subtract the two divergent terms in Eq. (5) or (6). In fact,
WPC prescribes only one counterterm up to O(Q3), and with
the nonperturbative treatment it did provide a good fit to partial
wave analysis (PWA) for a moderate range of cutoffs [3–5].
We first consider the counterterms prescribed by WPC,

〈3P0
∣∣V (2, 3)

S

∣∣3P0
〉
= C

(2, 3)
3P0

p′p, (7)
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FIG. 1. (Color online) With the subleading counterterms (7), the
O(1), O(Q2) (upper row) and O(Q3) (lower row) 3P0 phase shifts as
functions of the momentum cutoff at Tlab = 40 (a), 80 (b), and 130
(c) MeV.

where we split C3P0 into three pieces with C
(0)
3P0

determined at
LO. This splitting reflects the fact that the value of the “bare”
C3P0 could be modified at each order by, e.g., the short-range
core of TPE, but the number of physical, short-range inputs is
still one.

The other scenario is to provide an equal number of
counterterms as the divergent terms in Eqs. (5) and (6):

〈3P0
∣∣V (2, 3)

S

∣∣3P0
〉
= C

(2, 3)
3P0

p′p + D
(0, 1)
3P0

p′p(p′2 + p2). (8)

Thus, up to O(Q3), every 3P0 counterterm gets enhanced
relative to WPC by the same amount, O(M2

hi/M
2
lo). This is

exactly what to be expected based on NDA [12].
There are a few versions of TPEs in the literature with slight

differences in how double counting is avoided [2–4,23]. For
definiteness, we use the version in Ref. [3], delta-less TPE
expressions with dimensional regularization. We adopt the
following low-energy constants for the ν = 1 ππNN seagull
couplings (GeV−1): c1 = −0.81, c3 = −4.7 and c4 = 3.4 [3].

We first test the prescription given by WPC (7). At each
order, C3P0 is determined such that the phase shift at Tlab =
50 MeV agrees with the Nijmegen PWA [24]. Note that extra
cares are needed to convert the subleading T -matrix into phase
shifts, as shown in the Appendix.

Figure 1 shows the resulting phase shifts as functions of $ at
Tlab = 40, 80, and 130 MeV. At O(Q2), the oscillatory cutoff
dependence becomes more evident as the energy increases.
This is consistent with the superficial divergence (5); while the
α0 term is taken care of by C

(2)
3P0

, the amplitude of the oscillation
of β0($)k2 is left intact and grows as the energy increases.
Moving on to O(Q3) we find more drastic, oscillatory cutoff
dependence with a visibly growing amplitude. This is due
to the factor of $ that accompanies the oscillatory β1($) in
Eq. (6).

With the NDA counting (8), we need two physical inputs to
determine the values of C3P0 and D3P0 . We fit them to reproduce
the PWA at Tlab = 20 and 50 MeV. The plateaus in Fig. 2
clearly show the RG invariance of the power counting (8),
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FIG. 2. (Color online) With the subleading counterterms (8), the
O(1), O(Q2), and O(Q3) 3P0 EFT phase shifts as functions of the
momentum cutoff at Tlab = 40 (a), 80 (b), and 130 (c) MeV.

where the phase shifts are plotted as functions of ! at given
Tlab.

In Fig. 3, the EFT phase shifts are plotted as function of
energy. The fit is refined by employing more PWA points
(Tlab = 25, 50, 75, and 100 MeV) in the fitting procedure. We
see that both O(Q2) and O(Q3) are in good agreement with
the PWA.

Although the perturbative treatment of WPC does not lead
to cutoff independent results, the nonperturbative treatment
does seem to fulfill RG invariance [17]. It is therefore instruc-
tive to compare the following three scenarios for 3P0: (i) the
perturbative (Pert-CD) and (ii) nonperturbative calculations
with the modified power counting (8) (Iter-CD), and (iii) the
nonperturbative calculation with WPC (Iter-WPC).

