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RPA and Second RPA (SRPA)

A bit of history: First derivations (1960s) and applications (1970s-2000s),
Large scale calculations (2010s)

The SRPA within the EDF approach: 7→ the Subtracted SRPA (SSRPA)
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Recent Review Paper on SSRPA
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The Random Phase Approximation

The Random Phase Approximation (RPA)

The RPA is a widely used tool for the description of collective excitations

Very successful especially within the Energy Density Functional framework
(interactions á la Skyrme or Gogny, covariant versions)

It provides global properties: centroid energies and total strength

However, extensions of the RPA are required for:

Strength Fragmentation

Fine Structure

Spreading Width

Low Lying excitations in closed shell nuclei

Double exctiations and Anharmonicities, ...

Danilo Gambacurta gambacurta@lns.infn.it INFN-LNS Catania



RPA vs SRPA

Phonon Operators: RPA vs SRPA

Random Phase Approximation (RPA)

Q†
ν =

∑
ph

X
(ν)
ph a†pah︸︷︷︸

1p-1h

−
∑
ph

Y
(ν)
ph a†hap︸︷︷︸

1h-1p︸ ︷︷ ︸
Only Landau Damping, Centroid Energy and Total Strength of GRs

Second Random Phase Approximation (SRPA)

Q†
ν =

∑
ph

(X
(ν)
ph a†pah − Y

(ν)
ph a†hap)

+
∑

p1<p2,h1<h2

(X
(ν)
p1h1p2h2

a†p1ah1a
†
p2ah2︸ ︷︷ ︸

2p-2h

−Y
(ν)
p1h1p2h2

a†h1ap1a
†
h2
ap2)︸ ︷︷ ︸

2h-2p︸ ︷︷ ︸
Spreading Width, Fragmentation, Double GRs and Anharmonicites, Low-Lying States

Quasi Boson Approximation (QBA)

The phonon vacumm | 0⟩ is not known: it is replaced by the HF one

| 0⟩ 7→| HF ⟩

Danilo Gambacurta gambacurta@lns.infn.it INFN-LNS Catania



RPA vs SRPA

Phonon Operators: RPA vs SRPA

Random Phase Approximation (RPA)

Q†
ν =

∑
ph

X
(ν)
ph a†pah︸︷︷︸

1p-1h

−
∑
ph

Y
(ν)
ph a†hap︸︷︷︸

1h-1p︸ ︷︷ ︸
Only Landau Damping, Centroid Energy and Total Strength of GRs

Second Random Phase Approximation (SRPA)

Q†
ν =

∑
ph

(X
(ν)
ph a†pah − Y

(ν)
ph a†hap)

+
∑

p1<p2,h1<h2

(X
(ν)
p1h1p2h2

a†p1ah1a
†
p2ah2︸ ︷︷ ︸

2p-2h

−Y
(ν)
p1h1p2h2

a†h1ap1a
†
h2
ap2)︸ ︷︷ ︸

2h-2p︸ ︷︷ ︸
Spreading Width, Fragmentation, Double GRs and Anharmonicites, Low-Lying States

Quasi Boson Approximation (QBA)

The phonon vacumm | 0⟩ is not known: it is replaced by the HF one

| 0⟩ 7→| HF ⟩

Danilo Gambacurta gambacurta@lns.infn.it INFN-LNS Catania



RPA and SRPA Equations

RPA Equations of Motion (17→ 1p-1h)(
A11 B11

−B∗
11 −A∗

11

)(
X ν

1

Yν
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)
= ων
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X ν

1
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SRPA Equations of Motion (17→ 1p-1h, 2 7→ 2p-2h)
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Transition Probabilities

Transition Probabilities in RPA and SRPA

Let us consider a one-body operator F =
∑

α,β Fαβa
†
αaβ

The RPA and SRPA transition amplitudes are

⟨ν|F |0⟩ = ⟨0|[Qν ,F ]|0⟩ ≈ ⟨HF |[Qν ,F ]|HF ⟩ =
∑
ph

{X ν∗
ph Fph + Y ν∗

ph Fhp}

Thouless Theorem

The first moment
m1 =

∑
ν

ων |⟨ν | F | 0⟩|2

is the same in RPA and SRPAa and Thouless theorem holds b∑
ν

ων |⟨ν | F | 0⟩|2 = 1

2
⟨HF | [F , [H,F ]] | HF ⟩,

Energy Weighted Sum Rules are preserved.

aC. Yannouleas, Phys. Rev. C35, 1159 (1987)
bFor self-consistent calculations
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First SRPA papers: formal derivation
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First applications 1970s − 2000s

Computationally very demanding

Number of 2ph (∼ 106−8 for a medium-mass nucleus ) is considerable
higher than 1ph (∼ a few hundreds) in J-coupled scheme

