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•  Quartet correlations for proton-neutron pairing  
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• Quartet correlations for shell-model  interactions

- pn pairing in quark-meson coupling approach

- band structure in N=Z nuclei in term of quartets 

• How to probe quartet correlations ?
                

•  Quartet correlations for neutron pairing  ? 
                         



Exact solution  (Richardson, 1964) 
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&

Eu,= $~+igx, X=1, , 1V/2,
(2.5)

change will enable us to eliminate the singularities in
Eqs. (2.2) and to write them in terms of well-behaved
functions of the new unknowns.
We inay write Eqs. (2.2) in terms of quantities that

are real for all values of g by writing the equations as if
all the pair energies were complex. Since complex pair
energies appear in complex-conjugate pairs, we may
write these complex pair energies as

N-i

N-2

N-5

N-4

N-5

where we have assumed here and will assume in what
follows that 1V is even. LThe case of odd 1V may be easily
taken into account by assuming that one pair energy is
real and the remaining 1V—1 pair energies form (1V—1)/2
complex-conjugate pairs. 7 In what follows, the Greek
indices X, p, v, , will be assumed to take on the values
1, , 1V/2 as in (2.5). We obtain the transformed set of
equations by equating the real and imaginary parts of
(2.2) after substitution of (2.5) for the pair energies.
The result is

FIG. 1. Qualitative behavior of the pair energies in the ground
state. The single-particle levels e„are labeled by the value of n on
the left. The points where two pair energies come together are the
singular points. The two corresponding pair energies are real or
complex as the interaction strength is less than or greater than
its value at this point.
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where

we have rewritten Eqs. (2.2) in terms of quantities that
are always real.
When we write (2.5), we are making a choice as to

which pairs of pair energies, as labeled by (2.4), are
going to become complex conjugates as we increase g.
The reason for this choice is clear from the behavior of
the roots given in Fig. 1. However, for some excited
seniority-zero states, the choice is not so clear-cut and
the behavior of the pair energies must be carefully in-
vestigated before a transformation such as (2.5) can be
made.
A further transformation is necessary in order to re-

rnove the divergences from Eqs. (2.6). It is convenient to
subtract the g=0 limit of $i, 4X—1 for the ground state,
from $q and introduce the new variable xi which is the

(2 7) shift of $i due to the interaction and is defined by

and where the prime on the sum on p indicates that it is
over those values of p, not equal to X. We could have ob-
tained (2.6) by rewriting (2.2) in terms of the new
unknowns

E~+= (E2i+E,~ i)/2
and considering the sum and difference of the equations
in (2.2) with i= 2K and 2X—1.These equations become
(2.6) when we replace Ez+ by $i and Ei,—by ipz. Thus,
Eqs. (2.6) are equivalent to Eqs. (2.2). The important
thing to note in (2.6) is that these equations only in-
volve g),' and not gq. That this must be so follows from
the symmetry of (2.2) under permutations of the pair
energies and the fact that a change in the sign of g), is
equivalent to permuting E2), & and E2&. The quantity
p), will be pure imaginary if E2), & and E2), are real and
distinct and it will be real if they are complex conjugates.
Thus, qq' will always be real and if qq' is less (greater)
than zero, then the corresponding Emq ~ and E2q will be
real (complex). Therefore, since gz is real by definition,

$),——4X—1+x'. (2.8)

The singular points are those values of g at which
g),'——0 for some 'A. At these points, p), ' changes sign.
From Fig. j., we see that this point occurs at xz=—1 for
an attractive pairing interaction. (There is also a
singular point at xi=+1 for a repulsive pairing inter-
action. ) We will now show that if we factor out this be-
havior from g),', then we can factor out the singularities
of Eqs. (2.6). To show this, we introduce the new un-
known yz dined by

(2.9)
From the above considerations, we expect y), to be posi-
tive and, at least as long as xz'(1, a slowly varying
function of g. Since, for realistic values of g, only a few
of the x),' are greater than one, this last result leads to a
considerable increase in the e%ciency of a numerical
solution of (2.6). If we make the substitutions (2.8)
and (2.9) in (2.6), we obtain, after some manipulation,
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of the x),' are greater than one, this last result leads to a
considerable increase in the e%ciency of a numerical
solution of (2.6). If we make the substitutions (2.8)
and (2.9) in (2.6), we obtain, after some manipulation,
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Eu,= $~+igx, X=1, , 1V/2,
(2.5)

change will enable us to eliminate the singularities in
Eqs. (2.2) and to write them in terms of well-behaved
functions of the new unknowns.
We inay write Eqs. (2.2) in terms of quantities that

are real for all values of g by writing the equations as if
all the pair energies were complex. Since complex pair
energies appear in complex-conjugate pairs, we may
write these complex pair energies as

N-i

N-2

N-5

N-4

N-5

where we have assumed here and will assume in what
follows that 1V is even. LThe case of odd 1V may be easily
taken into account by assuming that one pair energy is
real and the remaining 1V—1 pair energies form (1V—1)/2
complex-conjugate pairs. 7 In what follows, the Greek
indices X, p, v, , will be assumed to take on the values
1, , 1V/2 as in (2.5). We obtain the transformed set of
equations by equating the real and imaginary parts of
(2.2) after substitution of (2.5) for the pair energies.
The result is

FIG. 1. Qualitative behavior of the pair energies in the ground
state. The single-particle levels e„are labeled by the value of n on
the left. The points where two pair energies come together are the
singular points. The two corresponding pair energies are real or
complex as the interaction strength is less than or greater than
its value at this point.

$,x($,)P+n,'+ n~')-+4 Z'
g ~ ($,~'+ v,'+ n), ')'—4g, 'nx'

5,),'—n, '+ ex'
1+4')P E'--

(Epx +'gp +'9& ) 4'9y Vx

where

we have rewritten Eqs. (2.2) in terms of quantities that
are always real.
When we write (2.5), we are making a choice as to

which pairs of pair energies, as labeled by (2.4), are
going to become complex conjugates as we increase g.
The reason for this choice is clear from the behavior of
the roots given in Fig. 1. However, for some excited
seniority-zero states, the choice is not so clear-cut and
the behavior of the pair energies must be carefully in-
vestigated before a transformation such as (2.5) can be
made.
A further transformation is necessary in order to re-

rnove the divergences from Eqs. (2.6). It is convenient to
subtract the g=0 limit of $i, 4X—1 for the ground state,
from $q and introduce the new variable xi which is the

(2 7) shift of $i due to the interaction and is defined by

and where the prime on the sum on p indicates that it is
over those values of p, not equal to X. We could have ob-
tained (2.6) by rewriting (2.2) in terms of the new
unknowns

E~+= (E2i+E,~ i)/2
and considering the sum and difference of the equations
in (2.2) with i= 2K and 2X—1.These equations become
(2.6) when we replace Ez+ by $i and Ei,—by ipz. Thus,
Eqs. (2.6) are equivalent to Eqs. (2.2). The important
thing to note in (2.6) is that these equations only in-
volve g),' and not gq. That this must be so follows from
the symmetry of (2.2) under permutations of the pair
energies and the fact that a change in the sign of g), is
equivalent to permuting E2), & and E2&. The quantity
p), will be pure imaginary if E2), & and E2), are real and
distinct and it will be real if they are complex conjugates.
Thus, qq' will always be real and if qq' is less (greater)
than zero, then the corresponding Emq ~ and E2q will be
real (complex). Therefore, since gz is real by definition,

$),——4X—1+x'. (2.8)

The singular points are those values of g at which
g),'——0 for some 'A. At these points, p), ' changes sign.
From Fig. j., we see that this point occurs at xz=—1 for
an attractive pairing interaction. (There is also a
singular point at xi=+1 for a repulsive pairing inter-
action. ) We will now show that if we factor out this be-
havior from g),', then we can factor out the singularities
of Eqs. (2.6). To show this, we introduce the new un-
known yz dined by

(2.9)
From the above considerations, we expect y), to be posi-
tive and, at least as long as xz'(1, a slowly varying
function of g. Since, for realistic values of g, only a few
of the x),' are greater than one, this last result leads to a
considerable increase in the e%ciency of a numerical
solution of (2.6). If we make the substitutions (2.8)
and (2.9) in (2.6), we obtain, after some manipulation,

neutron skins/halos made of quartets ?

 complex conjugate pairs

restriction around eF : only quartets            quartet condensate  ?

gcr(BCS)
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Figure 4. Relative errors in the ground state correlation energy of Sn isotopes with
2N active neutrons. The line labeled with triangles shows the results obtained within
the approach of section 6 with identical quartets. The line labeled with circles refers to
the calculations in the PBCS scheme (identical pairs). The line labeled with squares
shows the best results obtained with the procedure of section 3.

Like-particle pairing  with quartets: Sn isotopes*
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quar tets :    4-body structures of   two neutrons and  two  protons
                   correlated in configuration space (e.g., isospin, spin)                   

Microscopic Quartet Description of the Ground-State Band of
24Mg

1 Intrinsic quartet-condensate state

Q
†
=

X
xijkl(⌫

†
i ⌫

†
j⇡

†
k⇡

†
l )

T=0
(1)

We describe
24
Mg in the sd shell, taking

16
O as the inert core. The intrinsic quartet-

condensate state is written as

|⇥gi = Ng(Q
†
g)

2|16Oi, (2)

where the collective quartet is a superposition of microscopic quartets with angular momenta

J = 0, 2, 4,

Q
†
g = ↵g0(q

†
g)00 + ↵g2(q

†
g)20 + ↵g4(q

†
g)40. (3)

The microscopic quartets are fermionic four-body operators,
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i2j2J2
T 0

q
(g)
i1j1J1,i2j2J2,T 0

h
[a

†
i1
a
†
j1
]J1T 0 [a
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]J2T 0

i

J,T=0;M=0
. (4)

The internal quartet amplitudes and the collective mixing amplitudes ↵gJ are determined vari-

ationally.

For the lowest intrinsic solution found with the USDB interaction, the quartet mixing am-

plitudes are

↵g0 = 0.74259, ↵g2 = 0.65203, ↵g4 = 0.15301 . (5)

They satisfy, within rounding,

|↵g0|2 + |↵g2|2 + |↵g4|2 = 1.

Thus,

Q
†
g = 0.74259(q

†
g)00 + 0.65203(q

†
g)20 + 0.15301(q

†
g)40, (6)

up to the arbitrary phase convention for the microscopic quartet operators.

The corresponding intrinsic energy is

Eintr(g) = �85.19401 MeV. (7)

For reference, the exact USDB calculation in the 4p4n, M = 0 space gives

ESM(0
+
1 ) = �87.10445 MeV, (8)

with

Ex(2
+
1 ) = 1.50230 MeV, Ex(4

+
1 ) = 4.37244 MeV.

1

quartets Cooper pairs

overlaps in coordinate space 



1) Extracting a pn pair from a even-even N=Z nucleus  costs more energy than adding to it a  pn pair

24Mg 26Al22Na
13.6 Mev22.1 MeV

2) Extracting one neutron from a even-even N=Z nucleus costs more energy than from neighbouring nuclei
 

B(25Mg)  -B(24Mg) = 7.3 Mev

B(26Mg)-B(25Mg)=  11.3 Mev

B(24Mg)-B(23Mg) = 16.6 MeV

28Si
24.4 MeV

Fingerprints of  alpha-like (quadruple) correlations



Theoretical studies on pn pairing & alpha correlations

B. Bremond and J. G. Valatin NP41(1963)B. H. Flowers and M. Vijicic,NPA49(1963) 

J. Eichler and M. Yamamura, NPA182(1972)

...................................................

J. Dobes and S. Pittel PRC57(1998) R. A. Senkov and V. Zelevinski (2011)

R. Chasman, PLB577(2003)

not actually solved ! not included all relevant configurations ! 

non-collective quartets

quartet condensation for a degenerate state 

almost all studies on pn pairing: in BCS/HFB approximation

Goodman , …, Bertsch & Gezerlis

drawbacks: particle-number, spin  and isospin are not conserved ! 



Isovector (T=1) and isoscalar (T=0) pairing in N=Z nuclei
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Isospin and spin projections

a particular case of  the Quartet Condensation Model (QCM) 

Microscopic Quartet Description of the Ground-State Band of
24Mg

1 Intrinsic quartet-condensate state
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The internal quartet amplitudes and the collective mixing amplitudes ↵gJ are determined vari-
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For the lowest intrinsic solution found with the USDB interaction, the quartet mixing am-

plitudes are

↵g0 = 0.74259, ↵g2 = 0.65203, ↵g4 = 0.15301 . (5)

They satisfy, within rounding,

|↵g0|2 + |↵g2|2 + |↵g4|2 = 1.

Thus,

Q
†
g = 0.74259(q

†
g)00 + 0.65203(q

†
g)20 + 0.15301(q

†
g)40, (6)

up to the arbitrary phase convention for the microscopic quartet operators.

The corresponding intrinsic energy is

Eintr(g) = �85.19401 MeV. (7)

For reference, the exact USDB calculation in the 4p4n, M = 0 space gives

ESM(0
+
1 ) = �87.10445 MeV, (8)

with

Ex(2
+
1 ) = 1.50230 MeV, Ex(4

+
1 ) = 4.37244 MeV.

1

quartet condensates



Isovector (T=1,J=0) and isoscalar (J=1,T=0) pairing in QCM

collective quartets

generalised quartet

exact solution for degenerate levels (Dobes & Pittel PRC (1998) ) 

ground state

M. Sambataro, N.S and C. W. Johnson, Phys. Lett. B (2015)
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N.S., D. Negrea, J. Dukelsky, C. W. Johnson, Phys. Rev C (2012)

conserves exactly all the symmetries



Quartet condensation versus pair condensation  

• T=1 and T=0 pairing correlations always coexist in quartets

M. Sambataro and N. S , Phys. Rev C93, 054320 (2016)

M. SAMBATARO AND N. SANDULESCU PHYSICAL REVIEW C 93, 054320 (2016)

TABLE III. Ground-state correlation energies (19) provided by the PBCS-type states (14)–(16) in comparison with the QCM results. In
brackets we show the relative errors with respect to the exact results obtained by diagonalization. These results have been obtained with the
Hamiltonian (17) by using the interactions described in the text. All energies are in MeV.

