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General idea / outline of the talk
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There have been in the past models based on the idea that the low-energy 
nuclear spectra arise from an interweaving of single-particle and collective 
degrees of freedom. However, many are based on purely empirical input and 
ad hoc perturbative parameters.

• QPPM (quasiparticle-phonon model): Woods-Saxon and separable QRPA 
with fitted parameters.

• NFT (nuclear field theory): similar, with perturbative parameter Ω.

In the QPVC the input are consistently taken from e.g. Skyrme EDFs. The 
equations are derived via the Equation Of Motion (EOM) method.

We sketch this derivation and compare with other approaches. Applications will 
be also shown. 



• The QRPA+QPVC framework
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We start from a Hartree-Fock-Bogoliubov (HFB) set of states 
obtained with a Skyrme EDF.

First step: diagonalize H on a two quasi-particle basis (QRPA).

This produces a set of “vibrational quanta” or “phonons” associated 
with the operators 𝜞n and 𝜞n+.
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QRPA can be obtained by looking at variations of the total 
energy at second order in the coefficients c [M. Waroquier 
et al., Phys. Rep. 148, 249 (1987)]
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We wish to improve the structure of the excited states. We can go to 
the next order in the quasiparticle number.
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J. Da Providência, Nucl. Phys. 61, 87 (1965)
D. Gambacurta et al., J. Phys. G 38, 035103 (2011) 

This is second QRPA. Cf. the talk by Danilo Gambacurta for the 
case without pairing (second RPA).

Although the second QRPA or second RPA give already a rich 
structure in the wave function and often quite satisfactory results, 
not many evidences that one converges at 2p-2h, or 3p-3h... exist.
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We can go to the next order in the quasiparticle number in different 
ways, e.g. we can group two quasiparticle in in a QRPA phonon.
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Second QRPA

QPVC

QPVC means quasiparticle-vibration coupling and we can derive the 
equations from EoM method, given this ansatz for the wave function.



Derivation of the QPVC equations
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(Q)RPA + (Q)PVC
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The scheme is PROJECTED on the space of two quasiparticle states.

✓
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◆

4 G. Coló, Z.Z. Li, Y.F. Niu
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We do not give the detailed expressions of the matrix elements here but the
reader can see them in Ref. [9]. The key point is that the number of doorway
states can be very large in the GR excitation energy region, so solving the
latter equation may be hard or prohibitive. It is possible, instead, to use
standard projection methods to project the QPVC equation (4) onto the Q1
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where A and B are the QRPA matrices and the QPVC e!ects are encoded in94

the matrix W ↑. The di!erent Feynman diagrams contributing to the matrix95

elements of W ↑ are depicted in Fig. 1. The so-called subtraction method is96

applied.97
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Fig. 1. The Feynman diagrams associated with the coupling between two-quasi-
particles and the doorway states. See the main text.

The matrix in Eq. (5) is complex symmetric and the solutions form a
biorthogonal basis. As a consequence, the strength function associated with
the operator Ôεµ is
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Some detail + the subtraction scheme  
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All QRPA calculations are performed in a 
model space which is large enough so 
that the EWSR is satisfied.

We calculate natural-parity phonons with 
0+, 1-, 2+ ... 5- and select those having 
energy less than 30 MeV and strength 
larger than 2% of the total strength.

The convergence of the results with 
respect to the choice of the model 
space has been carefully assessed.
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More on subtraction
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The subtraction procedure has been introduced by V. Tselyaev.

At the same time, it has been shown that it emerges naturally if one:

• assumes the universality of the EDF, according to the Hohenberg-Kohn 
theorem

• applies this concept to 

This leads to the conservation of the inverse energy-weighted sum rule.

The subtraction does not guarantee the conservation of the EWSR.
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• Applications
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ISGMR in Sn isotopes
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• Exp. data from D. Patel et al., Phys. Lett. B726, 178 (2013)

• QPVC reproduces the experimental data quite well.

• The best description is obtained with the Skyrme EDF SV-K226. 
Klüpfel, Reinhard, et al., PRC 79, 034310 (2009)



ISGMR in 48Ca and 208Pb
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FIG. 1. (Color online) ISGMR strength functions in even-even 112-124Sn, 48Ca, and 208Pb isotopes, calculated either by (Q)RPA using a
smoothing with Lorentzian having a width of 1 MeV (dash dot [black] line), or (Q)RPA+(Q)PVC (solid [blue] line). The SV-K226 Skyrme
force is used. The experimental data are given by green crosses [6, 13, 37].

momentum cuto↵ jmax = 15/2 are set for Ca isotopes, while
larger cuto↵s Ecut = 100 MeV, jmax = 21/2 are used for Sn
and Pb isotopes. On top of QRPA, we have included the cou-
pling with phonons having J⇡ = 0+, 1�, 2+, 3�, 4+, 5�, with
energy less than 30 MeV and exhausting a fraction of non-
energy-weighted (isoscalar or isovector) sum rule larger than
2%. The subtraction procedure is adopted, as described in
[40].

The sum rules, or k-th moments of the strength function
S (E) are defined as mk =

R 1
0 S (E)EkdE. In our case, S (E) is

with respect to the operator F̂00 =
PA

i=1 r2
i . The fulfillment of

the energy-weighted sum rule (EWSR) m1 (%), and inverse
energy-weighted sum rule (IEWSR) m�1 (fm4/MeV), calcu-
lated by QRPA+QPVC, have been checked. Taking 120Sn
with the SV-K226 Skyrme set as an example, the EWSR is
given as 215185.4 fm4MeV from the expectation value of the
double-commutator on the nuclear ground state. In a fully
self-consistent PVC approach, m1 should be fulfilled in the
case without subtraction [41]. Up to 100 MeV, m1 is indeed
exhausted at 98.7%. With the subtraction procedure, m1 is ex-
hausted by 106.8%, while m�1 is 818.45 fm4/MeV, which is
nearly equal to the one in QRPA (820.71 fm4/MeV) as dis-
cussed in [30].

There are many choices of characteristic energy for GRs,
such as the centroid energy m1/m0, the constrained energyp

m1/m�1, and the scaling energy
p

m3/m1. In the follow-
ing, we will use the constrained energy

p
m1/m�1 for our dis-

cussion since m�1 is unchanged in the case of QPVC with
subtraction. Our conclusions would remain the same if we
were to choose another definition for the ISGMR energy. The
ISGMR energies are calculated in the energy interval 10–
30 MeV for Ca, and 5–25 MeV for Sn and Pb, because the
strength is negligible outside these intervals.