First applications used strong approximations

- Restricted 2ph spaces
- Unperturbed 2ph configurations, e.g. no residual
interaction, diagonal approximation (see later)

- Real part of the self-energy neglected

Some references (not exhaustive)

B. Schwesinger and J. Wambach, Nuclear Physics A426 (1984) 253-275

S.Drozdz, S. Nishizaki, J. Speth and J. Wambach, Physics Reports 197,1
(1990) and references therein

S. Ait-Tahar and D.M. Brink, Nuclear Physics A560 (1993) 765-796

S. Nishizaki, J. Wambach, Physics Letters B 349 ( 1995) 7-10

S. Ayik, D. Lacroix and P. Chomaz, PRC, 61, 014608 (1999)

D. Lacroix et al., Physics Letters B 479 (2000) 15
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Diagonal Approximation

From SRPA to an Energy dependent RPA-like problem

The SRPA problem can be reduced to an RPA eigenvalue problem but
with A1,1 depending on the Energy ω

A1,1′ 7→ Ã1,1′(ω) = A1,1′ +
∑
2,2′

A1,2(ω + iη − A2,2′)
−1A2′,1′

Exact projection onto the 1ph space

The matrix inversion is very cumbersome

If we neglect the residual interaction among the 2p − 2h states

A2,2 ≃ δh1h′1δp1p′1δh2h′2δp2p′2(ϵp1 + ϵp2 − ϵh1 − ϵh2)

the inversion is algebraic, (diagonal approximation)

SRPA as an energy-dependent RPA problem(
A11(ω) B11

−B∗
11 −A∗

11(−ω)

)(
X ν

1 (ω)
Yν

1 (ω)

)
= ων

(
X ν

1 (ω)
Yν

1 (ω)

)
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First Applications:
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First Applications:
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SRPA Large scale calculations

Large scale SRPA calculations

Large scale SRPA calculations become feasible recently (2010s) a

Model spaces large enough to preserve EWSRs and to study stability

No approximation in the evaluation of the matrix elements

Self-consistency (same interaction in mean-field and in linear response )

aP. Papakonstantinou and R. Roth, PLB 671, 356 (2009); D.G et al. PRC 81, 054312 (2010)
.

Some references

P. Papakonstantinou and R. Roth, Physics Letters B 671, 356 (2009), Phys. Rev.
C.81, 024317 (2010)

P. Papakonstantinou, Phys. Rev. C 90, 024305 (2014)

DG, M. Grasso and F. Catara, PRC 81, 054312 (2010), PRC 84, 034301 (2011)

DG, M. Grasso and F. Catara, Journal of Physics G 38 035103 (2011)

DG et al., Phys. Rev. C 86 021304 (2012)
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P. Papakonstantinou and R. Roth, Phys. Lett. B 671 (2009), 356

SRPA with UCOM method

SRPA for closed-shell nuclei using an interaction derived from the Argonne V18
potential with the Unitary Correlation Operator Method
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The first large scale Skyrme and Gogny SRPA applications
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Skyrme-SRPA Monopole Strength Distribution in 16O

SRPA vs RPA

0 10 20 30 40 50
0

1

2

3

4

5

6

B
(E

0
) 

(e
2
 f

m
4
) T=0

T=1

0
+

0 10 20 30 40 50
Energy (MeV)

0

0.5

1

1.5

2

2.5

3

B
(E

0
) 

(e
2
 f

m
4
)

RPA
SRPA (80)

SRPA (100)

SRPA (120)

RPA vs SRPA Fragmentation

Full vs Diagonal Transition Densities

Danilo Gambacurta gambacurta@lns.infn.it INFN-LNS Catania



Skyrme-SRPA Monopole Strength Distribution in 16O

SRPA vs RPA

0 10 20 30 40 50
0

1

2

3

4

5

6

B
(E

0
) 

(e
2
 f

m
4
) T=0

T=1

0
+

0 10 20 30 40 50
Energy (MeV)

0

0.5

1

1.5

2

2.5

3

B
(E

0
) 

(e
2
 f

m
4
)

RPA
SRPA (80)

SRPA (100)

SRPA (120)

RPA vs SRPA Fragmentation

0 10 20 30 40 50
0.0001

0.001

0.01

0.1

1

10

B
(E

0
) 

(e
2
 f

m
4
)

0
+

0 10 20 30 40 50
Energy (MeV)

0.0001

0.001

0.01

0.1

1

10

B
(E

0
) 

(e
2
 f

m
4
)

RPA
SRPA (120)

T=0

T=1

Full vs Diagonal Transition Densities

Danilo Gambacurta gambacurta@lns.infn.it INFN-LNS Catania



Skyrme-SRPA Monopole Strength Distribution in 16O

SRPA vs RPA
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Skyrme-SRPA Monopole Strength Distribution in 16O

SRPA vs RPA
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EWSR Monopole Case in 16O

First moment

m1
=

ωmax∑
ν

ων |⟨ν | F | 0⟩|2; mRPA
1 = mSRPA

1 ?