Shown in Fig. 4 are the 3P0 phase shifts calculated at O(Q3)
with the aforementioned three schemes, where the fit of C3P0

and D3P0 in Eq. (8) is performed with the PWA inputs up to
Tlab = 50 MeV. At the lower end of cutoffs (as exemplified by
! = 400 MeV), the three curves differ drastically from each
other above Tlab = 50 MeV, with the Pert-CD curve agreeing
somewhat better with the PWA. As the cutoff goes higher
(exemplified by ! = 1200 MeV), the difference between Iter-
CD and Iter-WPC becomes smaller and eventually vanishes, in
accordance with the finding of Ref. [25]. We note that this does
not necessarily mean that the fitting drives D3P0 to 0. Rather,
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FIG. 3. (Color online) With the subleading counterterms (8) and
the improved fitting procedure, the 3P0 EFT phase shifts at O(Q2)
and O(Q3) as function of Tlab for ! = 1500 MeV.
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FIG. 4. (Color online) The 3P0 phase shifts by Iter-CD, Pert-CD
and Iter-WPC as functions of laboratory energy. (a) is plotted with
! = 400 MeV and (b) with ! = 1200 MeV.

the quality of the fit is not sensitive to D3P0!
2/C3P0 when the

ratio is tuned from 0 to 1.
In summary, we conclude:
(i) WPC does not accommodate a cutoff independent T -

matrix at O(Q2) or O(Q3) when subleading potentials
are treated as perturbations on top of the LO.

(ii) RG invariance can be achieved by the modified power
counting (8), based on modified naive dimensional
analysis. This suggests that −1/r2, the LO long-range
potential in the model of Ref. [12], is not crucial for
NDA to be applicable.

(iii) At O(Q3), Iter-CD, Pert-CD and Iter-WPC show that
in a limited range of cutoffs these three approaches
produce similar phase shifts for 3P0, a conclusion
similar to that of Refs. [17,18]. While it is instructive,
we refrain from drawing the same conclusion for other
channels; it may well be that the “common” window
of cutoffs appears at different location for different
channels.

A simultaneous, coordinate-space calculation in Ref. [11]
has come to our attention. The conclusion drawn there for 3P0
agrees with ours, that is, in agreement with NDA. However,
Refs. [10,11] concluded a proliferation of six counterterms
in each of the coupled channels, 3S1 − 3D1 and 3P2 − 3F2,
whereas NDA suggests three once WPC is corrected at LO. We
defer to a further momentum-space calculation of the triplet
channels [26] that are subject to the singular attraction of OPE
to investigate whether NDA or the conclusion of Refs. [10,11]
on the coupled channels can be verified.

We thank U. van Kolck, D. Phillips, E. Ruiz Arriola, and E.
Epelbaum for useful discussions. C.J.Y. thanks B. Barrett for
valuable support. We are grateful for hospitality to the National
Institute for Nuclear Theory (INT) at the University of Wash-
ington and the organizers of the INT program “Simulations and
Symmetries: Cold Atoms, QCD, and Few-hadron Systems”,
at which the work was initiated. This work is supported by the
US DOE under Contract Nos. DE-AC05-06OR23177 (Bw.L.),
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LO OPE

O(Q) -

O(Q^2) TPE0        +     C2 p^2

O(Q^3) TPE1

O(Q^4) other p.e.  +     C4 p^4 

WPC for 3P0



LO OPE

O(Q) -

O(Q^2) TPE0        +         

O(Q^3) TPE1

O(Q^4) other p.e.  + 

Modified PC for 3P0

C2 p^2

C4 p^4C6 p^6

Similar modifications to other attractive triplet 
channels (3P2, maybe 3D2)



The saga of 1S0

  

The saga of 1S0

 OPE becomes regular near the origin ~ 1/r  no singular attraction→

 Since T_yukawa is finite, renormalization can be easily understood

(Kaplan et al, 1996)

  

The saga of 1S0

 OPE becomes regular near the origin ~ 1/r  no singular attraction→

 Since T_yukawa is finite, renormalization can be easily understood

(Kaplan et al, 1996)

Note: C0 is really (C0 + D2 mpi^2), for renormalization 
purpose. And D2 contributes to NN -> NN pi pi, through 
chiral symmetry.

O(k/\Lambda) cutoff error at LO suggests O(Q) should not 
be vanishing as WPC prescribes -> C2 is promoted to O(Q) 
from O(Q^2)
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TABLE I. Power counting for pion exchanges and S- and P -wave
counterterms up to O(Q3). p (p′) is the magnitude of the center-of-
mass incoming (outgoing) momentum. The two-by-two matrices are
for the coupled channels.