In Fig. 1, we show the strength functions of the ISGMR, ob-
tained either in the framework of (Q)RPA by using a smooth-
ing with Lorentzian having a width of 1 MeV (dash dot [black]
line), or within (Q)RPA+(Q)PVC (solid [blue] line), using the
SV-K226 Skyrme force, in the even-even 112-124Sn, 48Ca, and
208Pb nuclei. We compare the results with the experimental
ones ([green] crosses) [6, 13, 37]. In general, with the inclu-
sion of (Q)PVC e↵ects, the results are significantly improved
with respect to (Q)RPA, so we can achieve a good description
of data both in the light 48Ca isotope, medium-heavy Sn iso-
topes, and heavy 208Pb. In 112�124Sn, QRPA gives one small
peak and one higher peak while the experimental strength dis-
plays a broad single peak. The ISGMR energies are higher
than the experimental ones, as pointed out in previous pa-
pers [15, 17]. With the inclusion of QPVC e↵ects, widths
are comparable with the experimental ones (cf. also [42]).
Moreover, within the self-consistent QRPA+QPVC model,
the downward shifts of energies by 0.7–0.8 MeV (with re-
spect to QRPA) make the ISGMR energies in agreement with
data, along the whole Sn isotopic chain. In the case of 48Ca,
the strength function has two main peaks in the RPA calcu-

• Exp. data from T. Li et al., Phys. Rev. Lett. 99, 162503 (2007) and S.D. 

Olorunfunmi, Phys. Rev. C 105, 054319 (2022).

• In these two cases there is no pairing.
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In our work, we have been able to 
analyse in a systematic manner the 
consistency between ISGMR energies 
in different nuclei.

We have used many Skyrme EDFs.

With the inclusion of QPVC effects, a 
big improvement is achieved.

We have, thus, a unique value for 
incompressibility.

Within QPVC, the ISGMR energy in 
208Pb is consistent with 120Sn.

Z.Z. Li, Y.F. Niu, GC, Phys. Rev. Lett. 
131, 082501 (2023)



IVGDR in different nuclei
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FIG. 3. Electric dipole photoabsorbtion cross sections in even-even 112�124Sn, 48Ca, and 208Pb isotopes, calculated either by QRPA using a
smoothing with Lorentzian functions having a width of 1 MeV [dash-dotted (black) line], or QRPA + QPVC [solid (blue) line]. The theoretical
results are calculated using the SAMi-T Skyme interaction, and compared with the evaluated experimental results for the same quantity [67–69]
shown by dark yellow crosses.

the predictive power of QRPA + QPVC for the description of
giant resonances.

Here one can note we use the Skyrme force SAMi-T, in-
stead of using the same set that we used previously for the IS-
GMR, namely SV-K226. Although the SV-K226 interaction
gives a very good description of the ISGMR, by including the
QPVC e↵ects, we find that it cannot give a good description
of IVGDR and ISGQR in the Ca, Sn, and Pb isotopes. As
it is known, the energies of giant resonances are sensitive to
specific nuclear matter properties: the ISGMR is sensitive to
the nuclear incompressibility K1 [3], the ISGQR is sensitive
to the isoscalar e↵ective mass m⇤/m [19], while the IVGDR
is sensitive to both the Thomas-Reiche-Kukn (TRK) sum rule
enhancement factor  and to the symmetry energy at subsatu-
ration density, S (0.1) [82]. We have not been able to find a sin-
gle parameter set that can describe equally well the ISGMR,
IVGDR and ISGQR. This is in agreement with the conclusion
of Ref. [50], that also shows that a single parameter set being
able to describe all these resonances, looking at heavy as well
as light nuclei, is hard to be found. The unified description of
ISGMR, IVGDR, and ISGQR by means of the same e↵ective
interaction has not been achieved so far, and it stands as an
important issue for the nuclear physics community. Still, it is

possible to find an interaction that describes well one of the
resonances, in a series of nuclei. We have indeed found that
SAMi-T describes well the IVGDR whereas SkM* does the
same job for the ISGQR. As we have just mentioned, this has
implications on some nuclear matter properties. These prop-
erties are listed, for SAMi-T and SkM*, but also for SV-K226
that we have previously used for the ISGMR, in Table II. As
it has been discussed, SV-K226 is good for ISGMR, which
means it has the good value for the incompressibility coe�-
cient. The value for nucleon e↵ective mass will be discussed
later.

In Fig. 4, we show the ISGQR strength functions in even-
even 112�124Sn, 48Ca, and 208Pb isotopes, calculated either by
QRPA using a smoothing with Lorentzian functions having a
width of 1 MeV [dash-dotted (black) line], or QRPA + QPVC
[solid (blue) line]. The SkM* interaction is used. The experi-
mental data for the strength functions are collected and shown
by di↵erent types of points [70–75]. At first sight, one imme-
diately recognizes that the di↵erent sets of experimental data
correspond to quite di↵erent amounts of strength. It is di�-
cult to discuss, then, the consistency between these sets and,
as a consequence, the consistency between experiment and
theory. Nevertheless, as in the previous case of the IVGDR,

Z.Z. Li et al., Phys. Rev. C110, 064317 (2024). SAMi-T.
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Static Electric Dipole Polarizability (αD)

in a static electric field
nucleus

with fixing the c.m. position

E

Inversely energy-weighted sum-rule of B(E1)

first order perturbation calc. A.B. Migdal: 1944

E(w) ~

Electric dipole moment

αD: electric dipole polarizability

αD = 8πe2

9 ∫ dB(E1)
Ex

5

The restoring force originates from the 
symmetry energy.