QCM PBC1 PBCS0iv PBCS0is

20Ne 15.985 (-) 14.011 (12.35%) 13.664 (14.52%) 13.909 (12.99%)
24Mg 28.595 (0.24%) 21.993 (23.35%) 20.516 (28.50%) 23.179 (19.22%)
28Si 35.288 (0.57%) 27.206 (23.58%) 25.293 (28.95%) 27.740 (22.19%)
44Ti 7.019 (-) 5.712 (18.62%) 5.036 (28.25%) 4.196 (40.22%)
48Cr 11.614 (0.21%) 9.686 (16.85%) 8.624 (25.97%) 6.196 (46.81%)
52Fe 13.799 (0.42%) 11.774 (15.21%) 10.591 (23.73%) 6.673 (51.95%)
104Te 3.147 (-) 2.814 (10.58%) 2.544 (19.16%) 1.473 (53.19%)
108Xe 5.489 (0.20%) 4.866 (11.61%) 4.432 (19.49%) 2.432 (55.82%)
112Ba 7.017 (0.34%) 6.154 (12.82%) 5.635 (20.17%) 3.026 (57.13%)

IV. SUMMARY AND CONCLUSIONS

In this paper we generalized the quartet condensation
model for the treatment of spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces.
The basic assumption of the QCM approximation is that
the ground-state correlations induced by these forces can be
described in terms of products of identical quartets formed
by coupling two neutrons and two protons to total isospin
T = 0 and total angular momentum J = 0. The generalized
QCM approach was first applied to pairing forces formulated
in terms of isovector (T = 1,S = 0,L = 0) and isoscalar (T =
0,S = 1,L = 0) pairs. For these forces we illustrated how the
spin-orbit interaction affects the pairing correlations and we
studied the competition between the isovector and isoscalar
pairing. Then, the QCM approach was applied to realistic
systems described by the most general pairing Hamiltonian
formulated in terms of (T = 1,J = 0) and (T = 0,J = 1)
pairs. We showed that, for both Hamiltonians, the QCM gives
an accurate description of the pairing correlations. We also
showed that, in the QCM approximation, the correlations in
the two pairing channels coexist for any admixture of isovector
and isoscalar pairing forces, which confirms the findings of
Refs. [17,19].

We wish to conclude this paper by emphasizing the striking
analogy between the like-particle and proton-neutron pairing
pictures which has emerged in this study and which is also
supported by our previous works on the same subject [13–
17,19]. Thus, if on one side a condensate of collective J = 0
pairs provides a good approximation to the ground state of
spherically symmetric like-particle pairing Hamiltonians, on

the other side, as shown here, a condensate of J = 0, T = 0
quartets provides a good approximation to the ground state of
spherically symmetric proton-neutron pairing Hamiltonians.
In the case of proton-neutron pairing, then, collective quartets
appear to play the same role as Cooper pairs in the case
of like-particle pairing. A basic difference between the like-
particle pairing and pairing in N = Z systems is that in the
latter one needs to couple the isospin and the spin of the
pairs in order to construct wave functions with well-defined
total isospin and total angular momentum. As demonstrated
in this paper, in even-even N = Z nuclei the quartets built
by coupling two pairs to T = 0 and J = 0 do represent the
simplest form of many-body structures whose condensate can
guarantee a ground state with total T = 0 and total J = 0.
The fact that, in the quartet condensate state, which describes
accurately the pairing forces in N = Z nuclei, the isovector
and isoscalar proton-neutron pairing correlations are strongly
entangled indicates that it might be difficult to disentangle
them by proton-neutron transfer reactions. If in open-shell
N = Z nuclei the quartets are indeed strongly correlated
structures acting coherently as a condensate, one would expect
collective features for alpha-particle transfer reactions (e.g.,
significant enhancement of the transfer with the number of
quartets) rather than for the transfer of proton-neutron pairs.
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators

P+
i,Tz

=
√

2li + 1
2

[a+
i a+

i ]T =1,S=0,L=0
Tz

, (2)

D+
i,Sz

=
√

2li + 1
2

[a+
i a+

i ]S=1,T =0,L=0
Sz

, (3)

where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.〉 = (Q+)nq |0〉. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
1 + Q+

0 , (5)

where Q+
1 is the collective isovector quartet formed by

coupling two isovector pairs to total T = 0, i.e.,

Q+
1 =

∑

j1j2

xj1j2

[
P +

j1
P +

j2

]T =0
, (6)

and Q+
0 is the collective isoscalar quartet built by coupling two

isoscalar pairs to total J = 0, i.e.,

Q+
0 =

∑

j1j2j3j4

yj1j2j3j4

[
D+

j1j2
D+

j3j4

]J=0
. (7)

These quartet operators are expressed in terms of the pair
operators in the jj coupling scheme:

P +
j,Tz

= 1√
2

[a+
j a+

j ]T =1,J=0
Tz

, (8)

D+
j1j2Jz

= 1
√

1 + δj1j2

[
a+

j1
a+

j2

]J=1,T =0
Jz

. (9)

In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as

Q̄+
1 = 2#+

1 #+
−1 − (#+

0 )2, (10)

Q̄+
0 = 2$+

1 $+
−1 − $+

0
2
. (11)

These quartets are expressed in terms of the collective isoscalar
and isovector pairs

#+
Tz

=
∑

j

x̄jP
+
j,Tz

, (12)

$+
Jz

=
∑

j1j2

ȳj1j2D
+
j1j2Jz

. (13)

It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1〉 = (#+
1 #+

−1)nq |0〉, (14)

|PBCS0iv〉 = (#+
0 )2nq |0〉. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is〉 = ($+
0 )2nq |0〉. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑

i

εiNi +
∑

i,j

V T =1
J=0 (i,j )

∑

Tz

P +
i,Tz

Pj,Tz

+
∑

i!j,k!l

V T =0
J=1 (ij,kl)

∑

Jz

D+
ij,Jz

Dkl,Jz
. (17)

The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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• isoscalar pairing condensation is not a good approximation !

pairing forces: (T=1,J=0) and (T=0,J=1) components of shell model interactions

correlations energies and errors relative to exact results



Excited states of T=1 & T=0  pairing in QCM

M. Sambataro and N. S, Phys. Lett. B820 (2021)
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Fig. 3. The low-lying spectrum provided by the QCM approximation (17) for the 
valence nucleons of 28Si interacting by an isovector pairing force extracted from the 
USDB interaction. The numbers are the overlaps between the QCM and the exact 
wave functions. Energies are in MeV.

Q̃ +
ν, J J z

=
∑

T ′

∑

J1(i1 j1)

∑

J2(i2 j2)

Y (ν)
J J z

(T ′, J1(i1 j1), J2(i2 j2))

×[P+
J1,T ′(i1, j1)P+

J2,T ′(i2, j2)] J ,T =0
J z

. (16)

This quartet is employed to define the exited states

|"ν, J J z 〉 = Q̃ ν, J J z (Q +
iv)nq−1|−〉, (17)

where the collective quartet Q +
iv is still restricted to isovector pairs 

only. Q +
iv has been assumed to be of the type (4), by therefore 

excluding a factorization of the coefficients xij . Similarly to the 
cases discussed above, in order to find the coefficients Y (ν)

J M of the 
quartet (16) and so construct the excited states one needs to diag-
onalize the Hamiltonian (1) in the space of non-orthogonal states

[P+
J1,T ′(i1, j1)P+

J2,T ′(i2, j2)] J ,T =0
J z

(Q +
iv)nq−1|−〉. (18)

To assess the validity of the approximation (17) we have per-
formed calculations for a system of N = Z = 6 nucleons moving 
in the sd-shell and interacting with an isovector pairing force ex-
tracted from the USDB interaction [23]. This system corresponds 
to 28Si. The energies obtained for the low-lying T = 0 states (17)
are given in Fig. 3 and are compared with the exact eigenvalues 
(calculated with the shell model code BIGSTICK [24]). As it can be 
seen, the approximation (17) reproduces quite well the exact re-
sults with overlaps between corresponding states which are close 
to unity for all the low-lying states.

3. Excited states for the isovector-isoscalar pairing

The isovector-isoscalar pairing Hamiltonian has the expression

H =
∑

i

εi Ni +
∑

i, j

V T =1
J=0 (i, j)

∑

T z

P+
i,T z

P j,T z

+
∑

i≤ j,k≤l

V T =0
J=1 (i j,kl)

∑

J z

D+
i j, J z

Dkl, J z . (19)

The first two terms are the same as in Eq. (1) while the last term 
is the isoscalar pairing interaction written in term of the isoscalar 
pair operator

D+
j1 j2 J z

= 1
√

1 + δ j1 j2

[a+
j1

a+
j2
] J=1,T =0

J z
(20)

As in the previous section, we start by recalling the QCM ap-
proach for the ground state of the isovector-isoscalar Hamiltonian 
[13]. For even-even N = Z systems the QCM ansatz for the ground 
state has formally the same expression as in the case of isovector 
pairing

Fig. 4. The low-lying spectrum provided by the QCM approximation (24) for the 
valence nucleons of 28Si interacting by an isovector-isoscalar pairing force extracted 
from the USDB interaction. The numbers are the overlaps between the QCM and the 
exact wave functions. Energies are in MeV.

|%gs〉 = (Q +
ivs)

nq |0〉. (21)

The difference is that now the quartet operator Q +
ivs , still having 

total isospin T = 0, is the sum of two quartets

Q +
ivs = Q +

iv + Q +
is , (22)

where Q +
iv is the quartet (4) built by isovector pairs while Q +

is is 
formed by two isoscalar pairs coupled to total J = 0, i.e.,

Q +
is =

∑

j1 j2 j3 j4

y j1 j2 j3 j4 [D+
j1 j2

D+
j3 j4

] J=0. (23)

A simpler version of this approach can be obtained by adopting 
in (23) the factorization y j1 j2 j3 j4 = y j1, j2= j̄1

y j3, j4= j̄3
(the bar in-

dicating time-reversing) and by using the expression (6) for the 
isovector quartet. This QCM approximation has been investigated 
in detail in Ref. [12] and will not be further discussed in the 
present work.

Acting as in the isovector pairing case, in correspondence with 
the QCM ansatz (21) for the ground state, we construct a class of 
excited states by replacing a quartet of the condensate with an “ex-
cited” quartet. For the case of a spherically-symmetric mean field, 
these states take the form

|"ν, J J z 〉 = Q̃ ν, J J z (Q +
ivs)

nq−1|−〉, (24)

where the operator Q̃ ν, J J z is identical to that defined in Eq. (16). 
In order to define its coefficients Y (ν)

J J z
, one has now to diagonalize 

the Hamiltonian (19) in the basis of non-orthogonal states

[P+
J1,T ′(i1, j1)P+

J2,T ′(i2, j2)] J ,T =0
J z

(Q +
ivs)

nq−1|−〉. (25)

To illustrate the accuracy of the approximation (24) we have 
still referred to the case of 28Si and assumed an isovector-isoscalar 
pairing force corresponding to the ( J = 0, T = 1) and ( J = 1, T =
0) channels of the USDB interaction [23]. Exact and approximate 
spectra are shown in Fig. 4. It can be seen that the inclusion of 
the isoscalar force removes the degeneracies observed in the case 
of the isovector interaction. The overall agreement is good also in 
this case although the quality of the overlaps is, in some cases, not 
as high as that of Fig. 3. As a peculiarity, we notice that the first 
excited J = 6 state has not a corresponding state in the QCM ap-
proximation while the second J = 6 exact state is well reproduced 
both for the energy and the overlap.

4. Summary and conclusions

We have extended the quartet condensation model (QCM) to 
describe the T = 0 excited states of proton-neutron pairing Hamil-
tonians. These excited states have been generated by breaking a 
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Fig. 3. The low-lying spectrum provided by the QCM approximation (17) for the 
valence nucleons of 28Si interacting by an isovector pairing force extracted from the 
USDB interaction. The numbers are the overlaps between the QCM and the exact 
wave functions. Energies are in MeV.

Q̃ +
ν, J J z

=
∑

T ′

∑

J1(i1 j1)

∑

J2(i2 j2)

Y (ν)
J J z

(T ′, J1(i1 j1), J2(i2 j2))

×[P+
J1,T ′(i1, j1)P+

J2,T ′(i2, j2)] J ,T =0
J z

. (16)

This quartet is employed to define the exited states

|"ν, J J z 〉 = Q̃ ν, J J z (Q +
iv)nq−1|−〉, (17)

where the collective quartet Q +
iv is still restricted to isovector pairs 

only. Q +
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To assess the validity of the approximation (17) we have per-
formed calculations for a system of N = Z = 6 nucleons moving 
in the sd-shell and interacting with an isovector pairing force ex-
tracted from the USDB interaction [23]. This system corresponds 
to 28Si. The energies obtained for the low-lying T = 0 states (17)
are given in Fig. 3 and are compared with the exact eigenvalues 
(calculated with the shell model code BIGSTICK [24]). As it can be 
seen, the approximation (17) reproduces quite well the exact re-
sults with overlaps between corresponding states which are close 
to unity for all the low-lying states.

3. Excited states for the isovector-isoscalar pairing

The isovector-isoscalar pairing Hamiltonian has the expression

H =
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εi Ni +
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V T =1
J=0 (i, j)
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The first two terms are the same as in Eq. (1) while the last term 
is the isoscalar pairing interaction written in term of the isoscalar 
pair operator

D+
j1 j2 J z

= 1
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1 + δ j1 j2

[a+
j1

a+
j2
] J=1,T =0

J z
(20)

As in the previous section, we start by recalling the QCM ap-
proach for the ground state of the isovector-isoscalar Hamiltonian 
[13]. For even-even N = Z systems the QCM ansatz for the ground 
state has formally the same expression as in the case of isovector 
pairing

Fig. 4. The low-lying spectrum provided by the QCM approximation (24) for the 
valence nucleons of 28Si interacting by an isovector-isoscalar pairing force extracted 
from the USDB interaction. The numbers are the overlaps between the QCM and the 
exact wave functions. Energies are in MeV.
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The difference is that now the quartet operator Q +
ivs , still having 

total isospin T = 0, is the sum of two quartets

Q +
ivs = Q +

iv + Q +
is , (22)

where Q +
iv is the quartet (4) built by isovector pairs while Q +

is is 
formed by two isoscalar pairs coupled to total J = 0, i.e.,

Q +
is =

∑

j1 j2 j3 j4

y j1 j2 j3 j4 [D+
j1 j2

D+
j3 j4

] J=0. (23)

A simpler version of this approach can be obtained by adopting 
in (23) the factorization y j1 j2 j3 j4 = y j1, j2= j̄1

y j3, j4= j̄3
(the bar in-

dicating time-reversing) and by using the expression (6) for the 
isovector quartet. This QCM approximation has been investigated 
in detail in Ref. [12] and will not be further discussed in the 
present work.

Acting as in the isovector pairing case, in correspondence with 
the QCM ansatz (21) for the ground state, we construct a class of 
excited states by replacing a quartet of the condensate with an “ex-
cited” quartet. For the case of a spherically-symmetric mean field, 
these states take the form

|"ν, J J z 〉 = Q̃ ν, J J z (Q +
ivs)

nq−1|−〉, (24)

where the operator Q̃ ν, J J z is identical to that defined in Eq. (16). 
In order to define its coefficients Y (ν)

J J z
, one has now to diagonalize 

the Hamiltonian (19) in the basis of non-orthogonal states

[P+
J1,T ′(i1, j1)P+

J2,T ′(i2, j2)] J ,T =0
J z

(Q +
ivs)

nq−1|−〉. (25)

To illustrate the accuracy of the approximation (24) we have 
still referred to the case of 28Si and assumed an isovector-isoscalar 
pairing force corresponding to the ( J = 0, T = 1) and ( J = 1, T =
0) channels of the USDB interaction [23]. Exact and approximate 
spectra are shown in Fig. 4. It can be seen that the inclusion of 
the isoscalar force removes the degeneracies observed in the case 
of the isovector interaction. The overall agreement is good also in 
this case although the quality of the overlaps is, in some cases, not 
as high as that of Fig. 3. As a peculiarity, we notice that the first 
excited J = 6 state has not a corresponding state in the QCM ap-
proximation while the second J = 6 exact state is well reproduced 
both for the energy and the overlap.