Isoscalar and Isovector EWSR

EWSR
m1(T = 0) m1(T = 1)

RPA 671.6516 201.2494

ωmax SRPA SRPA
40 626.4381 115.4153
50 648.9699 147.8026
60 661.0194 182.7364
70 664.3803 193.7896
80 669.7185 197.6874
90 671.4575 200.6472
100 671.6515 201.2473
110 671.6515 201.2473
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Low Lying States in 16O

Monopole State

Low Lying 0+ state (MEV)
Exp∗ RPA SRPA SRPA-D
∼6 16.19 6.43 11.23

Quadrupole State

Low Lying 2+ state (MEV)
Exp RPA SRPA SRPA-D
∼7 16.03 7.16 12.44

Transition Probabilities

However the B(E0) and B(E2) data values are underestimated (factor 5)

∗Nucl. Phys. A375, 1 (1982);Progress in Part. and Nucl. Phys. 61 (2008)
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SRPA results with different interactions

  

Relativistic EDF D.Vale and N. Paar PRC112, 034327 (2025)

 Gogny EDF: DG et al.,
PRC86 (2012) 021304.

 Skyrme EDF: DG et al.,
PRC81 (2010) 054312

 UCOM P. Papakonstantinou, R. Roth,
 PLB 671 (3) (2009) 356–360

Systematic downward-shift of SRPA with respect to RPA!
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The Subtraction procedure

Large scale SRPA calculations have shown that:

The SRPA strength distribution is sistematically shifted towards lower
energies compared to the RPA one

This shift is very strong (≃ 5-7 MeV ), RPA description often spoiled

That’s why in “old” applications real part of the self-energy was neglected

Origins and Causes:

1 Quasi Boson Approximation more severe in SRPA a b

2 Use of effective interactions in beyond-mean field methods

aK. Takayanagi et al., Nucl. Phys. A477 (1988); A. Mariano et al. PRC 49, 2824 (1994).
bP. Papakonstantinou, Phys. Rev. C 90, 024305 (2014)

The Subtraction procedure (I. Tselyaev Phys. Rev. C 75, 024306 (2007))

Designed for beyond RPA approaches

Static (ω = 0) limit of the SRPA imposed to be equal to the RPA one

Regularization procedure removing double countings, (ΠRPA restored)
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The Subtraction procedure applied to the SRPA
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SSRPA Strength Distributions in 16O

Quadrupole Distributions
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SSRPA Strength Distribution in 16O
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SSRPA Strength Distribution in 16O
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SSRPA Strength Distribution in 16O

Quadrupole Distributions
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SSRPA Strength Distribution in 16O

Quadrupole Distributions
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Isoscalar Giant Quadrupole Resonances
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Some SSRPA applications

Some SSRPA applications

Low-lying dipole response in 48Ca

Isoscalar quadrupole giant resonance

Gamow-Teller excitations and beta-decay
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Low-lying dipole strength in 40,48Ca

Photon Scattering Data

Relativistic RPA results

Skyrme RPA vs SRPA SRPA, SSRPA vs Data
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Low-lying dipole strength in 40,48Ca

Photon Scattering Data
Relativistic RPA results

Skyrme RPA vs SRPA SRPA, SSRPA vs Data
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Low-lying dipole strength in 40,48Ca

Photon Scattering Data
Relativistic RPA results

Skyrme RPA vs SRPA
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Low-lying dipole strength in 40,48Ca

Photon Scattering Data
Relativistic RPA results

Skyrme RPA vs SRPA
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Total B(E1) and EWSRs (From 5 to 10 MeV)

Exp SRPA SSRPA SRPA SSRPA
SGII SGII SLy4 SLy4∑

B(E1) 0.068 0.563 0.078 1.012 0.126
± 0.008∑

i EiBi (E1) 0.570 4.618 0.621 8.795 1.062
± 0.062

Experimental and theoretical
∑

B(E1) in ( e2 fm2) and
∑

i EiBi (E1) in (MeV e2 fm2)
summed between 5 and 10 MeV.
From D. G., M. Grasso , O. Vasseur, Physics Letters B 777 (2018) 163–168
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Total B(E1) and EWSRs (From 5 to 10 MeV)

Exp SRPA SSRPA SRPA SSRPA
SGII SGII SLy4 SLy4∑

B(E1) 0.068 0.563 0.078 1.012 0.126
± 0.008∑

i EiBi (E1) 0.570 4.618 0.621 8.795 1.062
± 0.062

Experimental and theoretical
∑

B(E1) in ( e2 fm2) and
∑

i EiBi (E1) in (MeV e2 fm2)
summed between 5 and 10 MeV.
From D. G., M. Grasso , O. Vasseur, Physics Letters B 777 (2018) 163–168
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Collectivity, coherence and decoherence

  
D. G. , M. Grasso, and F. Catara, Phys. Rev. C 84, 034301 (2011)
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Isoscalar Giant Quadrupole Resonances
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Gamow Teller strength and: the quenching problem

The quenching problem

Computed GT matrix elements are larger than the experimental ones.