From A. Tamii

If the nucleus were under the 
action of a static electric field  
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The polarizability can be deduced from 
the so-called inverse energy-weighted 
sum rule associated with dipole field
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radiation of nuclei, J. Phys. Acad. Sci. 
USSR 8(1-6), 331-336 (1944)
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FIG. 2. (a) Photoabsorption cross sections of 58Ni derived
from the spectrum at a scattering angle of 0.40→ using the
virtual photon method (blue circles). The red curve shows
a QRPA calculation including qPVC [38] with the KDE033
interaction [39] normalized to the data. (b) Electric dipole
polarizability ωD derived from the photoabsorption cross sec-
tions. The blue and red bands band show the present data
and the contribution at excitation energies > 20 MeV based
on the theoretical estimate explained in the text with their
uncertainties, respectively.

photoabsorption cross sections by

ωD =
⊋c
2ε2

∫
ϑω

E2
x

dEx. (1)

The experimental result for the energy region 6 → 20
MeV is plotted as blue curve in Fig. 2(b) and amounts
to ωD = 2.57(28) fm3. The uncertainty band considers
the systematic errors of the experimental cross sections
(cf. Ref. [33]) and the MDA (as described in Ref. [35]).
Statistical uncertainties are negligible.

Photoabsorption data from the (ϖ, xn) reaction are
available for excitation energies up to 33 MeV [42], but
in contrast to heavy nuclei the unknown (ϖ, p) channel
is expected to be significant. Thus, ωD contributions at
energies Ex > 20 MeV were estimated with a theory-
aided procedure using energy density functionals. Previ-
ous analyses of this type [17, 31] were based on the folding
of QRPA calculations with interactions reproducing the
IVGDR centroid with a Lorentzian fitted to the experi-
mental data. Here, we go beyond and include quasipar-
ticle vibration coupling (qPVC) which has recently been
shown to permit not only a reproduction of the width of
the ISGMR [38, 43], but also resolve the discrepancies
between 208Pb and lighter nuclei in theoretical attempts
to extract the compressibility from the energy centroid
of the ISGMR [44].

FIG. 3. Photoabsorption cross sections of 58Ni from the
present work compared with QRPA calculations including
qPVC [38], based on the KDE033 (solid red line) [39], SV-
bas (dashed orange line) [45], and SLy5 (short-dashed green
line) [46] interactions. The inset shows the high-energy flanks
normalized to each other at 20 MeV.

QRPA calculations including qPVC with the approach
described in Ref. [38] are shown in Fig. 3 for Skyrme
forces KDE033 [39], SV-bas [45], and SLy5 [46]. The
photoabsorption cross sections predicted with KDE033
(solid red line) provide a very good desription of the cen-
troid and width of the IVGDR, but the total strength
is somewhat underestimated. Calculations with SV-bas
(dashed orange line) give a similar width and reproduce
the maximum cross section, but the centroid energy is
about 1 MeV too low. Finally, the SLy5 result (short-
dashed green line) shows a much stronger fragmentation
and an even lower energy centroid. Since all calculations
require an adjustment to the data, the absolute values of
the di!erent models for the high-energy (> 20 MeV) con-
tribution to the polarizability becomes very dependent on
the assumptions made in the normalization procedure.

For a quantitative estimate of the high-energy contri-
bution to the polarizability, we choose a normalization
to the results obtained with the KDE033 interaction. As
illustrated in Fig. 2(a), it provides a very good descrip-
tion of the IVGDR after adjusting the absolute height.
The corresponding contribution to the polarizability for
excitation energies > 20 MeV is displayed in Fig. 2(b) as
red curve. The polarizability is integrated up to 50 MeV,
where saturation is reached.

The model dependence due to the choice of specific
interactions is estimated from the variation of the three
calculations after normalization to each other at 20 MeV.
As demonstrated in the inset of Fig. 3, then the theoreti-
cally predicted high-energy tails become similar in shape
and magnitude. The similar energy dependence might

Photoabsorbtion of 58Ni
Comparison with recent data from (p,p’) 
measured at RCNP, Osaka. Exp. data 
from I. Brandherm et al.

Theory reproduces very well the 
dipole polarizabilty and can be used 
to estimate the high-energy dipole 
tail. 
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The electric dipole strength distribution in
58 Ni between 6 and 20 MeV has been determined from proton

inelastic scattering experiments at very forward angles at RCNP, Osaka. The experimental data are rather well

reproduced by quasiparticle random-phase approximation calculations including vibration coupling, despite a

mild dependence on the adopted Skyrme interaction. They allow an estimate of the experimentally inaccessible

high-energy contribution above 20 MeV, leading to an electric dipole polarizability αD(58 Ni) = 3.48(31) fm
3 .

This serves as a test case for recent extensions of coupled-cluster calculations with chiral effective field theory

interactions to nuclei with two nucleons on top of a closed-shell system.

DOI: 10.1103/PhysRevC.111.024312

I. INTRODUCTION

The nuclear equation of state (EOS) governs basic prop-

erties of nuclei [1] and neutron stars [2,3] as well as the

dynamics of core-collapse supernovae [4] and neutron star

mergers [5]. A systematic description of the EOS from nuclear

densities to those in neutron stars is a central goal of current

physics. A wealth of new data is available at high densities

from observations on the properties of neutron stars and neu-

tron star mergers but the present experimental constraints on

the EOS around the saturation density n0 of nuclear matter are

still insufficient.

The EOS of symmetric nuclear matter is rather well con-

strained [1] in contrast to the properties of neutron-rich matter.

* Contact author: vnc@ikp.tu-darmstadt.de
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The latter depends on the symmetry energy, which can be

parametrized in an expansion around n0 by the symmetry

energy at saturation density J (n0) and its density dependence

L = 3n0∂J (n0)/∂n. Higher-order terms are expected to be

small. There are many experimental methods [6] providing

constraints on J and L based on a model-dependent correlation

between L and the neutron-skin thickness rskin in nuclei with

neutron excess [7–10]. For a recent summary, see Ref. [11].

The electric dipole polarizability, αD, has also been identified

as a key observable for constraining EOS parameters [9,12].

Proton inelastic scattering at incident energies of several hun-

dred MeV at extreme forward angles has been developed as

a new experimental tool exactly for the study of αD [13] and

results have been provided for a wide range of nuclei [14–18].