4. Summary and conclusions

We have extended the quartet condensation model (QCM) to 
describe the T = 0 excited states of proton-neutron pairing Hamil-
tonians. These excited states have been generated by breaking a 
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pair condensate formed by the neutron pairs in excess [13]; (iii) when treated by the quartet

condensation formalism the isovector pairing is able to describe reasonably well the Wigner

energies [14].

The scope of this letter is to generalize the quartet condensation model of Ref. [12] for the

treatment of both the isovector pairing and isoscalar proton-neutron pairing. An important

prediction of this formalism, at variance with most HFB calculations, is the coexistence of

the isovector and isoscalar proton-neutron correlations for any pairing interactions and any

N=Z system.

The systems we study here are composed of an equal number of neutrons and protons

which move in a deformed mean field with axially symmetry. The nucleons are interacting

through an isoscalar proton-neutron pairing force and an isovector pairing force, the latter

including both the proton-neutron pairing and like-particle pairing. The Hamiltonian which

describe these systems is given by:

Ĥ =
∑

i,τ=±1/2

εiτNiτ +
∑

i,j

V T=1(i, j)
∑

t=−1,0,1

P+
i,tPj,t +

∑

i,j

V T=0(i, j)D+
i,0Dj,0 (1)

where εiτ are the single-particle energies associated to the mean fields of neutrons (τ = 1/2)

and protons (τ = −1/2). In the case of the axially mean field, supposed here, i = {a,Ω},

where Ω is the projection of the angular momentum on z-axis, while a are the other quantum

numbers which label the single-particle sates. The second term is the most general isovector

pairing interaction expressed by the non-collective pair operators P+
i,1 = ν+

i ν
+
ī , P

+
i,−1 = π+

i π
+
ī

and P+
i,0 = (ν+

i π
+
ī + π+

i ν
+
ī )/

√
2. The third term is the isoscalar proton-neutron pairing

interaction while D+
i,0 = (ν+

i π
+
ī − π+

i ν
+
ī )/

√
2 is the operator which creates a non-collective

isoscalar proton-neutron pairs. The operators ν+
i and π+

i create, respectively, a neutron and

a proton in the state i while ī = {a,−Ω} denotes the time conjugate of the state i.

It can be observed that all pairs operators considered here are constructed with the

nucleons in time-reversed axially deformed states. Therefore the pairs have Jz = 0, where

Jz is the projection of the angular momentum on z-axis, but not a well-defined J . In fact,

the isovector pairs and the isoscalar pairs with Jz = 0, built with axially deformed states,

can be seen as a superposition of pairs with J = {0, 2, 4, ..} and, respectively, J = {1, 3, 5, ..}.

This fact means that the Hamiltonian (1) is not physically equivalent with the spherically

symmetric pairing Hamiltonians in which are considered only J=0 isovector pairs and J=1

isoscalar proton-neutron pairs.

3

The Hamiltonian (1) has been employed, with various single-particle energies and pairing

interactions, in many studies. In most of them the Hamiltonian (1) was treated in HFB

approximation in which, through a general Bogoliubov transformation, the protons and

neutrons are mixed together to form generalized quasiparticles. As a consequence, in the

HFB approach the particle number and the isospin are not conservation. Here we present a

new approach in which both quantities are conserved exactly from the outset through the

way how the trial wave function is constructed.

As in Ref.[12], for taking into account the isovector pairing correlations we shall use as

building blocks collective isovector quartets formed from two isovector pairs coupled to the

total isospin T = 0, i.e.,

A+ =
∑

i,j

x̄ij [P
+
i P+

j ]T=0 =
∑

ij

xij(P
+
i,1P

+
j,−1 + P+

i,−1P
+
j,1 − P+

i,0P
+
j,0). (2)

Supposing that the amplitudes xij are separable in the indices i and j, the collective quartet

operator can be written as

A+ = 2Γ+
1 Γ

+
−1 − (Γ+

0 )
2, (3)

where Γ+
t =

∑
i xiP

+
i,t denote, for t=0,1,-1, the collective Cooper pair operators for the

proton-neutron (pn), neutron-neutron (nn) and proton-proton (pp) pairs.

For treating the isoscalar pn correlations we use the collective isoscalar pairs defined by

∆+
0 =

∑

i

yiD
+
i,0 =

∑

i

yi(ν
+
i π

+
ī − π+

i ν
+
ī )/

√
2 (4)

With the collective quartet (3) and the collective isoscalar proton-neutron pair (4) we

construct the following approximation for the ground sate of Hamiltonian (1)

|Ψ〉 = (A+ + (∆+
0 )

2)nq |0〉, (5)

where nq = (N + Z)/4 is the number of the quartets one can form with the protons and

neutrons participating to the pairing correlations (N=Z).

The ansatz (5) for the ground state is suggested by the exact solution of Hamiltonian (1)

for a set of degenerate states and for pairing forces of equal strength, i.e., g = V T=1(i, j) =

V T=0(i, j). We have found that in this case the state (5) is the exact ground state of

Hamiltonian (1). The exact ground state energy, when the single-particle energies are put

to zero, is given by

E(nq, ν) = 2nq(ν − nq + b)g (6)

4

Isoscalar – isovector pairing in axially deformed mean-fields

|Ψ >= (Q+ +Δ0
+2 )nq |− >•  Ground state

Q+ = xix j
ij
∑ [Piτ

+Pjτ '
+ ]T=0

(N.S, D.Negrea, D. Gambacurta, Phys. Lett. B 2015  )

non-degenerate levels: errors  under1% 

Skyrme-HF+ QCM  (  D. Negrea, N.S , D. Gambacurta, PRC105 (2022) )

Quark-Meson-Coupling+ QCM  (T. Popa, N.S, D. Gambacurta, J.Phys.G, in press)

• Applications :

pairing in time-reversed deformed states

exact solution for degenerate states

T=1

T=1



• Quark-Meson Coupling (QCM) model : basic assumptions

nucleons described as  clusters of  3 quarks (MIT bag model);
the quarks interact by the exchange of  σ, ρ and ω mesons

• QMC energy density functional (EDF): Skyrme- like structure 

• Systematic QMC calculations  of  nuclei : 

accuracy comparable with the best Skyrme calculations !

Nuclei with finite-sized nucleons

meson exchange

quarks

σ, ρ, ω 

nucleons

Quark Meson Coupling approach

depends only on 5 parameters   

spin-orbit, tensor and pairing interactions derived within QMC

P.  Guichon, PLB(1988);  P. Guichon, J. Stone, A. W. Thomas, Progr. Part. and N.P.  (2018)

P. Guichon, H. Metosovian, N. Sandulescu, A. W. Thomas,, NPA (2006) 

K. L. Martinez, A. W. Thomas, J. R. Stone, P.  Guichon PRC102 (2020)     

no proton-neutron pairing  
predictions for a T=0 phase ?



• Isovector pairing force: 

Proton-neutron pairing interaction in QMC

VT=1

s : scaling fixed from OEMD of  neutron-rich nuclei

• Isoscalar pairing force: VT=0 =  w VT=1 w=1.6

derived from QMC

Example: off  diagonal  marix elements for 64Ge

The matrix elements of the T = 1 and T = 0 interactions are the following:

hIĪ|V T=1
P |KK̄i = �

Z
rdrdzd�V

T=1(r, z)['2
I"(r?, z) + '

2
I#(r?, z)]['

2
K"(r?, z) + '

2
K#(r?, z)]

(15)

hIĪ|V T=0
P |KK̄i = �

Z
rdrdzd�V

T=0(r, z){['2
I"(r?, z)�'

2
I#(r?, z)]['

2
K"(r?, z)�'

2
K#(r?, z)]

+ 4'I"(r?, z)'I#(r?, z)'K"(r?, z)'K#(r?, z)} (16)

In the expressions above V
T denotes the axially-symmetric part of the pairing interactions

(13,14) which multiplies the delta function, i.e., V T
P = �V

T
�.

It can be observed that all matrix elements of the isovector pairing interaction are negative,
as expected. The diagonal matrix elements of the isoscalar interaction are also negative and
proportional to the isovector ones, since V

T=0 = wV
T=1. In contrast, the o↵-diagonal matrix

elements of the isoscalar interaction can take positive values. An example of the o↵-diagonal
matrix elements in the two pairing channels is shown in Fig. 2, where the isoscalar matrix
elements are seen to fluctuate between negative and positive values. The presence of positive
o↵-diagonal matrix elements in the isoscalar channel is the main reason why isoscalar pairing
correlations are usually suppressed relative to isovector pairing. This important physical e↵ect
is not captured in calculations that employ purely negative o↵-diagonal matrix elements in the
isoscalar channel.

0 10 20 30 40
I
ij
 (j>i)

-1

-0,5

0

0,5

1

V
ij

Isovector ME
Isoscalar ME64

Ge

Figure 2: O↵-diagonal matrix elements of the isovector and isoscalar interaction in 64Ge, cal-
culated with the scalling factors s = 1.5 and w = 1.6. Triangles denote the dominant matrix
elements associated to states near the Fermi nevel. The quantity Iij (with j > i) labels the pair
indices corresponding to Vij , where i and j run from 1 to 10.

7

isocalar force has repulsive m.e

depens of  quark-meson couplings

isoscalar pairing suppression !



QMC+QCM calculations for N=Z nuclei: sd-shell  

A. Popa, N.S, D. Gambacurta, J. Phys. G, in press

T=1 & T=0 pairing coexist and compete in all nuclei  

Binding energy residuals Pairing energies

region. This behavior is, in fact, common to all BCS and HFB calculations, including those
employing Skyrme-type energy density functionals.

From Fig. 4, one can also observe that, within the BCS framework, pairing correlations
contribute only in the case of 20Ne. The same behavior is found in the Gogny-HFB calculations.
This implies that, for A > 20, the underestimation of the binding energies in these approaches
is entirely related to the mean-field properties of the energy density functional. As shown in
Fig. 4, the QMC underestimates the binding energies by about 2 MeV, which is approximately a
factor of two smaller than the corresponding deviation obtained with the Gogny functional. The
QMC residuals are also significantly smaller than those obtained in Skyrme-HF calculations [29]
with the UNEDF1 functional [43].
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Figure 4: Binding-energy residuals of sd-
shell nuclei obtained within various approx-
imations indicated in the figure.

20 24 28 32 36
A

0

1

2

3

4

5

6

7

-E
p (M

eV
)

pn (T=0)
pn (T=1)
pp
nn

Figure 5: Pairing energies for the sd-shell
nuclei. For each nucleus, the results are dis-
played (from right to left) for QCM, QCM1
and, when available, BCS.

The most noticeable feature in Fig. 4 is the substantial improvement in the binding energies
predicted by the QMC+QCM calculations compared with the QMC+BCS results. As a conse-
quence, the energy residuals become very small—below 100 keV for the first three nuclei and
about 700 keV for the last two. From Fig. 4, it can also be seen that switching on the isoscalar
pairing interaction does not significantly change the binding energies. This behavior is related
to the competition between the isovector and isoscalar pairing correlations, which is discussed
below.

The contributions of pairing correlations to the binding energies are shown in Fig. 5. The
pairing energies are calculated at the deformation corresponding to the minimum of the total
binding energy. We display the neutron–neutron (nn), proton–proton (pp), and the isovector
proton–neutron (pn) pairing energies, which are identical due the isospin invariance assumed
in the QCM calculations, as well as the isoscalar pn pairing energies. The latter includes
contributions from the three spin configurations with total spin projections Sz=-1,0,1.

From Fig. 5, one can see that the isoscalar pn pairing has its largest contribution in 20Ne
and 24Mg, which is consistent with the binding-energy residuals shown in Fig. 4. For all nuclei,
the variation of the total pairing energy induced by pn pairing follows a similar trend. We
discuss in more detail the case of 20Ne, for which a BCS solution also exists. The total BCS
pairing energy for the nn and pp channels, shown in the left column of Fig. 5, is about 3.8
MeV, which is close to the Gogny-HFB pairing energy of approximately 4 MeV. When the
isovector pn pairing is included, the total pairing energy increases to about 5.5 MeV, with all
T=1 channels contributing equally. This explains the significant reduction of the binding-energy
residual observed in Fig. 4.

When the isoscalar interaction is included, the total pairing energy increases further, but
only by about 600 keV, despite the fact that the isoscalar pn pairing energy itself is large,
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A QCM FRDM Exp

20 0.474 0.36 0.720

24 0.478 0.39 0.606

28 -0.308 -0.36 0.412

32 0.193 0.22 0.314

36 -0.18 -0.26 0.353

Table 1: Quadrupole deformations obtained
from QCM calculations, compared with
FRDM [45] and experimental values [46].

A BCS QCM Exp

20 2.816 2.868 3.0055

24 2.967 2.972 3.0570

28 3.037 3.042 3.1224

32 3.138 3.145 3.2611

36 3.277 3.278 3.3905

Table 2: Charge radii obtained from BCS and
QCM calculations, compared with experimen-
tal values [44].

density, differ between the two approaches.
The effect of pairing on charge radii is nevertheless expected to be small, since pairing modi-

fies only the occupation probabilities of the states within the pairing window, whose contribution
to the total charge radius is relatively minor compared to that of all other states.

5 Nuclei with 40 < A < 100

The binding-energy residuals and pairing energies for the pfg-shell nuclei are shown in Figs. 7
and 8. One first notices that the QMC+BCS calculations yield binding energies that are larger
than those obtained with the Gogny-HFB approach by about 2–4 MeV for nuclei up to 80Zr.
This occurs despite the fact that the HFB pairing energies are significantly larger than the
corresponding BCS values. For example, in 44Ti and 64Ge, the Gogny-HFB pairing energies are
approximately 10 MeV and 8 MeV, respectively, whereas the BCS pairing energies are about
4.7 MeV and 1.7 MeV.
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Figure 7: Binding-energy residuals for pfg-
shell nuclei in various approximations indi-
cated in the figure.
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Figure 8: Pairing energies for pfg-shell nu-
clei. For each nucleus, the results are shown
(from right to left) for QCM, QCM1 and,
when available, BCS.

Moreover, for nuclei with A >60, the Gogny-HFB pairing energies remain very large, rang-
ing from 6 to 15 MeV, while the BCS pairing energies are zero or negligible. This indicates
that the differences in binding energies between the QMC+BCS and Gogny-HFB results arise
primarily from the mean-field contributions, with the QMC mean field providing substantially
more binding than the Gogny-HFB mean field.

From Fig. 7 it can be seen that the binding-energy residuals for 44Ti, 48Cr and 52Fe are close
to zero within the QMC+BCS approximation. Since BCS pairing does not contribute for 48Cr
and 52Fe, this indicates that the binding energies of these nuclei are already well reproduced
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Quadrupole deformation

approximately 1.8 MeV. This behavior is due to a reduction of the isovector pairing energy by
about 1.2 MeV. Such a pattern reflects the competition between isovector and isoscalar pairing
correlations, which draw coherence from the same model space.
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Figure 6: Binding energies as a function of quadrupole deformation for the sd-shell nuclei.