The problem is “cured” by quenching the strength by q ∼ 0.7 or using
effective axial constant gA (∼ 1) instead of the “bare” value ∼ 1.27.

Shell Model calculations
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Theory vs Experiment: the quenching problem

The quenching problem

Computed GT matrix elements are larger than the experimental ones.

The problem is “cured” by quenching the strength by q ∼ 0.7 or using
effective axial constant gA (∼ 1) instead of the “bare” value ∼ 1.27.

Skyrme-RPA calculations
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Theory vs Experiment: the quenching problem

The quenching problem

Computed GT matrix elements are larger than the experimental ones.

The problem is “cured” by quenching the strength by q ∼ 0.7 or using
effective axial constant gA (∼ 1) instead of the “bare” value ∼ 1.27.

Possible causes fall in two main classes:

Nuclear many-body correlations not included in the calculations:
(truncation of the model space, short-range correlations, multi-phonon
states, multi particle-hole excitations, ...)

Non-nucleonic degrees of freedom:
(Many-nucleon weak currents, ∆-isobar excitations, in-medium
modification of pion physics, ...)
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GT− Strength Distribution 48Ca, SGII interaction
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(a) GT− strength in RPA and SSRPA compared with (GT− plus IVSM) data.
(b) Cumulative strengths up to 20 MeV.
Data from: K. Yako et al., Phys. Rev. Lett. 103, 012503 (2009)

From D.Gambacurta, M. Grasso, J. Engel, Phys. Rev. Lett. 125, 212501 (2020)
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GT− Strength Distribution 48Ca, SGII interaction
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(a) GT− strength in RPA and SSRPA compared with (GT− plus IVSM) data.
(b) Cumulative strengths up to 20 MeV.
Data from: K. Yako et al., Phys. Rev. Lett. 103, 012503 (2009)

From D.Gambacurta, M. Grasso, J. Engel, Phys. Rev. Lett. 125, 212501 (2020)
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GT− Strength Distribution 48Ca, SGII interaction

0 10 20
Energy (MeV)

0

2

4

6

8

10

12

S
tr

en
g

th
 Exp

SSRPA
RPA

0 10 20
Energy (MeV)

4

8

12

16

20

24

C
u

m
u

lt
at

iv
e 

su
m

Exp

SSRPA
RPA

(a) (b)

(a) GT− strength in RPA and SSRPA compared with (GT− plus IVSM) data.
(b) Cumulative strengths up to 20 MeV.
Data from: K. Yako et al., Phys. Rev. Lett. 103, 012503 (2009)

From D.Gambacurta, M. Grasso, J. Engel, Phys. Rev. Lett. 125, 212501 (2020)

Danilo Gambacurta gambacurta@lns.infn.it INFN-LNS Catania



GT− Strength Distribution 48Ca
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(a), (b), (c) Strengths integrated up to 20 MeV with different parameterizations.

(d) RPA and SSRPA percentages of the Ikeda sum rule below 30 MeV compared with
the experimental one.

From D.Gambacurta, M. Grasso, J. Engel, Phys. Rev. Lett. 125, 212501 (2020)
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GT− Strength Distribution and β-decay half-life 78Ni
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(a) Cumulative sum for the nucleus 78Ni within the SSRPA, PVC and RTBA models;
(b) β-decay half-life for 78Ni. No quenching, bare ga = 1.27;
Data from: P. T. Hosmer et al. Phys. Rev. Lett. 94, 112501 (2005)
PVC: Y. F. Niu, G. Coló and E. Vigezzi, Phys. Rev. C 90, 054328 (2014)
RTBA:C. Robin and E. Litvinova, Phys. Rev. C 98, 051301(R), 2018

From D.Gambacurta, M. Grasso, J. Engel, Phys. Rev. Lett. 125, 212501 (2020)
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Conclusions and Outlook

SSRPA merits

More general description than the RPA

The EDF Subtracted SRPA is robust and reliable (double-counting free)

Better description of Fragmentation, Spreading, Low-lying states

SSRPA limitations

Numerically demanding (large matrices and number of eigenvalues)

Extension to deformed case not (at present) viable (unless FAM +
diagonal approximation)

SSRPA future work

Applications: double-beta and -gamma decay

Pairing, e.g. Second QRPA (SQRPA) and SSQRPA

Comparison with PVC model (and possible merging)

Continuum SRPA: escape and spreading width

FT SRPA: hot nuclei (width ∼ E∗), β-decay in astrophysical environments
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