Two theoretical approaches have been used to describe

αD and derive constraints on the symmetry energy parame-

ters: energy density functional theory (DFT) [1,19,20] and

ab initio calculations [21–23] starting from chiral two- and

three-nucleon interactions [24,25]. A correlation of the form

αD · J ∝ L, suggested by the droplet model, has been well

studied in DFT [12,26]. In the ab initio context, comparing ex-

perimental determinations of αD with theoretical predictions

2469-9985/2025/111(2)/024312(8)

024312-1
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When the RPA “puzzle” of very large half-lives has become apparent, different solutions have been164
proposed. One possibility is to invoke an attractive T = 0 pairing force. This is active when the usual165
T = 1 pairing is non-vanishing, as we discuss in the next Section, and cannot play a role in the nuclei166
that we have discussed so far if they are magic, i.e. they have closed shells. We will come back to the167
role of pairing in the next section. Other authors have emphasized the role of the tensor force in �-decay168
(Minato and Bai (2013)). The tensor force affects strongly both single-particle states (in particular, their169
spin-orbit splittings) and collective spin-flip excitations, as is natural; it is natural that also has an effects on170
�-decay. However, we still do not have a reliable, universal parametrization for the tensor force. A narrow171
interval for the tensor force parameters has been suggested in (Bai et al. (2011)), and new results on the M1172
excitations seem to question this conclusion (Sun et al. (2024)).173

In summary, our results hint that PVC effects are genuine many-body effects that should be included in174
�-decay EDF-based calculations. One can aim at improving the EDFs themselves, either with better fitting175
procedure or also by including tensor terms; but this should be done in addition to, not as an alternative176
to, including many-body effects. This is also the conclusion of the recent work of (Liu et al. (2024)) that177
we shall also comment more in what follows. Last but not least, our conclusion is supported by the SRPA178
calculations of �-decay half-lives that have been reported in (Yang et al. (2023)).179

5 ISOSCALAR PAIRING

While the usual neutron-neutron or proton-proton, T = 1, pairing is rather well-known and gives rise to180
obervable phenomena that can be associated to the superfluid character of part of the nucleons in a nucleus,181
the proton-neutron pairing, and in particular its isoscalar T = 0 component, is still elusive [cf. (Sagawa182
et al. (2016)) for a recent review]. There is no evidence, to date, of a proton-neutron superfluid. However,183
the T = 0 pairing interaction has S = 1 character in the L = 0 channel, and can be active, or even strong,184

With the inclusion of PVC, the RPA peak at 1.5 MeV is
moved even slightly below the experimental ground-state
energy. This state then gives a very large contribution
to 1=T1=2 because of the increased phase-space factor,
although its strength is not changed much by PVC
[Fig. 2(e)], and the half-life is smaller than in experiment.
In the case of 34Si, in RPA one finds three peaks located
atE ¼ −0.86; 3.1, and 4.2MeV. The first one lies below the
experimental ground state and determines the value of
1=T1=2 [Fig. 2(i)]. This peak carries a very small value of
the strength, and therefore the experimental lifetime is
largely overestimated. With inclusion of the PVC, the
strength becomes fragmented [Fig. 2(g)]. One can identify
five peaks at E ¼ −2.2; 1.0; 1.7; 2.6, and 3.1 MeV, contrib-
uting respectively 15%,49%,24%,3%, and 9% of the total
value of 1=T1=2, which becomes much larger than that
in RPA, substantially improving the agreement with the
experimental lifetime. For the nucleus 78Ni, the small
strength at E ¼ 5.6 MeV gives almost all the contribution
to 1=T1=2 in the RPA model [Fig. 2(l)], which under-
estimates the experimental value. With PVC, the state at
E ¼ 5.6 MeV keeps its strength but is shifted to 4.0 MeV
[Fig. 2(j)] so that its contribution to 1=T1=2 becomes about
3.4 times larger [Fig. 2(l)]. The strength distribution above
this peak contributes 22% of the total 1=T1=2.
The resulting calculated lifetimes for these four nuclei

are compared with experiment in Fig. 3. The RPA results
generally markedly overestimate the half-lives for all
nuclei. An exception is represented by the interaction

Skx, in which case one obtains a good agreement with
data at the RPA level; this is associated with the fact that
the properties of 132Sn, 68Ni, and 34Si as well as the single-
particle levels of 132Sn and 34Si have been used to fit the
parameters of this force [43]. The effect of the PVC
decreases the values of T1=2 by large factors compared
to RPA, substantially improving the agreement with exper-
imental data, except for Skx and (partially) for SLy5. With
the inclusion of the PVC effect, the interactions SkM* and
SIII give the best agreement with data. More in detail, in the
case of SkM*, the lifetime is still large in 132Sn and small in
68Ni, in keeping with the errors in the position of the lowest
1þ state (cf. Fig. 2). Theory agrees, instead, very well with
data in the case of 34Si and 78Ni.
In conclusion, we have shown that, starting fromRPA, the

coupling between particles and vibrations causes a signifi-
cant downward shift in the GT strength function of these
four nuclei 132Sn, 68Ni, 34Si, and 78Ni (treated asmagic). The
β-decay half-life is more sensitive to the position of the 1þ

states rather than to the strength, which is not much changed
in going from RPA to RPAþ PVC. This is due to the strong
increase of the decay phase space factor as the energy
decreases. As a consequence, the lifetime is reduced in the
case of RPAþ PVC, and the agreement between theory and
experiment is in general substantially improved. In particu-
lar, the interaction SkM* that had been previously shown
to perform well in magic nuclei as far as the line shape of
the GT resonance is concerned [35] leads to overall good
agreement with β-decay data.
We can expect that including the effect of PVC will also

be helpful in the case of other weak interaction processes,
such as electron capture. PVC is expected to help with the
overestimation of the threshold energy [46]. The study of
open-shell nuclei by including pairing correlations is
envisaged. Then the model can be employed to predict
the half-lives of r-process bottleneck nuclei with N ¼ 82,
which play an important role for the duration of the r
process and, hence, can help to understand the origin of
heavy elements in the universe.
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FIG. 3 (color online). The β-decay half-lives of 132Sn, 68Ni,
34Si, and 78Ni, calculated by RPA and RPAþ PVC approaches,
respectively, in comparison with experimental values [45]. The
arrows denote half-lives longer than 106 s.
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Figure 3. �-decay half-lives in the case of 132Sn, 68Ni, 34Si, and 78Ni. The RPA and RPA+PVC results are
compared with the experimental half-lives, taken from http://www.nndc.bnl.gov. [Figure taken
from (Niu et al. (2015))].
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Energy conservation dictates that the decay is possible when the decay Q-value, Q� , is positive. In the56
case of the decay to the ground-state of the daughter nucleus, the energies carried away by the electron and57
(anti)-neutrino are equal to Q� . If the nucleus decays over an excited state at energy E, the energies carried58
away by the leptons are smaller, and clearly E cannot exceed Q� (in the usual jargon, it lies in the �-decay59
window or Q� window). This explains the integration limits in Eq. (4). There is a further important point,60
though. The phase space factor f is written in Eq. (4) as a function of ! = Q� +mec