Figure 6 illustrates the dependence of the binding energy on quadrupole deformation. The
following general features can be observed: (a) the inclusion of isovector pairing uniformly
lowers the binding energies for all deformations by a comparable amount relative to the BCS
results; (b) except for the cases discussed below, the isoscalar pairing has only a minor effect on
the deformation dependence of the binding energy and does not significantly alter the position
of the energy minima.

The most pronounced effect of the isoscalar interaction is found in 20Ne. When the isoscalar
interaction is switched on, two nearly degenerate local minima appear: one at approximately
zero deformation and another around β2 ≈ 0.47. The latter is slightly more bound, by a few
keV. This minimum, which is considered the ground state of 20Ne, is expected to become more
bound after angular-momentum restoration, which is broken in the present calculations.

The isoscalar interaction also affects the binding energies of 24Mg at large deformations,
on both the prolate and oblate sides. On the prolate side, the isoscalar interaction shifts the
isovector minimum toward larger deformation. Significant effects of the isoscalar interaction at
large deformation are also observed for 32S and 36Ar. For 36Ar the isocalar pairing generates a
local prolate minimum at β2 ≈ 0.1. A peculiar situation is observed in 32S, where the binding
energy remains rather flat for β2 values between 0.0 and 0.25, making it difficult to draw reliable
conclusions about the shape and shape coexistence of this nucleus.

Table 1 presents the nuclear deformations at the energy minima obtained from unconstrained
QMC+QCM calculations, compared with FRDM [45] and experimental values [46]. The com-
parison with experiment should be regarded as indicative only, since for some nuclei, such as 32S,
the binding-energy curves are rather flat in the vicinity of the minimum. As a consequence, for
these nuclei the position of the minimum is expected to vary significantly with the parameters
of the pairing interaction.

Table 2 presents the root-mean-square (rms) charge radii obtained from the QCM and
BCS calculations, compared with the experimental values. With the exception of 36Ar, we
observe a slight improvement in the agreement with the experiment when using QCM instead
of BCS. This difference has two main sources: (a) the QCM and BCS solutions correspond to
different equilibrium deformations; and (b) the occupation probabilities of the single-particle
states within the pairing window, which contribute to the charge radii through the charge
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Figure 13: Binding energy dependence on deformation for the six sd-shell nuclei.

4.3.2 Nuclei with 40 < A  100

We now extend our investigation to nuclei within the mass region 40 < A  100, where we
perform a similar analysis. In Fig.14 we see the binding energy residuals of the nuclei in this
region. Similarly to the sd-shell, we can see that by including proton-neutron pairing the binding
increases by 1-2 MeV on average, with the main contribution coming from the isovector channel.
We also notice that up to A = 56, adding the proton-neutron interaction causes an overbinding.
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Figure 14: Binding energy residuals of the
nuclei with 40 < A < 100 in various ap-
proximations
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Figure 15: Pairing energy breakdown by
channel for the nuclei with 40 < A < 100
within the BCS (left), QCM IV (center)
and QCM IVIS (right) approximations

We can observe that only 44Ti and 64Ge show a more bound BCS solution with respect
to the HF ones, all the other nuclei having a non-superfluid solution. The most pronounced
isoscalar enhancements to the binding energy appear in 64Ge and 76Sr, as it can be also seen by
comparing the pairing energies plotted in Fig. 15. In the case of 72Kr, 84Mo and 88Ru we see
that the addition of the isoscalar channel does not increase the corresponding binding energy,
the total pairing energy (as shown in Fig. 15) being slightly lower than for pure isovector
pairing.

Considering the case of 64Ge and its neighboring N = Z even-even nucleus 68Se, we show in
Fig. 16 their corresponding matrix elements for the isoscalar and isovector pairing interaction,
with emphasis on the levels around the Fermi sea. One can see that in the case of 68Se, the
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QMC+QCM calculations for N=Z nuclei: pfg-shell  

T=1 & T=0 pairing coexist in all nuclei  

T=1 has dominant contribution

Binding energy residuals Pairing energies

A QCM FRDM Exp

20 0.474 0.36 0.720

24 0.478 0.39 0.606

28 -0.308 -0.36 0.412

32 0.193 0.22 0.314

36 -0.18 -0.26 0.353

Table 1: Quadrupole deformations obtained
from QCM calculations, compared with
FRDM [45] and experimental values [46].

A BCS QCM Exp

20 2.816 2.868 3.0055

24 2.967 2.972 3.0570

28 3.037 3.042 3.1224

32 3.138 3.145 3.2611

36 3.277 3.278 3.3905

Table 2: Charge radii obtained from BCS and
QCM calculations, compared with experimen-
tal values [44].

density, differ between the two approaches.
The effect of pairing on charge radii is nevertheless expected to be small, since pairing modi-

fies only the occupation probabilities of the states within the pairing window, whose contribution
to the total charge radius is relatively minor compared to that of all other states.

5 Nuclei with 40 < A < 100

The binding-energy residuals and pairing energies for the pfg-shell nuclei are shown in Figs. 7
and 8. One first notices that the QMC+BCS calculations yield binding energies that are larger
than those obtained with the Gogny-HFB approach by about 2–4 MeV for nuclei up to 80Zr.
This occurs despite the fact that the HFB pairing energies are significantly larger than the
corresponding BCS values. For example, in 44Ti and 64Ge, the Gogny-HFB pairing energies are
approximately 10 MeV and 8 MeV, respectively, whereas the BCS pairing energies are about
4.7 MeV and 1.7 MeV.
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Figure 7: Binding-energy residuals for pfg-
shell nuclei in various approximations indi-
cated in the figure.
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Figure 8: Pairing energies for pfg-shell nu-
clei. For each nucleus, the results are shown
(from right to left) for QCM, QCM1 and,
when available, BCS.

Moreover, for nuclei with A >60, the Gogny-HFB pairing energies remain very large, rang-
ing from 6 to 15 MeV, while the BCS pairing energies are zero or negligible. This indicates
that the differences in binding energies between the QMC+BCS and Gogny-HFB results arise
primarily from the mean-field contributions, with the QMC mean field providing substantially
more binding than the Gogny-HFB mean field.

From Fig. 7 it can be seen that the binding-energy residuals for 44Ti, 48Cr and 52Fe are close
to zero within the QMC+BCS approximation. Since BCS pairing does not contribute for 48Cr
and 52Fe, this indicates that the binding energies of these nuclei are already well reproduced
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at the QMC level. In contrast, the doubly magic nucleus 56Ni is overbound by about 1 MeV
in QMC. Because this nucleus is included in the fitting procedure of the QMC parameters, it
is likely that the binding energies of the neigboring f -shell nuclei are also overestimated at the
QMC level by a comparable amount.

Compared with the QMC+BCS results, the binding energies of most nuclei increase sig-
nificantly when pairing correlations are treated within the QMC+QCM approach. In general,
the contribution of the isoscalar pairing channel is relatively small. The largest contribution
is obtained for 64Ge, where the isoscalar pairing energy reaches its maximum (Fig. 8). For
this nucleus, the inclusion of isoscalar pairing strongly suppresses the isovector pairing energy.
Despite this substantial redistribution of the pairing energy between the isovector and isoscalar
channels, the occupation probabilities of the single-particle states around the Fermi surface,
shown in Fig.2(left), remain remarkably similar to those obtained in calculations including only
isovector pairing.

For nuclei between 56Ni and 92Pd, the binding energies are improved by about 1–2 MeV
relative to the BCS results. In contrast, for the f -shell nuclei 44Ti, 48Cr, 52Fe and 56Ni, the
binding energies are overestimated by approximately 1–2 MeV. As discussed above, this behavior
is most likely due to an overestimation of the binding energies of these nuclei already at the
QMC mean-field level.

Figure 9 shows the dependence of the binding energy on quadrupole deformation for the
pfg-shell nuclei. As in the case of the sd-shell nuclei, the inclusion of isovector pairing shifts
the binding-energy curves downward by a comparable amount for all deformations relative to
the BCS results. In general, the isovector pairing has a modest effect and does not significantly
alter the overall dependence of the binding energy on deformation.

For some nuclei, two minima with very similar energies are observed, indicating possible
shape coexistence. This is the case for 64Ge and 68Se. For 88Ru the binding-energy curve
is rather flat in the deformation range −0.2 ≤ β2 ≤ 0.2 making it difficult to draw reliable
conclusions about the ground-state shape and possible shape coexistence.

The deformations at the energy minima obtained from unconstrained QCM calculations are
listed in Table 3 together with the experimental values and the predictions of FRDM. With
the exception of 44Ti and 56Ni, the QCM deformation are in reasonable agreement with the
experimental values.

A QCM FRDM Exp A QCM FRDM Exp

44 0.000 0.00 0.288 72 -0.336 -0.37 0.332

48 0.291 0.23 0.351 76 0.485 0.40 -

52 0.230 0.12 0.229 80 0.499 0.43 -

56 0.004 0.00 0.127 84 -0.218 -0.23 -

60 0.228 0.16 - 88 -0.217 -0.24 -

64 0.238 0.21 0.258 92 0.156 0.00 -

68 -0.259 0.23 0.242 96 0.108 -0.02 -

Table 3: Quadrupole deformation from QCM calculations, compared to FRDM [45] and exper-
imental values [46].

5.1 Nuclei with 100 < A ≤ 120

The HFB calculations of Ref. [21], based on a spherically symmetric Woods–Saxon potential and
a zero-range pairing force, indicate that some heavy nuclei with mass number A > 100 exhibit
an isoscalar pairing phase in the ground state. Subsequent HFB calculations [22], performed
with a deformed Woods–Saxon potential, showed that these results depend strongly on the
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Figure 9: Binding energies as a function of quadrupole deformation for pfg-shell nuclei.
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Figure 9: Binding energies as a function of quadrupole deformation for pfg-shell nuclei.
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Isoscalar pairing in heavy nuclei above 100Sn ?

HFB versus QMC+QCM calculations
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FIG. 1. Chart of nuclides with Z  N for neutron numbers from 50 to 75. In the top panels, we show the spin character of
the nuclear condensate: the green squares, blue circles, and red diamonds, represent nuclei with singlet, mixed-spin, and triplet
pairing, respectively, and the gray squares denote nuclei with Ecorr < 0.5 MeV. In the bottom panels, we show strong (black
squares) and weak (orange circles) pairing gaps (see Eq. (9)) for the same deformation. The proton-drip line is drawn in black
in the top panels and in gray in the bottom panels [22].

same deformation parameters. These will be discussed
later.

The superfluidity’s response to deformation is rich so
we start from the N = Z line, where neutrons and pro-
tons occupy the same orbitals, increasing the odds for
neutron-proton pairing. First, we investigate quadrupole
deformation (�2), which seems to drive the qualitative
e↵ects for most nuclei. At very small �2 deformation,
spin-triplet pairing is generally damped, resulting in a
small increase in the correlation energies of singlet nuclei
and the change of some triplet-paired nuclei to mixed
spin. This can be seen at A ⇠ 125 in Fig. 1 as well
as the low-deformation end of Fig. 2. As quadrupole
deformation approaches the realistic value predicted by
Ref. [22] for the region, spin triplet completely domi-
nates the N = Z line inducing a mixed-spin band at
N �Z = 2 or 3 before the nuclear condensate turns spin
singlet. This dramatic change resembles the results of
Ref. [23], where the spin-orbit interaction was switched-
o↵ artificially: the enhancement of spin-triplet pairing
can be understood as driven by a general suppression of
the spin-orbit field at the ground state. This is clearly
demonstrated in Fig. 3 for 126

61
Pm where the spin-singlet

component and the spin-orbit field show similar behav-
ior. The connection can also be seen in Fig. 2 where we

plot the correlation energy, spin-singlet pairing ampli-
tude, and spin-orbit field for 108

54
Xe, a case of a pure spin-

singlet paired ground state at the spherical limit turned
to spin triplet by deformation. There the transition be-
tween the two pairing phases is accompanied by a steady
decrease of the spin-orbit field.

On the N = Z line, a reduced spin-orbit field corre-
sponds to a spin-triplet paired ground state [3, 23]. Mov-
ing along an isobar (i.e., increasing N � Z) the nuclear
condensate very quickly changes to spin singlet. This
is expected, as increasing isospin asymmetry translates
to increasing mismatch in the proton and neutron Fermi
surfaces, making the pairing of a neutron and a proton
increasingly unlikely.

Switching on the higher deformation modes, to the val-
ues predicted by Ref. [22], we find that for most nuclei,
qualitatively, the picture does not change: spin-triplet
pairing dominates at and around N = Z, mixed-spin nu-
clei can be found at small isospin asymmetry N �Z, and
spin singlet generally takes over for higher isospin asym-
metries. Additionally, the crossover region, between the
two phases has been drastically reduced compared to the
spherical limit. At a triangular region, close to N = Z,
at A ⇠ 130 some triplet and mixed-spin paired nuclei
reemerge, driven by higher-order deformation, with some
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FIG. 2. The evolution of 108

54Xe’s ground state increasing
quadrupole deformation. The top panel shows the correlation
energy of the nucleus. In the lower panel, Asinglet measures
the size of the singlet condensate, relative to the triplet con-
densate [see Eq. (7)] and BHFB quantifies the spin-orbit field
[see Eq.(8)].

isotopes of Pm (Z = 61) also being inside the physical
region. Specifically, the nuclei 125

61
Pm, 126

61
Pm, and 127

61
Pm

pose an interesting case as they lie within the proton-
drip line and maintain a sizable spin-triplet condensate
at full deformation. These nuclei also exhibit a compa-
rable spin-singlet condensate, coexisting with the spin
triplet, making them of mixed-spin character.

In the survey of the region presented in Fig. 1 we iden-
tify some Pm isotopes that lie in the physical region,
i.e., within the proton-drip line and can support spin-
triplet pairing in their ground states. With all three nu-
clei parametrized with similar realistic deformation pa-
rameters, we plot the evolution of 126

61
Pm in Fig. 3 where

it is seen that it is the higher-order deformation that
drives this transition. Plotted in the same figure is also
the evolution of the single-particle levels (bottom panel)
demonstrating how the overall initial reduction in the
correlation energy is driven by the reduction of the single-
particle degeneracy close to the Fermi surface; the latter
lies close to the middle of the indicated energy window.
Finally, overlayed on the top panel, are the shapes of the
nuclear surfaces at various deformations demonstrating
a simple connection between correlation energy (or pair-
ing) and the geometry of the nucleus.