O(1) OPE, C1S0
,
( C3S1

0
0 0

)
, C3P0

p′p,
(C3P2

p′p 0
0 0

)

O(Q) D1S0 (p′2 + p2)

O(Q2) TPE0, E1S0
p′2p2,

( D3S1
(p′2 + p2) ESD p2

ESD p′2 0
)
,

D3P0
p′p(p′2 + p2), p′p

(D3P2 (p′2 + p2) EPF p2

EPF p′2 0
)
,

C1P1p
′p, C3P1p

′p

O(Q3) TPE1, F1S0p
′2p2(p′2 + p2)

the O(Q3) counterterms have the following structure:

⟨1S0|V (3)
S |1S0⟩ = C(3) + D(2)

2
(p′2 + p2) + E(1)p′2p2

+ F (0)

2
p′2p2(p′2 + p2). (38)

The numerical implementation of O(Q3) for 1S0 is currently
being worked on and will be reported in later publications.
Summarized in Table I is our power counting for the
two-nucleon sector in both singlet and triplet channels for S
and P waves.

We scrutinize WPC with a more stringent interpretation
of RG invariance: not only should the cutoff dependence
become vanishingly small for ! ! Mhi, but it must vanish
sufficiently fast so that the accuracy claimed by the power
counting is consistent with the cutoff error. This leads to
a crucial conclusion in our analysis that, contrary to WPC,
O(Q) of the EFT expansion does not vanish. Instead, O(Q) is
made of one insertion of the two-derivative 1S0 counterterm:
D/2(p′2 + p2). Although we are not the first to propose this,
our argument, that the cutoff error of the LO amplitude is
one order lower than TPE0 and has to be corrected by the D
term alone, provides some new insights. For instance, unlike
Ref. [7] (also discussed later in Ref. [47]), our rationale is
a priori and does not rely on the numerical value of D in a
particular renormalization scheme.

A full, nonperturbative RG analysis, with OPE as the
only long-range force, of the counterterms was attempted
in Refs. [11,20], in which it was also concluded that the
D counterterm is more important than TPE0. Although
the nonperturbative RG analysis appears to be free of any
guesswork for obtaining power counting, the robustness of the
conclusions of Refs. [11,20] is obscured by the assumptions
made therein to derive and solve the RG equation. On the
other hand, our approach can be viewed as the explicit,
order-by-order examination of an ansatz—the proposed power
counting—to the RG equation. If RG invariance can be shown
to hold at all orders, which we could not rigorously achieve
though, we cannot think of any reason why the proposed
power counting could not be one of the solutions to the RG
equation. In other words, we think that there may be more

than one RG-invariant power counting, and only the data or
the underlying theory can tell which one is more efficient.

It is instructive to compare the power counting of 1S0 with
that of the attractive triplet channels. A nonvanishing O(Q)
arising in 1S0 but not in the triplet channels has everything to
do with the fact that OPE is regular (1/r) in 1S0 but singular
(1/r3) in the triplet channels. It is interesting that the singular
attraction of OPE costs a few more LO counterterms in the
attractive triplet channels (e.g., 3P0 and 3P2 − 3F2) but in the
meantime it avoids the pionless-theory-like proliferation of
subleading counterterms.

The distorted-wave enhancement to the singlet-channel
short-range forces occurs in only S wave (1S0), and it affects
the power counting to a lesser extent than that of the residual
counterterms. In contrast, the distorted-wave enhancement in
the attractive triplet channels takes place in higher partial
waves (3P0, 3P2 − 3F2, etc.) but not in S wave, and it plays
more important role in power counting than the residual
counterterms.
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APPENDIX A: LO WAVE FUNCTION

With the regularized LO potential, the S-wave radial wave
function is well defined at the origin and can be written as

ψk(r) = ψk(0)φk(r), (A1)

where φk(r) is the regular solution in the sense φk(r) →
j0(kr) as r → 0, with j0(ρ) being the zeroth spherical Bessel
function.

With regularization, ṼY (r)—the Fourier transform of
VY (q)—becomes relatively flat on the inside while it resumes
the Yukawa form on the outside. The LO contact potential,
V

(0)
S , is smeared inside and vanishes outside. This means that

the inside wave function is largely decided by C(0)(!) and !,
whereas the outside part is dominated by a combination of the
irregular [Hk(r)] and regular [Jk(r)] solutions to the Yukawa
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Summary

1. Weinberg’s scheme for chiral nuclear forces needs modifications$
!
!
2. Some of the NN contact operators need promotions$
    - In attractive triplet channels, due to renormalization$
    - In 1s0, due to fine tuning of underlying theory$
!
!