2 � E, which is the61
electron kinetic endpoint and is easy to determine experimentally; this function is62

f(!) =

Z !

mec2
dEe peEe (! � Ee)

2
F (Z + 1, Ee), (5)

with the electron energy, momentum and Fermi function denoted as Ee, pE and F , respectively. These63
facts have two important consequences. If, in a theoretical calculation, there is no strength, or very little64
strength, below Q� , then the decay half-life is infinite or largely overestimated. But also the position of65
the final states within the Q� window is very important. If the states have lower energies E, f(!) grows66
significantly and the half-life is, consequently, very sensitive to the values of the final states energies. This67
explains why �-decay is a challenge for nuclear structure models: it calls for high accuracy in calculations68
of the low-lying spectra of the daughter nucleus, because of the “magnifying lens” effect of the phase space69
factor.70
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Figure 1. (Left panel) Schematic view of the neutron and proton levels, with the possible GT transitions
between occupied neutron levels and unoccupied proton levels, for 132Sn. The figure is inspired by Fig.
8 of (Rubio et al. (2020)). (Right panel) Schematic view of the different approximations to calculate the
B(GT ) distributions. The different GT transitions between occupied and unoccupied levels merge, to a
large extent into the collective GTR (the residual interaction is repulsive in this case, and the GTR lies at
higher energy than the average of the s.p. transitions). QRPA plus QPVC produces a downward shift of the
strength and a significant fragmentation: this increases the likelihood to find a realistic amount of strength
within the Q� window.

In Fig. 1, in the left panel, we show possible GT transitions in the nucleus that we have picked up as an71
example for our general discussion, namely 132Sn. There are many single-particle transitions but, as is72
well known, most of their GT strength will be absorbed by the collective Gamow-Teller resonance (GTR)73
at higher energy, 16.3 MeV in the daughter nucleus 132Sb (in other words, outside the Q� window that74
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RPA may not leave strength in the Qβ window.

PVC redistributes the GT strength.
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Z N

−!

VCSB5 1
4 $tz~1 !1tz~2 !%$s0~11y0Ps!1 1

2 s1~11y1Ps!

3~kW 21kW82!1s2~11y2Ps!kW8•kW% ~3!

and

VCIB5 1
2 tz~1 !tz~2 !$u0~11z0Ps!1 1

2 u1~11z1Ps!

3~kW 21kW82!1u2~11z2Ps!kW8•kW%. ~4!

The parameters si and ui are given in Ref. @9#, and all ex-
change parameters yi and zi are 21 because of the singlet-
even character of VCSB and VCIB . Therefore, they do not
contribute as residual particle-hole interactions in the isovec-
tor channel and their only influence is through their contri-
butions to the HF mean field.

III. DISCUSSION OF RESULTS

Three types of calculations have been done which are
labeled by I, II, and III, respectively. In calculation I the
starting Hamiltonian contains only the Skyrme interaction
without the Coulomb force between protons and without
CSB-CIB nuclear forces. In calculation II the Coulomb in-
teraction is also included. In calculation III the CSB-CIB
forces are added. Thus, the three calculations have an in-
creasing degree of isospin breaking and they are expected to
lead to increasing values of the IAR width according to the
arguments recalled before. In calculations II and III the Cou-
lomb exchange contributions to the mean field are treated in
the Slater approximation whereas the Coulomb p-h residual
interaction is dropped. The results obtained by using, respec-
tively, the interactions SIII and SGII are shown in Tables I
and II. Calculation II is in principle equivalent to what was
done in Ref. @7# except for two changes in the model spaces
P and Q2, and in the averaging parameter D . Because of
these changes, the values of the mean energies and widths of

the IAR we quote as calculation II are slightly different from
the corresponding values reported in @7#. The spaces P and
Q2 have been enlarged with respect to the calculation of Ref.
@7# by including a larger ~96 instead of 64! number of unoc-
cupied proton single-particle states. This affects mainly the
escape and spreading widths calculated with the interaction
SIII which both increase by about 10 keV whereas the
widths calculated with the interaction SGII are less affected.
Also, the averaging parameter D ~see Ref. @7#! employed in
the calculation has been changed in the present work from
100 keV, as it was in @7#, to 200 keV. In fact, we have
carefully studied the dependence of the spreading width on
the parameter D , and we have found that G# increases by
about 20 keV when D is changed from 100 keV to 200 keV
~as was already discussed in Ref. @7#! and also increases by
another 20 keV when D is changed from 200 keV to 400
keV. On the other hand, G# remains constant if D is set
above 400 keV. Therefore, we have adopted the value of 200
keV for D since this value is intermediate between 0 keV and
400 keV ~the value at which G# saturates!. This study allows
us to say that the uncertainty in the values of G# due to the
freedom of choice of the parameter D is about 6 20 keV.
The calculation without any isospin-breaking force ~cal-

culation I! has been performed to show that our procedure
can recover isospin symmetry reasonably well at each step.
The first step ~a! is a discrete TDA since a discrete RPA is
not possible in this case because of the negative energy con-
figurations. Indeed, without the Coulomb interaction the neu-
tron states lie higher in energy than their proton partners and
the energies ´p2´h of the unperturbed proton-particle–
neutron-hole 01 configurations are negative. For the six ex-
cess neutron-hole levels and the corresponding proton-
particle levels, these values are between 27.3 MeV and
28.3 MeV in the case of the force SGII and between 28.6
MeV and 210 MeV in the case of the force SIII. In an
ideally accurate numerical calculation these negative energy

TABLE I. IAR results with the interaction SIII. Three different types of interactions based on SIII are used in the calculations: ~I! Skyrme
interaction without Coulomb force, ~II! Skyrme interaction with Coulomb force, and ~III! Skyrme interaction with Coulomb force and
CSB-CIB forces. Three different microscopic models are also adopted: ~a! TDA without the coupling to the continuum, ~b! RPA with the
coupling to the continuum, and ~c! RPA with the couplings to both the continuum and the phonons. Energies are given in MeV and widths
are in keV. The percentage of total strength m05(N2Z)/2 exhausted by the IAR is also shown.