The source of the spin-orbit field’s decrease needs a
deeper discussion. This suppression is especially counter-
intuitive since the spin-orbit field is a surface e↵ect and
deformation is moving the nuclear surface away from the
spherical shape, which has the lowest surface-to-volume
ratio, for a given volume. Indeed, perturbative calcula-
tions, for very small quadrupole deformation, show that
an increase in the spin-orbit strength is expected, if the
nuclear surface is adequately probed by the participating
orbitals. A typical example of such an increase is seen in
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FIG. 3. The evolution of 126

61Pm’s ground state from no de-
formation to the realistic deformation predicted by Ref. [22].
The bottom panel shows the evolution of the single-particle
levels that lie in the energy window: from bottom to top
lz = 0 (black), 1 (blue), 2 (green), 3 (red), 4 (orange), and
5 (yellow). The middle panel shows the singlet pairing am-
plitude overlaid with the expectation value of the spin-orbit
field (at the ground-state), appropriately normalized. The
top panel shows the correlation energy of the nucleus along
with the shape of the nuclear surface along the evolution.

the low-�2 region of Figs. 2 and 3 where in the latter we
also observe the l = 4, 5 orbitals approaching the Fermi
surface (i.e., the chemical potential). Hence, the e↵ect
of the spin-orbit field depends on whether deformation
brings higher-j orbitals close to the nucleus’ Fermi sur-
face. This is because high-j wave functions lie closer to
the nuclear surface and can probe surface e↵ects. It is
important to clarify that these e↵ects are not a result of
pairing, as they are seen both in the HFB and unpaired
states.
Outlook — The correlation energies are a valuable tool

in visualizing pairing correlations since they resemble the
binding energy that a nucleus gains from the pairing cor-
relations. However, they are not experimentally observ-
able. Therefore, we also calculated pairing gaps, i.e.,
odd-even staggering, traditionally the smoking gun of su-
perfluidity in nuclear systems [1, 35],

�(N) = E(N)� 1

2
[E(N � 1) + E(N + 1)] , (9)

where N is either a proton or a neutron, and an odd
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deformation, which in that study is treated as a parameter. As an illustrative example, the case
of 108Xe is discussed: this nucleus is found to be in a T=1 pairing phase from zero deformation
up to β2 ≈ 0.11, after which it undergoes a rather sudden transition to a triplet T=0 pairing
phase at β2 ≈ 0.12. For deformations greater than β2 = 0.1 it is predicted that all other heavier
N = Z nuclei up to A = 150 are in a triplet T = 0 pairing phase.

The HFB calculations discussed above are performed with a fixed Woods–Saxon mean field
and therefore do not account for the interplay between deformation and pairing correlations. In
this section, we examine these predictions within the self-consistent QMC+QCM framework,
in which the deformed ground-state mean field is determined consistently together with the
pairing field. Moreover, in contrast to the HFB approach, both particle number and isospin are
exactly conserved.

Nuclei above 100Sn are unstable and lie beyond the proton drip line; apart from 104Te and
108Xe, their binding energies are not experimentally known. In the present calculations, we
focus on these nuclei as well as on heavier N = Z nuclei with mass numbers below A = 120,
which are closer to the proton drip line.
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Figure 11: Pairing energies for nuclei with
A > 100. For each nucleus, results are
shown for QCM1 (left) and QCM (right).
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Figure 12: Binding energy as a function of quadrupole deformation for 104Te and 108Xe. For
comparison, the QMC+QCM results calculated with the zero-range pairing force employed in
Ref. [22] are also shown.

To assess the effect of pairing on the binding energies—and given that experimental bind-
ing energies are available only for 104Te and 108Xe—we present in Fig. 10 the binding-energy
residuals relative to the QMC mean-field results. It can be seen that the inclusion of pn pairing
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Ref. [22] are also shown.

To assess the effect of pairing on the binding energies—and given that experimental bind-
ing energies are available only for 104Te and 108Xe—we present in Fig. 10 the binding-energy
residuals relative to the QMC mean-field results. It can be seen that the inclusion of pn pairing
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increases the binding energies by 0.5-1 MeV.
The pairing energies displayed in Fig. 11 indicate that the isoscalar pn pairing contribution is

large for 108Xe and 120Nd . Although it exceeds the isovector pn pairing component, it remains
smaller than the total isovector pairing energy.

Figure 12 shows, for 104Te and 108Xe, the dependence of the binding energies on quadrupole
deformation. At the equilibrium deformation, the QCM calculations overestimate the binding
energies of both nuclei, by ≈ 1.15 MeV for 104Te and 0.5 MeV for 108Xe.

The pairing energies for 108Xe as a function of deformation are shown in Fig. 13. Far from the
minimum, at β2 ≈ 0.3, the isoscalar pairing energy becomes comparable to the total isovector
pairing energy; however, it does not surpass the total isovector pairing sufficiently to signal a
transition to a dominant isoscalar phase. In fact, the variation of the pairing energies with
deformation is smooth and does not exhibit any sudden transitions, in contrast to the behavior
observed in HFB calculations. This latter feature is an artifact arising from the lack of exact
particle-number conservation in the HFB approach.
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Figure 13: Pairing energy as a function of quadruple deformation for 108Xe. For comparison,
the right panel displays the QMC+QCM results obtained with the zero-range pairing force
employed in Ref. [22].

Figures 12 and 13 also present the QMC+QCM results obtained using the pairing interaction
employed in the HFB calculations of Ref. [22], namely a density-independent zero-range force
with strength V0=300 and an isoscalar pairing component scaled by a factor w=1.38. The
binding energies calculated with this interaction are similar to those obtained with the density-
dependent zero-range pairing force of Eqs. (12) and (14). In contrast, the isoscalar pairing energy
is significantly smaller when the interaction of Ref. [22] is used. This demonstrates how sensitive
the predictions for proton–neutron pairing are to the treatment of pairing correlations and to
the use of self-consistent mean-field calculations beyond the standard HFB approximation.

Finally, to assess the sensitivity of the competition between the isovector and isoscalar
pairing channels to the size of the model space, we have also performed calculations with 16
doubly degenerate single-particle levels, corresponding to the full 50− 82 major shell. We find
that enlarging the model space from 10 to 16 levels has only a marginal effect on the ratio of the
isovector and isoscalar pairing energies. Specifically, for 108Xe this ratio increases from 0.731 to
0.746. Similar small variations are obtained for the heavier N=Z nuclei.

5.2 Double-magic nuclei

In double-magic nuclei, pairing correlations vanish at the BCS and HFB levels due to the closed-
shell structure. However, this is no longer the case in approaches that treat pairing correlations
beyond the BCS approximation, such as particle-number–projected HFB (proj-HFB) and the
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deformation, which in that study is treated as a parameter. As an illustrative example, the case
of 108Xe is discussed: this nucleus is found to be in a T=1 pairing phase from zero deformation
up to β2 ≈ 0.11, after which it undergoes a rather sudden transition to a triplet T=0 pairing
phase at β2 ≈ 0.12. For deformations greater than β2 = 0.1 it is predicted that all other heavier
N = Z nuclei up to A = 150 are in a triplet T = 0 pairing phase.

The HFB calculations discussed above are performed with a fixed Woods–Saxon mean field
and therefore do not account for the interplay between deformation and pairing correlations. In
this section, we examine these predictions within the self-consistent QMC+QCM framework,
in which the deformed ground-state mean field is determined consistently together with the
pairing field. Moreover, in contrast to the HFB approach, both particle number and isospin are
exactly conserved.

Nuclei above 100Sn are unstable and lie beyond the proton drip line; apart from 104Te and
108Xe, their binding energies are not experimentally known. In the present calculations, we
focus on these nuclei as well as on heavier N = Z nuclei with mass numbers below A = 120,
which are closer to the proton drip line.
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ing energies are available only for 104Te and 108Xe—we present in Fig. 10 the binding-energy
residuals relative to the QMC mean-field results. It can be seen that the inclusion of pn pairing

16

QMC+QCM results for A> 100 nuclei

deformation, which in that study is treated as a parameter. As an illustrative example, the case
of 108Xe is discussed: this nucleus is found to be in a T=1 pairing phase from zero deformation
up to β2 ≈ 0.11, after which it undergoes a rather sudden transition to a triplet T=0 pairing
phase at β2 ≈ 0.12. For deformations greater than β2 = 0.1 it is predicted that all other heavier
N = Z nuclei up to A = 150 are in a triplet T = 0 pairing phase.

The HFB calculations discussed above are performed with a fixed Woods–Saxon mean field
and therefore do not account for the interplay between deformation and pairing correlations. In
this section, we examine these predictions within the self-consistent QMC+QCM framework,
in which the deformed ground-state mean field is determined consistently together with the
pairing field. Moreover, in contrast to the HFB approach, both particle number and isospin are
exactly conserved.

Nuclei above 100Sn are unstable and lie beyond the proton drip line; apart from 104Te and
108Xe, their binding energies are not experimentally known. In the present calculations, we
focus on these nuclei as well as on heavier N = Z nuclei with mass numbers below A = 120,
which are closer to the proton drip line.
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To assess the effect of pairing on the binding energies—and given that experimental bind-
ing energies are available only for 104Te and 108Xe—we present in Fig. 10 the binding-energy
residuals relative to the QMC mean-field results. It can be seen that the inclusion of pn pairing
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exactly conserved.
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no dominant T=0 pairing phase in QMC+QCM calculations 
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Table 2. QCM results for total energies Etot = 〈QCM |H|QCM〉 and the interaction energies Eint = 〈QCM |V |QCM〉. In
the second column we give the total energies provided by SM calculations. In the 5th column we show the total energies
EQ = 〈−|QHQ+|−〉 and, in parenthesis, the corresponding interaction energies of the QCM quartet for each nucleus. In the last
three columns we give the occupancies of the single-particle states referred to the same QCM quartet. All energies are in MeV.

Etot(SM) Etot(QCM) Eint(QCM) EQ nd5/2
ns1/2

nd3/2

20Ne −40.47 −40.47 −28.74 −40.47 (−28.74) 2.49 0.97 0.54
24Mg −87.10 −84.45 −60.49 −39.96 (−27.53) 2.99 0.53 0.48
28Si −135.84 −133.63 −93.35 −37.58 (−23.46) 3.53 0.24 0.23
32S −182.44 −181.96 −133.81 −37.54 (−23.33) 3.46 0.34 0.21

in the absence of the two-body interaction. The correla-
tion energies predicted by QCM and QM are compared
to the exact shell model (SM) results, given in the second
column. In brackets we indicate, in percentage, the differ-
ences between the predictions of the quartet models and
the SM results. In the same table we also show, as a refer-
ence, the correlations energy of 20Ne for which the QCM
and QM states coincide with the SM state. In the last two
columns we give the overlaps between the SM states and
the QCM/QM states.

It can be observed that the predictions of QCM and
QM for the ground-state correlation energies are rather
similar. The deviations from the SM results have a maxi-
mum for 24Mg and they are seen to decrease significantly
in the heavier nuclei. As expected, the results of the dy-
namical QM approach applied here, in which the quartets
are determined variationally for each nucleus, are signifi-
cantly better than those which were found within the QM
approach of ref. [22] where, as J = 0, T = 0 quartets,
we assumed those describing the ground-state 20Ne. For
example, in the case of 28Si we observed a deviation of
about 6.6% from the SM ground-state energy while, in
the present QM calculation, this deviation is seen to drop
to 1.84%.

The quality of the QCM results of table 1 indicates
that a significant part of the ground-state correlations of
the even-even N = Z sd shell nuclei can be represented
by a condensate of alpha-like quartets. This is especially
the case for the nucleus 32S, for which the QCM and SM
states have an overlap close to one.

To facilitate a better understanding of quartet correla-
tions in these nuclei, in table 2 we report the total energies,
Etot = 〈QCM |H|QCM〉, the energies associated with the
two-body interaction, Eint = 〈QCM |V |QCM〉, the en-
ergy EQ = 〈−|QHQ+|−〉 of the QCM quartet of each
nucleus and, in the last three columns, the occupancies of
the single-particle states referred to this quartet.

From table 2 one can observe that in the multi-quartet
systems the alpha-like quartets become less bound than
in 20Ne, as a result of Pauli blocking. One can also notice
a smooth evolution of the structure of the QCM quar-
tets when passing from 20Ne to 28Si. This manifests itself
in a smooth increase of nd5/2 and a parallel decrease of
the other occupation numbers. At 32S, namely beyond the
middle of the sd shell, one sees a break of this trend likely
to be related to an increasing role of the Pauli principle.

To the extent that the alpha-like quartets can be con-
sidered as elementary degrees of freedom, one can repre-
sent in first approximation the energy associated with a
system of nq identical quartets as the sum of two terms.
The first term is proportional to nq and it accounts for the
total energy of the system in the absence of any interac-
tion among the quartets. The second term is proportional
to nq(nq − 1) and it arises instead from a two-body inter-
action among the quartets. Under these assumptions and
by adopting the quartet associated with 20Ne as the ref-
erence quartet, the energy of the system can be therefore
represented as

E(nq) = nq × E(1) +
nq(nq − 1)

2
× V (nq), (8)

with E(1) being the energy of the one quartet system
while V (nq) denotes the interaction energy between two
quartets. By inserting in eq. (8) the energies Etot pro-
vided by the QCM, one gets the values V (2) = −3.51,
V (3) = −4.07 and V (4) = −3.34 (in MeV). These inter-
action energies appear to be small compared to the energy
of the quartet and weakly depending on the particle num-
ber, properties which are emphasizing the “condensed”
structure of QCM state (4). Particularly interesting is the
fact that the interaction between two quartets turns out
to be always attractive. This finding is in agreement with
that of ref. [20] obtained in a similar analysis of realistic
nuclei in the pf shell.

We do want to emphasize at this stage that the attrac-
tive/repulsive nature of the interaction among the quar-
tets of a condensate is strongly depending on the nuclear
interaction in use. To clarify this point we refer to the
results which are reported in table III of ref. [15]. There
one finds, among the rest, the ground-state correlation
energies that are calculated in the QCM approach with a
Hamiltonian which contains only the isoscalar and isovec-
tor pairing components of the USDB interaction that
we employ in the present work. The corresponding total
ground-state energies are (in MeV) E(20Ne) = −31.69,
E(24Mg) = −60.00 and E(28Si) = −82.40. When insert-
ing these values in eq. (8), with E(1) = E(20Ne), one
finds V (2) = +3.38 and V (3) = +4.22 (in MeV). The
interaction among the quartets that comes out in this case
is therefore repulsive.

It is worth noticing that a repulsive interaction be-
tween quartets can also be deduced in the case of the

V(2)=-3.5, V(3)=-4.1; V(4)=-3.34 MeV 
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Table 2. QCM results for total energies Etot = 〈QCM |H|QCM〉 and the interaction energies Eint = 〈QCM |V |QCM〉. In
the second column we give the total energies provided by SM calculations. In the 5th column we show the total energies
EQ = 〈−|QHQ+|−〉 and, in parenthesis, the corresponding interaction energies of the QCM quartet for each nucleus. In the last
three columns we give the occupancies of the single-particle states referred to the same QCM quartet. All energies are in MeV.