~a! Discrete TDA ~b! RPA 1 W" ~c! RPA 1 W"1W#

E IAR % of m0 E IAR G" % of m0 E IAR G tot G# % of m0

I 0.268 99.9 - - - 0.267 24 24 99.7
II 18.50 85 18.50 124 97 18.36 194 70 97

18.28 16
III 18.64 80 18.65 128 96 18.54 228 100 96

18.39 11

TABLE II. IAR results obtained with the interaction SGII. For details, see the caption to the Table I.

~a! Discrete TDA ~b! RPA 1 W" ~c! RPA 1 W"1W#

E IAR % of m0 E IAR G" % of m0 E IAR G tot G# % of m0

I 0.185 99.8 - - - 0.185 4 4 99.8
II 18.50 87 18.61 40 96 18.52 138 98 95
III 18.65 87 18.77 42 96 18.69 164 112 96

57 3051WIDTHS OF ISOBARIC ANALOG RESONANCES: A . . .

I : w/o Coulomb - a test of isospin symmetry

II : with Coulomb – narrow width

III : with Coulomb and isospin symmetry-breaking forces
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All the Feynman diagrams contribute 
to the matrix element:

First line: 1p-1h, RPA

Second and third line: PVC
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few data were reported several decades ago [13,14]; recently,
new data were reported in Ref. [16]. However, with the devel-
opment of new γ -beam facilities like ELI-NP in Europe [17]
and SLEGS in China [18], as well as with the advancing of
γ -ray detectors like ELIGANT-GN [19], the measurement of
γ decay to low-lying states becomes more and more feasible,
so that new experiments are planned at ELI-NP [19] and
RCNP [20].

Under such circumstances, the theoretical study on the
GR decay to low-lying states needs a revival. Several models
based on phenomenological inputs, including the surface cou-
pling model [15], the perturbation theory within the nuclear
field theory (NFT) formalism [21], the extended theory of
finite Fermi systems (ETFFS) [22,23], and the quasiparticle-
phonon model (QPM) [24,25], have been employed so far. All
these models incorporate effects beyond the mean-field level.

Only a few years ago, the first fully self-consistent treat-
ment of the γ decay of GRs, based on the random phase
approximation plus particle-vibration coupling (RPA+PVC)
model, has become available [26], It has to be noted that
the RPA+PVC model has been successfully applied to study
different nuclear properties, ranging from the single-particle
nuclear levels [27–30], the Gamow-Teller response and the
related β decay [31–35], to the spreading widths of non-
charge-exchange GRs [36,37]. Therefore, in this work, we use
the RPA+PVC model to investigate the γ decay of GRs to
low-lying states through electric dipole (E1) transitions and
provide useful guidance for possible experiments in the future.
The novelty of our work, with respect to previous ones, con-
sists in having been able to interpret the theoretical results for
the γ decay in terms of basic properties of the involved states
(in particular, their isospin), and in terms of their microscopic
wave function.

II. FORMALISM

The γ -decay width #γ is calculated as [38]

#γ (Eλ; i → f ) = 8π (λ + 1)
λ[(2λ + 1)!!]2

( E
h̄c

)2λ+1

B(Eλ; i → f ),

(1)
where E represents the transition energy, and λ is the transi-
tion multipolarity. The transition probability B is

B(Eλ; i → f ) = 1
2Ji + 1

|⟨Jf ||Qλ||Ji⟩|2, (2)

where the initial and final vibrational states |nJ⟩, denoted by a
wavy line in Fig. 1, are calculated with the fully self-consistent
RPA method [39]. In general, the electric multipole operator
reads

Qλµ = e
2

A∑

i=1

{[(
1 − 1

A

)λ

+ (−)λ
2Z − 1

Aλ

]

−
[(

1 − 1
A

)λ

+ (−)λ+1

Aλ

]
τz(i)

}
rλ

i iλYλµ(r̂i )

≡1
2

A∑

i=1

eeff
i rλ

i iλYλµ(r̂i ),

(3)

FIG. 1. The 12 lowest-order NFT diagrams in the process of γ

decay between two vibrational states. The circle with lines includes
the contribution to Qλµ from nuclear polarization [26]. The arrow of
time is upward.

where the effective charge caused by the recoil of the nucleus
has been introduced [38].

For the decay between two vibrational states, the RPA
method, which describes well only the transitions between
states that differ only by one vibrational phonon, is not
enough. We have to consider the interplay between collective
phonons and individual particles, i.e., the particle-vibration
coupling (PVC) effects. This can be dealt with in a perturba-
tive approach, by including all the lowest-order perturbative
diagrams involving single-particle states, phonons, and two
particle–phonon vertices. This is analogous to what had been
done within the framework of the NFT [21,40,41]. The single-
particle states are calculated in Hartree-Fock (HF), and the
nuclear vibrations are built out of the single-particle degrees
of freedom by means of a self-consistent RPA. The lowest-
order diagrams that involve two PVC vertices are sketched
in Fig. 1, and they are used in the calculation of the reduced
matrix element ⟨Jf ||Qλ||Ji⟩. The model is the same as in
Ref. [26], where more details can be found. Diagrams A–D
are at the RPA level, while diagrams E–L are at the PVC
level due to the PVC vertex, e.g., ⟨p′, nJ|Vres.|p⟩ in diagram
E. Diagrams E, F, G, and H will contribute when the ini-
tial phonon has more complex configurations made up with
1p-1h coupled with the final phonon, while diagrams I, J,
K, and L will contribute when the final phonon has more
complex configurations made up with 1p-1h coupled with
the initial phonon. The interaction Vres. at the particle-hole-
phonon vertex is the residual two-body interaction, which is
obtained self-consistently from the Skyrme energy functional
by V mi,n j

res. = δ2EHF
δρmiδρn j

.

III. RESULTS AND DISCUSSIONS

The present calculation is done in a configuration space
where the cutoff energy for single-particle levels is Ecut =

064321-2

This decay is a tiny (≈10-3) 
part of the total width; there 
are cancellations between the 
amplitudes. 
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GDR -> 2+1 GQR -> 3-1

The quenching of the decay of the 
ISGQR, with respect to the IVGDR, 
manifests itself in the destructive 
interference of the neutron and 
proton amplitudes.

This would be complete in the case 
of perfect isospin symmetry.

We have tested this property in the 
case of 56Ni (N=Z) without Coulomb.

Consequently, 𝛾-decay data can be 
used to determine unknown isospin 
properties of, e.g., pygmy dipole 
states.
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FIG. 2. Discrete isovector dipole transition strengths in 208Pb for SGII (a), SLy5 (b), and LNS (c). The black curves are the corresponding
strength functions obtained by Lorentzian smoothing with Γ/2 = 0.5 MeV. The proton (red line) and neutron (blue line) transition densities of
the dipole states around neutron emission threshold are shown in the inset graphs.

III. NUMERICAL DETAILS

The initial and final vibrational states are calculated with
the fully self-consistent RPA method [71]. The box size for
calculating the single-particle levels is 20 fm. The energy cut-
off for single-particle states involved in 1p-1h configuration is
150 MeV. The model space is large enough so that the double
commutator energy weighted sum rule (EWSR) is satisfied.
For SLy5 [72], EWSR is exhausted by 100.1%. In this study
the GDR states are selected from the RPA states with energies
of 10-18 MeV and a fraction of isovector (IV) EWSR that is
larger than 5%. The PDR states are selected by the RPA states
lying between 6 and 8 MeV.

IV. RESULTS AND DISCUSSIONS

We study the dipole response in 208Pb with three energy
density functionals, SGII [73], SLy5 [72], and LNS [74].
Their slopes of the symmetry energy at saturation density L
span a wide range, namely 37.6 MeV, 48.2 MeV, and 61.5
MeV, respectively. The strength distributions of the isovector
dipole operator are depicted in Fig. 2. In all cases, low-lying
resonance peaks are observed around the neutron emission
threshold Eth = 7.37 MeV, consistent with the concentration
of low-energy E1 strength around Eth reported in the (γ,γ →)
experiment [75]. We plot the proton and neutron transition
densities of the dipole states around Eth in the inset panels. For
all three Skyrme functionals, the proton and neutron transition
densities show a similar radial pattern in the nuclear interior,
while the surface region is dominated by the neutron transi-
tion density. In this respect, the dipole states can be viewed
as PDR states. The fractions of the EWSR exhausted by the
selected pygmy dipole states are 0.65%, 0.78%, and 0.81%,
respectively, for SGII, SLy5, and LNS. These values reason-
ably agree with the experimental value 0.92 ± 0.09% [76].
Note that the experimental value is derived from summing the
EWSR fractions of the individual states located within the 7-8

FIG. 3. The γ transition strengths of PDR (a) and GDR (b) to 2+1
in 208Pb for the 3 Skyrme interactions considered in this work. The
black and blue hatched bars represent the total transition strength
Bγ and the average of proton and neutron contributions B̄pn

γ , respec-
tively.

MeV interval, ensuring a consistent comparison with our the-
oretical selection. The exhaustion of EWSR increases with L,
which is in line with Ref. [10].

To determine the isospin character of the selected pygmy
dipole states, we analyze their γ-decay to the 2+1 state. Since
the GDR at 13.5 MeV is a well-known isovector excitation,
it can serve as a reference; on the other hand, the 2+1 state
is of isoscalar nature. The E1 operator is isovector and, if

ground state

PDR

2+

GDR

T=0

T=0

T=1

GDR: B is larger than the average

PDR: B is smaller than   
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The conclusion that the “pygmy” strength is mainly IS 
is consistent with other findings.
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The formalism has been extended to open-shell systems.
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FIG. 2. The 24 second-order NFT diagrams for the γ-decay process between two vibrational states. The cross denotes the external operator
Qλ µ . The shaded circle includes the contribution to Qλ µ from nuclear polarization.

The diagrams in Fig. 1 provide a graphical representation of the above expressions. For the final state, the expansion is quite
similar. We note that terms of pure “bubble” (ring) type in |N(2)〉 are not considered, because their resummation is precisely
what generates the QRPA phonon |N(0)〉. In addition, some terms in |N(2)〉 do not contribute to the second order of the transition
matrix element 〈Nf |Qλ µ |Ni〉, owing to a mismatch in the total number of creation and annihilation operators when combing
these terms with the one-body transition operator. [GC: What do you mean by “contraction rule”?]

The electric multipole operator reads

Qλ µ =
A

∑
i=1

eeff
i rλ

i Yλ µ(r̂i), (4)

where the effective charge caused by the recoil of the nucleus has been introduced [42]. In the dipole case with λ = 1, eeff
n =

−Z/A for the neutron and eeff
p = N/A for the proton.

A. γ-decay width in NFT

With the building blocks of the wave functions |N〉 [Eq. (3)] and the one-body transition operator Qλ µ [Eq. (4)], the transition
matrix element between vibrational states can be written as

〈Nf |Qλ µ |Ni〉=
2

∑
k=0

2

∑
k′=0

〈N(k′)
f |Qλ µ |N

(k)
i 〉. (5)

In our model, we keep terms up to second order in the interaction V . The non-vanishing matrix elements of a one-body operator
Qλ µ are of three types: (i) single-quasiparticle transitions: 〈a|Qλ µ |b〉, (ii) quasiparticle-pair creation or annihilation, 〈ab|Qλ µ |0〉
or 〈0|Qλ µ |ab〉, (iii) phonon creation or annihilation, 〈N(0)|Qλ µ |0〉 or 〈0|Qλ µ |N(0)〉. Therefore, we can construct the Feynman
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FIG. 6. E1 transition strength distributions (black lines) around the GDR region calculated by the QRPA model with SIII (a), SGII (b), SkM∗

(c), and LNS (d) interactions. The width parameter Γ of the Lorentzian function is set as 0.5 MeV to resolve the individual peaks clearly. The
partial γ-decay width to 2+1 state Γ2+1

γ (blue square) of individual GDR states is also shown in the figure.

FIG. 7. Polarization factor as a function of the transition energy ∆E = ∆Ωi f . The solid line is Bohr-Mottelson formula with experimental
GDR energy and width. The points are calculated by our model for the dipole states lying in the GDR region with different Skyrme functionals.

the 2+1 state. Overall, these 4 Skyrme functionals provide a reasonable description of both the 2+1 state and the GDR, and can
thus be employed in the subsequent calculations of γ-decay.