Etot(SM) Etot(QCM) Eint(QCM) EQ nd5/2 ns1/2 nd3/2

20Ne −40.47 −40.47 −28.74 −40.47 (−28.74) 2.49 0.97 0.54
24Mg −87.10 −84.45 −60.49 −39.96 (−27.53) 2.99 0.53 0.48
28Si −135.84 −133.63 −93.35 −37.58 (−23.46) 3.53 0.24 0.23
32S −182.44 −181.96 −133.81 −37.54 (−23.33) 3.46 0.34 0.21

in the absence of the two-body interaction. The correla-
tion energies predicted by QCM and QM are compared
to the exact shell model (SM) results, given in the second
column. In brackets we indicate, in percentage, the differ-
ences between the predictions of the quartet models and
the SM results. In the same table we also show, as a refer-
ence, the correlations energy of 20Ne for which the QCM
and QM states coincide with the SM state. In the last two
columns we give the overlaps between the SM states and
the QCM/QM states.
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To the extent that the alpha-like quartets can be con-
sidered as elementary degrees of freedom, one can repre-
sent in first approximation the energy associated with a
system of nq identical quartets as the sum of two terms.
The first term is proportional to nq and it accounts for the
total energy of the system in the absence of any interac-
tion among the quartets. The second term is proportional
to nq(nq − 1) and it arises instead from a two-body inter-
action among the quartets. Under these assumptions and
by adopting the quartet associated with 20Ne as the ref-
erence quartet, the energy of the system can be therefore
represented as

E(nq) = nq × E(1) +
nq(nq − 1)

2
× V (nq), (8)

with E(1) being the energy of the one quartet system
while V (nq) denotes the interaction energy between two
quartets. By inserting in eq. (8) the energies Etot pro-
vided by the QCM, one gets the values V (2) = −3.51,
V (3) = −4.07 and V (4) = −3.34 (in MeV). These inter-
action energies appear to be small compared to the energy
of the quartet and weakly depending on the particle num-
ber, properties which are emphasizing the “condensed”
structure of QCM state (4). Particularly interesting is the
fact that the interaction between two quartets turns out
to be always attractive. This finding is in agreement with
that of ref. [20] obtained in a similar analysis of realistic
nuclei in the pf shell.

We do want to emphasize at this stage that the attrac-
tive/repulsive nature of the interaction among the quar-
tets of a condensate is strongly depending on the nuclear
interaction in use. To clarify this point we refer to the
results which are reported in table III of ref. [15]. There
one finds, among the rest, the ground-state correlation
energies that are calculated in the QCM approach with a
Hamiltonian which contains only the isoscalar and isovec-
tor pairing components of the USDB interaction that
we employ in the present work. The corresponding total
ground-state energies are (in MeV) E(20Ne) = −31.69,
E(24Mg) = −60.00 and E(28Si) = −82.40. When insert-
ing these values in eq. (8), with E(1) = E(20Ne), one
finds V (2) = +3.38 and V (3) = +4.22 (in MeV). The
interaction among the quartets that comes out in this case
is therefore repulsive.

It is worth noticing that a repulsive interaction be-
tween quartets can also be deduced in the case of the
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Table 1. Ground-state correlation energies, in MeV, predicted within the QCM and QM approaches in comparison with the
shell model (SM) results. In brackets we show the differences, in percentage, between the SM results and the quartet models
predictions. In the last two columns we report the overlaps between SM and QCM/QM states.

Ecorr(SM) Ecorr(QCM) Ecorr(QM) 〈SM |QCM〉 〈SM |QM〉
20Ne 24.77 24.77 24.77 1 1
24Mg 55.70 53.04 (4.77%) 53.24 (4.41%) 0.85 0.87
28Si 88.75 86.52 (2.52%) 87.12 (1.84%) 0.86 0.90
32S 122.51 122.02 (0.40%) 122.29 (0.18%) 0.98 0.99

substructures (pairs in BCS, quartets in QCM) which are
all in the same many-body state.

The state (4) depends on the mixing amplitudes
x which define the collective quartet. These ampli-
tudes are determined variationally by minimizing the ex-
pectation value 〈QCM |H|QCM〉 under the constraint
〈QCM |QCM〉 = 1. To calculate the average of the Hamil-
tonian and the norm we apply standard many-body tech-
niques.

In addition to the quartet condensate (4), we will
also investigate a more sophisticated approximation which
consits in representing the ground state of an even-even
N = Z nucleus as a product of collective distinct quartets

Q(d)+ =
∑

i,i′,k,k′;J,T

x(d)+
ii′kk′;J,T

×
[
A+JT (i, i′)A+JT (k, k′)

]J=0,T=0
. (5)

The quartet model (QM) state that is constructed in this
case is

|QM〉 = Q(1)+Q(2)+ · · · Q(nq)+|−〉. (6)

A state of the form (6) was used recently to explore the
quartet correlations associated with pairing forces both
for like-particle [23] and proton-neutron systems [13, 16].
For the latter systems the collective quartets (5) contained
only (T = 1, J = 0) and (T = 0, J = 1) pair operators.

The calculations with the QM state are more demand-
ing than those within QCM because the number of pa-
rameters which have to be determined is nq times larger
than in the case of QCM. Owing to that, within QM, we do
not construct all parameters at once through a direct min-
imization, as in QCM, but rather proceed through an it-
erative variational procedure which consists of a sequence
of basic steps. At each step, we optimize the structure of a
given quartet Q(ρ)+ by searching for those coefficients x of
this quartet which guarantee the minimum energy of the
state (6). This is done by diagonalizing the Hamiltonian
in a space formed by states of the type (6) where the quar-
tet Q(ρ)+ has been replaced by the uncorrelated quartets
[A+JT (i, i′)A+JT (k, k′)]J=0,T=0 while the other quartets
are kept “frozen”. The procedure starts with an initial an-
zatz for the coefficients x of the quartets and goes on by
rotating the index ρ among all the nq indices up to con-
vergency of the energy. More details about this procedure
can be found in ref. [23].

The present study will deal not only with the ground
state of even-even N = Z systems but also with excited

states. There are many ways, in principle, in which ex-
cited states can be constructed within the QCM and QM
schemes. For instance, by analogy with BCS-type mod-
els, in which the excitations are associated with broken
pairs, in the quartet models excitations could be built by
breaking quartets. The two protons and two neutrons of
a broken quartet could be coupled in various way in order
to get excited states. We shall compare two quite different
approaches. Within the QCM we shall search for excited
states which keep the form of a condensate, namely

|0+
n ;QCM〉 = (Q+

n )nq |−〉. (7)

The collective quartet Q+
n associated with the excited

state 0+
n will be determined by minimizing the functional

〈0+
n ;QCM |H|0+

n ;QCM〉 under two types of constraints:
a), the normalization of the state |0+

n ;QCM〉 and, b), the
orthogonalty of this state with the ground state as well as
with all previously determined excited states. Within the
QCM scheme, then, the excited states will be constructed
in sequence. Within the QM approach, instead, assuming
as collective quartets those defining the QM ground state,
we shall construct all excited J = 0, T = 0 states at once
by diagonalizing the Hamiltonian in a space formed by
all possible states of the type (6) where, in rotation, one
collective quartet has been “broken” and replaced by the
uncorrelated quartet [A+JT (i, i′)A+JT (k, k′)]J=0,T=0. As
a result of this procedure, then, the excited QM state will
be a linear superposition of states which are, each of them,
of the type (6). More details about this procedure can be
found in ref. [23] where it was successfully tested in the
case of like-particle pairing.

3 Results and discussions

In this section we shall employ the QCM and QM schemes
to explore the alpha-like quartet correlations in the even-
even N = Z nuclei of the sd shell. Following standard con-
figuration mixing shell model (SM) calculations we shall
assume the 16O as a core and we shall adopt the USDB
interaction [24].

We start by discussing to what extent the ground-state
correlations of these nuclei can be represented by the QCM
and QM states. The results of the quartet models calcula-
tions for the ground states are presented in tables 1, 2. In
table 1 we show the correlation energies Ecorr = E0−Etot,
where Etot is the total ground-state energy of the inter-
acting system while E0 is the energy of uncorrelated state
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Table 1. Ground-state correlation energies, in MeV, predicted within the QCM and QM approaches in comparison with the
shell model (SM) results. In brackets we show the differences, in percentage, between the SM results and the quartet models
predictions. In the last two columns we report the overlaps between SM and QCM/QM states.

Ecorr(SM) Ecorr(QCM) Ecorr(QM) 〈SM |QCM〉 〈SM |QM〉
20Ne 24.77 24.77 24.77 1 1
24Mg 55.70 53.04 (4.77%) 53.24 (4.41%) 0.85 0.87
28Si 88.75 86.52 (2.52%) 87.12 (1.84%) 0.86 0.90
32S 122.51 122.02 (0.40%) 122.29 (0.18%) 0.98 0.99

substructures (pairs in BCS, quartets in QCM) which are
all in the same many-body state.

The state (4) depends on the mixing amplitudes
x which define the collective quartet. These ampli-
tudes are determined variationally by minimizing the ex-
pectation value 〈QCM |H|QCM〉 under the constraint
〈QCM |QCM〉 = 1. To calculate the average of the Hamil-
tonian and the norm we apply standard many-body tech-
niques.

In addition to the quartet condensate (4), we will
also investigate a more sophisticated approximation which
consits in representing the ground state of an even-even
N = Z nucleus as a product of collective distinct quartets

Q(d)+ =
∑

i,i′,k,k′;J,T

x(d)+
ii′kk′;J,T

×
[
A+JT (i, i′)A+JT (k, k′)

]J=0,T=0
. (5)

The quartet model (QM) state that is constructed in this
case is

|QM〉 = Q(1)+Q(2)+ · · · Q(nq)+|−〉. (6)

A state of the form (6) was used recently to explore the
quartet correlations associated with pairing forces both
for like-particle [23] and proton-neutron systems [13, 16].
For the latter systems the collective quartets (5) contained
only (T = 1, J = 0) and (T = 0, J = 1) pair operators.

The calculations with the QM state are more demand-
ing than those within QCM because the number of pa-
rameters which have to be determined is nq times larger
than in the case of QCM. Owing to that, within QM, we do
not construct all parameters at once through a direct min-
imization, as in QCM, but rather proceed through an it-
erative variational procedure which consists of a sequence
of basic steps. At each step, we optimize the structure of a
given quartet Q(ρ)+ by searching for those coefficients x of
this quartet which guarantee the minimum energy of the
state (6). This is done by diagonalizing the Hamiltonian
in a space formed by states of the type (6) where the quar-
tet Q(ρ)+ has been replaced by the uncorrelated quartets
[A+JT (i, i′)A+JT (k, k′)]J=0,T=0 while the other quartets
are kept “frozen”. The procedure starts with an initial an-
zatz for the coefficients x of the quartets and goes on by
rotating the index ρ among all the nq indices up to con-
vergency of the energy. More details about this procedure
can be found in ref. [23].

The present study will deal not only with the ground
state of even-even N = Z systems but also with excited

states. There are many ways, in principle, in which ex-
cited states can be constructed within the QCM and QM
schemes. For instance, by analogy with BCS-type mod-
els, in which the excitations are associated with broken
pairs, in the quartet models excitations could be built by
breaking quartets. The two protons and two neutrons of
a broken quartet could be coupled in various way in order
to get excited states. We shall compare two quite different
approaches. Within the QCM we shall search for excited
states which keep the form of a condensate, namely

|0+
n ;QCM〉 = (Q+

n )nq |−〉. (7)

The collective quartet Q+
n associated with the excited

state 0+
n will be determined by minimizing the functional

〈0+
n ;QCM |H|0+

n ;QCM〉 under two types of constraints:
a), the normalization of the state |0+

n ;QCM〉 and, b), the
orthogonalty of this state with the ground state as well as
with all previously determined excited states. Within the
QCM scheme, then, the excited states will be constructed
in sequence. Within the QM approach, instead, assuming
as collective quartets those defining the QM ground state,
we shall construct all excited J = 0, T = 0 states at once
by diagonalizing the Hamiltonian in a space formed by
all possible states of the type (6) where, in rotation, one
collective quartet has been “broken” and replaced by the
uncorrelated quartet [A+JT (i, i′)A+JT (k, k′)]J=0,T=0. As
a result of this procedure, then, the excited QM state will
be a linear superposition of states which are, each of them,
of the type (6). More details about this procedure can be
found in ref. [23] where it was successfully tested in the
case of like-particle pairing.

3 Results and discussions

In this section we shall employ the QCM and QM schemes
to explore the alpha-like quartet correlations in the even-
even N = Z nuclei of the sd shell. Following standard con-
figuration mixing shell model (SM) calculations we shall
assume the 16O as a core and we shall adopt the USDB
interaction [24].

We start by discussing to what extent the ground-state
correlations of these nuclei can be represented by the QCM
and QM states. The results of the quartet models calcula-
tions for the ground states are presented in tables 1, 2. In
table 1 we show the correlation energies Ecorr = E0−Etot,
where Etot is the total ground-state energy of the inter-
acting system while E0 is the energy of uncorrelated state
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Table 3. The energies, in MeV, of the first and the second excited 0+ states, E0+
1

and E0+
2
, provided by QCM, QM and SM

approaches. In the bracket are given the excitation energies relative to the ground state. In the last two columns are shown, for
the first excited 0+ state, the overlaps between the SM state and the QCM/QM states.

E0+
1
(SM) E0+

1
(QCM) E0+

1
(QM) E0+

2
(SM) E0+

2
(QCM) E0+

2
(QM) 〈SM |QCM〉 〈SM |QM〉

20Ne −33.77 (6.7) −33.77 (6.7) −33.77 (6.7) −28.56 (11.91) −28.56 (11.91) −28.56 (11.91) 1 1
24Mg −79.76 (7.34) −76.97 (7.47) −78.00 (6.64) −77.43 (9.67) −70.85 (13.59) −73.28 (11.36) 0.70 0.78
28Si −131.00 (4.84) −126.91 (6.71) −128.94 (5.27) −128.51 (7.33) −120.64 (12.99) −125.01 (9.20) 0.65 0.78
32S −178.98 (3.46) −178.04 (3.92) −178.71 (3.51) −175.04 (7.4) −170.84 (11.12) −173.71 (8.51) 0.95 0.99

exactly solvable isovector-isoscalar SU(4) pairing Hamil-
tonian [17]. Indeed, it can be easily seen that the ex-
act ground-state energy of an even number of proton-
neutron pairs np in a degenerate level can be expressed by
E(nq) = nqE(nq = 1) + gnq(nq − 1)/16, where nq = 2np

is the number of quartets and −g(g > 0) is the strength of
the isovector and isoscalar pairing forces. This expression,
which is similar to eq. (8), shows that in this case there is
a repulsive interaction between the quartets with strength
V = g/8.

In general, the interaction among the quartets essen-
tially results from two competing effects: on one side, the
Pauli principle generates a repulsion among the quartets
which becomes the more evident the more we fill the model
space and, on the other side, the attraction among the
nucleons caused by the nuclear force produces the oppo-
site effect. Clearly, when passing from the simple isovector
plus isoscalar pairing interaction to the full USDB Hamil-
tonian, the J > 1 components of the nuclear force have
been such to turn the overall interaction among the quar-
tets from repulsive to attractive by overwhelming the re-
pulsion generated by the Pauli principle which prevailed
instead in the pairing case.

We conclude this section by showing the QCM/QM
excited 0+ states which are calculated in the systems ex-
amined so far and comparing them with the SM results.
In table 3 we report the energies of the first two excited
0+ states, E0+

1
and E0+

2
, as calculated within the QCM,

QM and SM approximations. For the first excited 0+ state
we also show the overlaps between the SM state and the
QCM/QM states (it should be observed that by 0+

1 we de-
note the first excited state and not the ground state). The
excited states of 20Ne shown in table 3 are, by construc-
tion, the same in the QCM, QM and SM calculations.

The most remarkable results in table 3 are the ones
for 32S. For this nucleus it can be seen that the QCM
function which describes the first excited 0+ state has an
overlap close to one with the SM state. This means that
in 32S both the ground state and the first excited 0+ state
can be represented to a high degree of precision as a con-
densate of four identical alpha-like quartets. A significant
overlap with the SM state is also observed for the first
excited 0+ states of 24Mg and 28Si both for QCM and
QM. Taking also into account that the energies predicted
by the quartet models are not very different from the SM
values, it appears that also in these nuclei the quartet de-

grees of freedom play an important role in the structure
of the first excited 0+ states.

The energies of the second 0+ states predicted by the
quartet models are given in the 6th and 7th columns of
table 3. These states have not a significant overlap with
the second excited 0+ shell model state or with other shell
model states at higher energy. In fact, they have a non-
negligible overlap with many 0+ shell model states. As in
other variational models, such as BCS or generating coor-
dinate model, the QCM and QM states are specific vari-
ational ansatz constructed to describe a certain class of
physical states and, as such, they are not expected to cor-
respond necessarely to some exact eigenstate of the effec-
tive Hamiltonian. The QCM ansatz for the excited states
bears a resemblance to alpha condensate states employed
to describe certain 0+ states close to the alpha particle
emission threshold [25]. Whether QCM can describe or not
such cluster states is an issue which requires further in-
vestigations and calculations in much larger model spaces
than the ones employed here.

4 Summary and conclusions

In this study we have extended the QM and QCM vari-
ational approaches, previously employed for a treatment
of proton-neutron pairing forces, to the most general two-
body interaction of shell model type. Using these varia-
tional models we have shown that the ground states of
even-even sd-shell nuclei with N = Z can be described to
a good extent as condensates of alpha-like quartets.

In the framework of the same quartet models we have
also analyzed the excited 0+ states. We have found that
the first excited 0+ states predicted by the quartet models
have a significant overlap with the first excited 0+ states
provided by shell model calculations. This is especially
true for the nucleus 32S for which this overlap (as well as
that relative to the ground state) is close to one.

As far as the second excited 0+ states are concerned,
the states predicted by the quartet models have no sig-
nificant overlaps with any shell model state. These states
appear at high energies, some of them in the energy re-
gion of alpha particle emission threshold. However, it is
not yet clear whether these states can be associated with
the physical alpha cluster states predicted by alpha clus-
ter models in this energy region. To clarify this issue one
would need to perform calculations in much larger shell
model spaces, what is beyond the scope of this study.

• excited state
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exactly solvable isovector-isoscalar SU(4) pairing Hamil-
tonian [17]. Indeed, it can be easily seen that the ex-
act ground-state energy of an even number of proton-
neutron pairs np in a degenerate level can be expressed by
E(nq) = nqE(nq = 1) + gnq(nq − 1)/16, where nq = 2np

is the number of quartets and −g(g > 0) is the strength of
the isovector and isoscalar pairing forces. This expression,
which is similar to eq. (8), shows that in this case there is
a repulsive interaction between the quartets with strength
V = g/8.

In general, the interaction among the quartets essen-
tially results from two competing effects: on one side, the
Pauli principle generates a repulsion among the quartets
which becomes the more evident the more we fill the model
space and, on the other side, the attraction among the
nucleons caused by the nuclear force produces the oppo-
site effect. Clearly, when passing from the simple isovector
plus isoscalar pairing interaction to the full USDB Hamil-
tonian, the J > 1 components of the nuclear force have
been such to turn the overall interaction among the quar-
tets from repulsive to attractive by overwhelming the re-
pulsion generated by the Pauli principle which prevailed
instead in the pairing case.

We conclude this section by showing the QCM/QM
excited 0+ states which are calculated in the systems ex-
amined so far and comparing them with the SM results.
In table 3 we report the energies of the first two excited
0+ states, E0+

1
and E0+

2
, as calculated within the QCM,

QM and SM approximations. For the first excited 0+ state
we also show the overlaps between the SM state and the
QCM/QM states (it should be observed that by 0+

1 we de-
note the first excited state and not the ground state). The
excited states of 20Ne shown in table 3 are, by construc-
tion, the same in the QCM, QM and SM calculations.

The most remarkable results in table 3 are the ones
for 32S. For this nucleus it can be seen that the QCM
function which describes the first excited 0+ state has an
overlap close to one with the SM state. This means that
in 32S both the ground state and the first excited 0+ state
can be represented to a high degree of precision as a con-
densate of four identical alpha-like quartets. A significant
overlap with the SM state is also observed for the first
excited 0+ states of 24Mg and 28Si both for QCM and
QM. Taking also into account that the energies predicted
by the quartet models are not very different from the SM
values, it appears that also in these nuclei the quartet de-

grees of freedom play an important role in the structure
of the first excited 0+ states.

The energies of the second 0+ states predicted by the
quartet models are given in the 6th and 7th columns of
table 3. These states have not a significant overlap with
the second excited 0+ shell model state or with other shell
model states at higher energy. In fact, they have a non-
negligible overlap with many 0+ shell model states. As in
other variational models, such as BCS or generating coor-
dinate model, the QCM and QM states are specific vari-
ational ansatz constructed to describe a certain class of
physical states and, as such, they are not expected to cor-
respond necessarely to some exact eigenstate of the effec-
tive Hamiltonian. The QCM ansatz for the excited states
bears a resemblance to alpha condensate states employed
to describe certain 0+ states close to the alpha particle
emission threshold [25]. Whether QCM can describe or not
such cluster states is an issue which requires further in-
vestigations and calculations in much larger model spaces
than the ones employed here.

4 Summary and conclusions

In this study we have extended the QM and QCM vari-
ational approaches, previously employed for a treatment
of proton-neutron pairing forces, to the most general two-
body interaction of shell model type. Using these varia-
tional models we have shown that the ground states of
even-even sd-shell nuclei with N = Z can be described to
a good extent as condensates of alpha-like quartets.

In the framework of the same quartet models we have
also analyzed the excited 0+ states. We have found that
the first excited 0+ states predicted by the quartet models
have a significant overlap with the first excited 0+ states
provided by shell model calculations. This is especially
true for the nucleus 32S for which this overlap (as well as
that relative to the ground state) is close to one.

As far as the second excited 0+ states are concerned,
the states predicted by the quartet models have no sig-
nificant overlaps with any shell model state. These states
appear at high energies, some of them in the energy re-
gion of alpha particle emission threshold. However, it is
not yet clear whether these states can be associated with
the physical alpha cluster states predicted by alpha clus-
ter models in this energy region. To clarify this issue one
would need to perform calculations in much larger shell
model spaces, what is beyond the scope of this study.
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to describe certain 0+ states close to the alpha particle
emission threshold [25]. Whether QCM can describe or not
such cluster states is an issue which requires further in-
vestigations and calculations in much larger model spaces
than the ones employed here.

4 Summary and conclusions

In this study we have extended the QM and QCM vari-
ational approaches, previously employed for a treatment
of proton-neutron pairing forces, to the most general two-
body interaction of shell model type. Using these varia-
tional models we have shown that the ground states of
even-even sd-shell nuclei with N = Z can be described to
a good extent as condensates of alpha-like quartets.

In the framework of the same quartet models we have
also analyzed the excited 0+ states. We have found that
the first excited 0+ states predicted by the quartet models
have a significant overlap with the first excited 0+ states
provided by shell model calculations. This is especially
true for the nucleus 32S for which this overlap (as well as
that relative to the ground state) is close to one.

As far as the second excited 0+ states are concerned,
the states predicted by the quartet models have no sig-
nificant overlaps with any shell model state. These states
appear at high energies, some of them in the energy re-
gion of alpha particle emission threshold. However, it is
not yet clear whether these states can be associated with
the physical alpha cluster states predicted by alpha clus-
ter models in this energy region. To clarify this issue one
would need to perform calculations in much larger shell
model spaces, what is beyond the scope of this study.
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Ground and ground-state band with intrinsic quartets

Microscopic Quartet Description of the Ground-State Band of
24Mg

1 Intrinsic quartet-condensate state

We describe
24
Mg in the sd shell, taking

16
O as the inert core. The intrinsic quartet-condensate

state is written as
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The internal quartet amplitudes and the collective mixing amplitudes ↵gJ are determined vari-

ationally.

For the lowest intrinsic solution found with the USDB interaction, the quartet mixing am-

plitudes are

↵g0 = 0.74259, ↵g2 = 0.65203, ↵g4 = 0.15301 . (4)

They satisfy, within rounding,

|↵g0|2 + |↵g2|2 + |↵g4|2 = 1.

Thus,
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up to the arbitrary phase convention for the microscopic quartet operators.

The corresponding intrinsic energy is

Eintr(g) = �85.19401 MeV. (6)

For reference, the exact USDB calculation in the 4p4n, M = 0 space gives

ESM(0
+
1 ) = �87.10445 MeV, (7)

with

Ex(2
+
1 ) = 1.50230 MeV, Ex(4

+
1 ) = 4.37244 MeV.
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2 Angular-momentum projected ground-state band

The members of the ground-state band are obtained by projecting the same intrinsic state onto

good angular momentum,

| J
g i =

P
J
00|⇥giq

h⇥g|P J
00|⇥gi

, J = 0, 2, 4, 6, 8. (8)

The projected energies are

EJ =
h⇥g|HP

J
00|⇥gi

h⇥g|P J
00|⇥gi

. (9)

The resulting projected ground-state band is shown in Table ??.

Table 1: Projected ground-state band of
24
Mg obtained from the lowest intrinsic quartet con-

densate. Energies are absolute energies and excitation energies relative to the projected 0
+
1

state.

State J
⇡

Eproj (MeV) Ex (MeV) E
exp
x (MeV)

0
+
1 0

+ �86.2533 0.0000 0.000

2
+
1 2

+ �85.0323 1.2210 1.369

4
+
1 4

+ �81.9461 4.3072 4.123

6
+
1 6

+ �77.6468 8.6066 7.050

8
+
1 8

+ �72.2510 14.0023 [notg ven]

The projected ground-state energy is therefore

Eproj(0
+
1 ) = �86.2533 MeV. (10)

The overlaps with the corresponding exact USDB shell-model states are

|h0SM|0proji|2 = 0.9214, (11)

|h2SM|2proji|2 = 0.9513, (12)

|h4SM|4proji|2 = 0.9193. (13)

The calculation with three intrinsic configurations quoted in the underlying study gives

E
(3 intr)
proj (0

+
1 ) = �86.94 MeV. (14)

This should not be confused with the single-intrinsic-state result of Eq. (??) after projection.

The additional intrinsic configurations lower the projected ground-state energy by about

�86.94� (�86.2533) ' �0.69 MeV.

3 E2 transition strengths

The microscopic electric quadrupole operator is taken as

T̂2µ(E2) = ep

X

p

r
2
pY2µ(r̂p) + en

X

n

r
2
nY2µ(r̂n), (15)

with

ep = 1.5e, en = 0.5e,
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Thus,
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†
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†
g)20 + 0.15301(q

†
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up to the arbitrary phase convention for the microscopic quartet operators.

The corresponding intrinsic energy is

Eintr(g) = �85.19401 MeV. (6)

For reference, the exact USDB calculation in the 4p4n, M = 0 space gives

ESM(0
+
1 ) = �87.10445 MeV, (7)

with

Ex(2
+
1 ) = 1.50230 MeV, Ex(4

+
1 ) = 4.37244 MeV.

1

error in correlation energy:  1.4% 

Example: 24Mg

J=0, 2, 4, 6, …• projected states 

ground state energy
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Microscopic Quartet Description of the Ground-State Band of

24Mg

1 Intrinsic quartet-condensate state
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We describe
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Mg in the sd shell, taking

16
O as the inert core. The intrinsic quartet-

condensate state is written as
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The internal quartet amplitudes and the collective mixing amplitudes ↵gJ are determined vari-
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For the lowest intrinsic solution found with the USDB interaction, the quartet mixing am-

plitudes are

↵g0 = 0.74259, ↵g2 = 0.65203, ↵g4 = 0.15301 . (8)

They satisfy, within rounding,

|↵g0|2 + |↵g2|2 + |↵g4|2 = 1.

Thus,

Q
†
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g)00 + 0.65203(q

†
g)20 + 0.15301(q
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J=0, 2, 4, 6

The overlaps with the corresponding exact USDB shell-model states are

|h0SM|0proji|2 = 0.9214, (15)

|h2SM|2proji|2 = 0.9513, (16)

|h4SM|4proji|2 = 0.9193. (17)

The calculation with three intrinsic configurations quoted in the underlying study gives

E
(3 intr)
proj (0

+
1 ) = �86.94 MeV. (18)

This should not be confused with the single-intrinsic-state result of Eq. (10) after projection.

The additional intrinsic configurations lower the projected ground-state energy by about

�86.94� (�86.2533) ' �0.69 MeV.

3 E2 transition strengths

The microscopic electric quadrupole operator is taken as

T̂2µ(E2) = ep

X

p

r
2
pY2µ(r̂p) + en

X

n

r
2
nY2µ(r̂n), (19)

with

ep = 1.5e, en = 0.5e,

and the harmonic-oscillator length corresponding to

~! = 45A
�1/3 � 25A

�2/3
, A = 24.

The reduced transition probability is

B(E2; Ji ! Jf ) =
1

2Ji + 1

���h Jf
g kT̂ (E2)k Ji

g i
���
2
. (20)

The results obtained with the single lowest intrinsic state are given in Table 3.

Table 3: B(E2) transition strengths within the projected
24
Mg ground-state band. Values are

in e
2
fm

4
.

Transition PJ |⇥g > SM Exp

2
+
1 ! 0

+
1 90.8 95 88(4)

4
+
1 ! 2

+
1 125.3 124 160(16)

6
+
1 ! 4

+
1 118.1 140 115

Thus,

B(E2; 2
+
1 ! 0

+
1 )QCM = 90.8 e

2
fm

4
, (21)

B(E2; 4
+
1 ! 2

+
1 )QCM = 125.3 e

2
fm

4
, (22)

B(E2; 6
+
1 ! 4

+
1 )QCM = 118.1 e

2
fm

4
. (23)

For comparison,

B(E2)QCM

B(E2)SM
' 0.96

for the 2
+
1 ! 0

+
1 transition, while it is essentially unity for the 4

+
1 ! 2

+
1 transition. The 6

+
1 ! 4

+
1

value is a prediction of the present single-intrinsic-state calculation; the standard shell-model

comparison quoted in the calculation is for the di↵erent transition 6
+
1 ! 2

+
1 .

It is worth emphasizing that the present B(E2) results correspond specifically to the projec-

tion of the lowest intrinsic quartet condensate. The B(E2) values after mixing the three intrinsic

configurations have not been calculated here.