Table II presents the γ-decay properties from the selected GDR states to the first 2+1 state in 140Ce calculated by SIII, SGII,
SkM*, and LNS functionals. For each functional, the excitation energy E of the single GDR state, the corresponding partial
γ-decay width to the 2+1 state, Γ2+1

γ , and the branching ratio are listed. The total decay width ∑Γ2+1
γ varies from 216 eV (LNS)

to 419 eV (SkM∗), while the total branching ratio ranges from 0.77% to 1.18%. The state-by-state values of Γ2+1
γ are shown as

blue squares in Fig. 6. Overall, Γ2+1
γ shows a similar energy dependence to the E1 strength, exhibiting enhanced values around

the main IVGDR peak.
In Fig. 7, we present the polarization factor, |1+ χ|2, as a function of the transition energy ∆E = ∆Ωi f , in the GDR region

in 140Ce. In our model, the polarization factor |1+ χ|2 is calculated as the ratio of the γ-decay width with and without the
polarization correction. Macroscopically, the dipole polarizability χ can be calculated by the Bohr-Mottelson (B-M) formula
[18, 43]

χ =
−0.76E2

GDR
(EGDR +∆E + iΓD/2)(EGDR −∆E − iΓGDR/2)

, (16)

where the experimental values EGDR = 15.03 MeV and ΓGDR = 4.4 MeV are used. The polarization factors calculated from
the microscopic model generally follow the trend predicted by the macroscopic B-M formula. As the transition energy ∆E is
well below the GDR energy, the factor is smaller than 1, indicating that the polarization suppresses the γ-decay width. When
∆E increases and approaches the resonance region, the factor exceeds 1, implying that the polarization now enhances the decay
width. A maximum enhancement can be reached when ∆E is comparable to the GDR energy, where the virtual excitation of the

The partial widths for the decay to the 2+ are or the order of 102 eV but they 
fluctuate.
This corresponds to a ratio of 0.7-1.2% with respect to the ground-state decay.  

7

FIG. 5. Stability of the results for the γ-decay width against variation of the imaginary parts η1 and η2. ∑Γγ denotes the sum of the γ-decay
width to the 2+1 state for the selected dipole modes in GDR region. Black (red) line shows the result of varying η1 (η2 = 2.2 MeV) while
keeping η1 = 2.2 MeV (η2 = 2.2 MeV).

TABLE I. Experimental [45] and theoretical excitation energies and E2 transition strengths of the 2+1 state in 140Ce. The energies of the GDR
are listed in the last line, where the experimental value is obtained via standard Lorentzian fitting to the photoneutron cross section [44], while
the theoretical ones are obtained by m1(E1)/m0(E1).

Expt. SIII SGII SkM∗ LNS
E(2+1 )[MeV] 1.60 2.50 2.10 1.80 2.03

B(E2)2+1
[104e2fm2] 0.304 0.300 0.389 0.463 0.349

E(GDR) [MeV] 15.03 16.30 15.20 15.47 15.66

region. As shown in Fig. 5, the γ-decay width is relatively stable for η1 and η2 around 2.2 MeV. The similar dependence of
∑Γγ on η1 and on η2 is not accidental, because both of them enter the denominators in a similar way and mimic the phonon
damping. Therefore, it is reassuring that we have stability with respect to η1 and η2 in a region that corresponds to the physical
value, namely half of the experimental GDR width in 140Ce [44].

IV. RESULTS AND DISCUSSIONS

The transition amplitude 〈Nf Jf ||Qλ ||NiJi〉 involves both the initial and final states. Therefore, we first assess the quality of the
theoretical description of the 2+1 state and GDR. The experimental excitation energies and B(E2) value, along with the QRPA
results calculated with SIII [46], SGII [47], SkM∗ [48], and LNS [49] Skyrme functionals, are listed in Table I. The theoretical
GDR energy is calculated by the ratio of energy-weighted sum rule to the non-energy-weighted sum rule m1(E1)/m0(E1), where
the states in 8 to 28 MeV are included to match the Lorentzian fitting range of the experimental photoneutron cross section. The
E1 strength distributions of the 4 Skyrme functionals are depicted in Fig. 6. For the SIII functional, the energies for both 2+1 and
GDR are slightly higher than the experimental ones, while the B(E2) value for 2+1 is reproduced very well. SGII, SkM∗, and
LNS functionals provide a better description of the excitation energies than SIII, although they overestimate the B(E2) value of

TABLE II. γ-decay widths and the branching ratios of the selected GDR states. The ratio R for individual GDR state is calculated by Γ2+1
γ /Γg.s.

γ .

The total ratio R is calculated by ∑Γ2+1
γ /∑Γg.s.

γ .

SIII SGII SkM∗ LNS

E[MeV] Γ2+1
γ [eV] Γg.s.

γ [eV] R[%] E[MeV] Γ2+1
γ [eV] Γg.s.

γ [eV] R[%] E[MeV] Γ2+1
γ [eV] Γg.s.

γ [eV] R[%] E[MeV] Γ2+1
γ [eV] Γg.s.

γ [eV] R[%]
14.53 112.9 2952.9 3.82 13.62 47.5 4029.6 1.18 14.38 128.3 8209.0 1.56 14.13 40.9 2790.4 1.47
14.65 39.8 9174.5 0.43 13.77 9.5 2624.9 0.36 14.45 19.6 3642.8 0.54 14.42 30.1 2282.5 1.32
15.50 65.4 7491.7 0.87 14.73 157.3 12744.4 1.23 14.78 42.4 4084.2 1.04 15.02 56.3 6966.4 0.81
16.84 66.4 4400.8 1.51 17.65 35.5 6937.5 0.51 15.26 120.8 7547.8 1.60 15.22 17.1 2682.0 0.64
18.37 18.0 6532.9 0.28 17.10 12.7 5141.9 0.25 17.63 48.0 8215.3 0.58
19.65 38.6 8592.5 0.45 17.34 95.2 6887.4 1.38 18.76 23.4 5183.9 0.45
Total 341.0 39145.2 0.87 Total 249.9 26336.5 0.95 Total 419.0 35513.1 1.18 Total 215.8 28120.5 0.77

W.L. Lv, Y.F. Niu, GC, arXiv:2603.27243
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Observation: 
• Decays to 2+

1 (or any other excited states) are  
VERY small. At all energies.

 The GDR decays by γ according to its collective part.
 The timescale for the γ–decay of the GDR must be 

the timescale of the collective state, i.e., 13 zs.

Courtesy: N. Pietralla