3

N.S, in preparation

Table 3: Projected ground-state band of
24
Mg obtained from the lowest intrinsic quartet con-

densate. Energies are absolute energies and excitation energies relative to the projected 0
+
1

state.
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Band-like structures in N=Z nuclei based on quartets

• “Intrinsic" ground state:  quartet condensate

• Intrinsic excited states:  one - broken - quartet  states
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Fig. 1 Energies of the intrinsic states (2) and (5) for 24Mg, 28Si and
48Cr. The numbers at the bottom represent the quantum number k
characterizing the intrinsic states. Only states with energies below the
dashed-dotted lines have been included in the calculations

The approach described above for constructing spectra,
based on angular momentum projection of the intrinsic quar-
tet states (2, 5), will be contrasted with the one we have used
in Ref. [32]. Namely, in Ref. [32] the spectrum of a N = Z
nucleus was constructed by performing a configuration inter-
action (CI) calculation in the space spanned by all the quar-
tets of well-defined angular momentum which characterise
the intrinsic states (2, 5). By working in the m-scheme, this
space if formed by the states

∣∣∣!(n)
M

, {NJM }
〉
=

∏

J,M∈(−J,J )

(
q+JM

)NJM

∣∣∣∣∣∣
0

〉

(8)

under the conditions
∑

JM

NJM = n,
∑

JM

MNJM = M . (9)

The calculation requires first the orthonormalization of the
states (8) and then the diagonalization of the Hamiltonian in
this basis for the various M (in order to identify the angular
momentum of the states). This approach will be referred to
with the acronym QM (Quartet Model). It is worth noticing
that the QM approach and the projection method are based
on different calculations schemes. Indeed, in the projection
method the linear combination of the quartets which define a
state of given angular momentum is set already by the projec-
tion while in the QM method this combination is determined
by the diagonalization of the Hamiltonian. For this reason,
as seen below, the QM approach provides results closer to
the exact results.

The formalism presented above is applied for the even-
even N = Z nuclei with the valence nucleons in the sd and
p f major shells. Thus, the vacuum state |0〉 of the previous
expressions stands for the nuclei 16O and 40Ca. The calcula-
tions for the sd and p f shell nuclei have been performed with
the USDB [38] and KB3G [39] interactions, respectively.

Fig. 2 24Mg: experimental (EXP), projected (PROJ), QM and SM
spectra. See text for details

The first problem that has to be faced in the approach
just described is that of defining the most appropriate set of
intrinsic states to involve in the calculations. In this work
we have adopted the criterion of selecting the intrinsic states
on the basis of their energy. In Fig. 1, we show the energies
of the lowest intrinsic states (with the associate value of the
quantum number k) in the cases of 24Mg, 28Si and 48Cr. The
values of the angular momentum J entering the summations
of Eqs. (3) and (6) have been restricted to J = 0, 2, 4 for |"g〉
and |"0〉 while for |"k〉 (k $= 0) we included the values J =
k, k+1, k+2. Only in the case of 48Cr an extra J = 6 quartet
has been added to |"g〉. In all cases the lowest intrinsic state
has been found to be the condensate (2), followed by a k=0
or 2 state (5). The calculations for the three nuclei quoted
above have been done with the intrinsic states lying below
the dashed-dotted lines shown in Fig. 1.

In Figs. 2, 3 and 4, the low-lying states obtained within
the projected approach are compared with the experimental
spectra and the results of QM and shell model (SM) calcu-
lations. For the experimental spectra we have shown only
the states with certain angular momenta and parities. The
numbers next to each level of the QM and SM spectra give
the overlaps with the corresponding projected states while
those at the bottom represent the ground state energies. At
this point it is worth mentioning that a simple SM calcula-
tion provides only a sequence of states. Associating them
with specific band-like structures, such as ground, β and γ -
like bands, requires additional analysis. In Figs. 2, 3 and 4
we have split the SM states in groups of levels following the
correspondence with the band-like structures associated to
the QM and the projected intrinsic states.

From Figs. 2, 3 and 4 one can notice that, in general,
there is a clear correspondence among projected, QM and
SM states. The only exception is in the case of 28Si, where
one generates only two J = 2 projected states and, in corre-
spondence with the second of them, one finds two QM and
three SM J = 2 states. It can be also observed that the over-
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• band-like structures similar to experimental bands  

Band structures generated from quartet states: 24Mg

• large overlaps with the shell-model exact states

diagonalisation 
in the quartet basis

shell model

• ground state energy very close to exact SM
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Fig. 3 As in Fig. 1 for 28Si

Fig. 4 As in Fig. 2 for 48Cr

lap of the projected states with the QM and SM states are
significant, especially for the ground band. For the reason
explained above, the QM levels are closer to the SM ones
and, since the SM interaction is fitted to the data, the QM
levels are also closer to the experimental spectrum.

As seen from Figs. 2, 3 and 4, the agreement between
projected states with the experimental data is rather good
for all the nuclei. We find quite surprising that this agree-
ment is obtained within such a simple approach, based only
on projected states and a subsequent diagonalization in very
reduced spaces (only a few units). These results support the
definition of the states (2) and (5) as proper intrinsic states
and show that the quartet structure of these intrinsic states
is able to encapsulate the most important correlations which
determine the spectra of even-even N = Z nuclei.

3 Summary and conclusions

In this paper we have shown that the band structure of
deformed N = Z nuclei can be associated with intrinsic
states based on quartets. The simplest of these states is just
a condensate of a collective quartet with isospin T = 0 and

an undefined angular momentum. The other intrinsic states
are built by promoting one quartet of this condensate to an
excited T = 0 configuration. A criterion has been introduced
to select the most appropriate set of these states. We have
shown that the band structure of 24Mg, 28Si and 48Cr can be
generated to a very good extent by projecting states of good
angular momentum from the above intrinsic states. These
results demonstrates that the emergence of band-like struc-
tures in N = Z nuclei can be simply understood in terms of
quartet-based intrinsic states. This simple manner of gener-
ating bands from intrinsic quartet states is similar to the one
employed earlier for describing deformed like-particle sys-
tems [33–35]. The basic difference is that in the latter case
the intrinsic states are built in terms of pairs instead of quar-
tets. This interesting analogy between quartets and pairs had
already emerged in a previous analysis of the proton-neutron
pairing Hamiltonian [41] where it had been observed that
quartets played the same role as Cooper pairs in the case of
a like-particle pairing Hamiltonian.

In the present study we have focused on the validity of
the quartet approach for the energy spectra of N = Z nuclei.
An open issue, which will be addressed in a future study, is
how good is this approach for describing the electromagnetic
transitions in these nuclei.

We like to emphasize the interesting analogy between the
formalism presented in the present work, based on general
two-body interactions of SM type, and the one employed in
the case of the isovector-plus-isoscalar proton-neutron pair-
ing interaction, discussed in Ref. [40]. In the latter case, it was
evidenced that a very accurate approximation of the ground
and excited states could be provided, respectively, by a con-
densate of T = 0, J = 0 quartets (each built with isovector
and isoscalar pairs) and by states obtained by promoting one
quartet of this condensate to an excited T = 0 configuration.
The intrinsic states employed in the present work appear to
be a generalization of these states in the case of deformed
systems. The basic difference between the states of Ref. [40]
and the intrinsic states of this work is that while the former
have a well defined angular momentum, the latter do not.
Thus, in the present case, in order to generate the spectrum
of a N = Z nucleus it has been necessary to go through
an additional step, namely to project states of good angular
momentum from the intrinsic states.

Finally we would like to comment on the relation between
the present quartet approach and the semi-microscopic alge-
braic quartet model which has been recently employed to
describe the band structures of sd and p f shell nuclei
[23–26]. In this model the authors use a phenomenologi-
cal interaction expressed in terms of the invariant opera-
tors of the U (3) ⊃ SU (3) ⊃ SO(3) group-chain. This
interaction contains essentially a harmonic oscillator term,
a quadrupole–quadrupole force and a rotational term. This
interaction is very different from the general two-body inter-
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Fig. 3 As in Fig. 1 for 28Si

Fig. 4 As in Fig. 2 for 48Cr

lap of the projected states with the QM and SM states are
significant, especially for the ground band. For the reason
explained above, the QM levels are closer to the SM ones
and, since the SM interaction is fitted to the data, the QM
levels are also closer to the experimental spectrum.

As seen from Figs. 2, 3 and 4, the agreement between
projected states with the experimental data is rather good
for all the nuclei. We find quite surprising that this agree-
ment is obtained within such a simple approach, based only
on projected states and a subsequent diagonalization in very
reduced spaces (only a few units). These results support the
definition of the states (2) and (5) as proper intrinsic states
and show that the quartet structure of these intrinsic states
is able to encapsulate the most important correlations which
determine the spectra of even-even N = Z nuclei.

3 Summary and conclusions

In this paper we have shown that the band structure of
deformed N = Z nuclei can be associated with intrinsic
states based on quartets. The simplest of these states is just
a condensate of a collective quartet with isospin T = 0 and

an undefined angular momentum. The other intrinsic states
are built by promoting one quartet of this condensate to an
excited T = 0 configuration. A criterion has been introduced
to select the most appropriate set of these states. We have
shown that the band structure of 24Mg, 28Si and 48Cr can be
generated to a very good extent by projecting states of good
angular momentum from the above intrinsic states. These
results demonstrates that the emergence of band-like struc-
tures in N = Z nuclei can be simply understood in terms of
quartet-based intrinsic states. This simple manner of gener-
ating bands from intrinsic quartet states is similar to the one
employed earlier for describing deformed like-particle sys-
tems [33–35]. The basic difference is that in the latter case
the intrinsic states are built in terms of pairs instead of quar-
tets. This interesting analogy between quartets and pairs had
already emerged in a previous analysis of the proton-neutron
pairing Hamiltonian [41] where it had been observed that
quartets played the same role as Cooper pairs in the case of
a like-particle pairing Hamiltonian.

In the present study we have focused on the validity of
the quartet approach for the energy spectra of N = Z nuclei.
An open issue, which will be addressed in a future study, is
how good is this approach for describing the electromagnetic
transitions in these nuclei.

We like to emphasize the interesting analogy between the
formalism presented in the present work, based on general
two-body interactions of SM type, and the one employed in
the case of the isovector-plus-isoscalar proton-neutron pair-
ing interaction, discussed in Ref. [40]. In the latter case, it was
evidenced that a very accurate approximation of the ground
and excited states could be provided, respectively, by a con-
densate of T = 0, J = 0 quartets (each built with isovector
and isoscalar pairs) and by states obtained by promoting one
quartet of this condensate to an excited T = 0 configuration.
The intrinsic states employed in the present work appear to
be a generalization of these states in the case of deformed
systems. The basic difference between the states of Ref. [40]
and the intrinsic states of this work is that while the former
have a well defined angular momentum, the latter do not.
Thus, in the present case, in order to generate the spectrum
of a N = Z nucleus it has been necessary to go through
an additional step, namely to project states of good angular
momentum from the intrinsic states.

Finally we would like to comment on the relation between
the present quartet approach and the semi-microscopic alge-
braic quartet model which has been recently employed to
describe the band structures of sd and p f shell nuclei
[23–26]. In this model the authors use a phenomenologi-
cal interaction expressed in terms of the invariant opera-
tors of the U (3) ⊃ SU (3) ⊃ SO(3) group-chain. This
interaction contains essentially a harmonic oscillator term,
a quadrupole–quadrupole force and a rotational term. This
interaction is very different from the general two-body inter-
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quartet creation operator is defined as

Q+
α,JM,TTz

=
∑

i1j1J1T1

∑

i2j2J2T2

C(α)
i1j1J1T1,i2j2J2T2

×
[

[a+i1a
+
j1
]J1T1 [a+i2a

+
j2
]J2T2

]JT

MTz

,

where a+i creates a fermion in the single particle state i
and J(T ) andM(Tz) denote, respectively, the total angu-
lar momentum(isospin) and the relative projections. No
restrictions on the intermediate couplings J1T1 and J2T2

are introduced in the calculations. In order to generate
the spectra of 4n nuclei we perform configuration interac-
tion calculations in spaces built in terms of selected sets
of the above quartets. After being constructed, these are
kept unchanged in all calculations.
The criterion adopted for the selection of the quartets

has been that of choosing, as representative of the quar-
tets with a given isospin T , those describing the lowest
levels with that isospin in nuclei with four active par-
ticles outside the inert core of reference. For applica-
tions within the sd shell, the inert core is represented by
16O and the nuclei which have therefore been considered
for the definition of the quartets are 20

10Ne10,
20
9 F11 and

20
8 O12. The lowest states of these nuclei are characterized
by T =0, 1 and 2, respectively. Each of these states there-
fore identifies a quartet with given T ,J (and a projection
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FIG. 1: Spectrum of 24Mg obtained in the quartet model
(QM) compared to experimental data (EXP) and shell model
(SM) results [14]. QM(T=0) denotes the results obtained only
with T=0 quartets; the numbers on top of these levels are the
overlaps between the QM and SM eigenfunctions. The num-
ber below each spectrum gives the ground state correlation
energy, namely the difference between the total ground state
energy and the energy in the absence of interaction.

Tz = (N − Z)/2). We have carried out SM calculations
for these three nuclei and, as initial sets of quartets, we
have selected those formed by the lowest 6 states in 20Ne
(0 ≤ J ≤ 6), the lowest 5 states in 20F (1 ≤ J ≤ 5)
and the lowest 9 states in 20O (0 ≤ J ≤ 4). The mixing
amplitudes defining each collective quartet have resulted
from these SM calculations. As it will be seen below, we
have also explored reductions of these sets to identify the
most relevant quartets in the structure of the nuclei un-
der investigation. For sd shell nuclei we have employed
the USDB interaction [13] and the SM results have been
extracted from Ref. [14].
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FIG. 2: (Color online) Relative errors (with respect to the
SM value) in the ground state correlation energy of 24Mg
obtained within the QM with the sets of quartets indicated
in the figure. For each set we also show the overlaps between
SM and QM wave functions.

We start our analysis by examining the self-conjugate
nucleus 24Mg. In Fig. 1, we compare the experimental
spectrum of this nucleus with that resulting from a shell
model (SM) calculation and with the spectrum obtained
in the quartet model (QM) when all the selected T=0, 1,
2 quartets are taken into account. The quartet approach
is seen to reproduce well both the SM ground state corre-
lation energy and the SM excited states up to an energy
of about 9 MeV. The SM is in turn able to fit well the
experimental levels.
Having verified that the selected sets of T=0, 1, 2 quar-

tets are sufficient to describe the low-energy spectrum of
24Mg, it becomes of interest to investigate the role of the
different quartets. We begin by focusing on isospin. In
Fig. 1, on the right hand side, we show the theoretical
spectrum obtained in the quartet formalism when only
T=0 quartets are retained. On top of the lowest levels
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levels with that isospin in nuclei with four active par-
ticles outside the inert core of reference. For applica-
tions within the sd shell, the inert core is represented by
16O and the nuclei which have therefore been considered
for the definition of the quartets are 20

10Ne10,
20
9 F11 and

20
8 O12. The lowest states of these nuclei are characterized
by T =0, 1 and 2, respectively. Each of these states there-
fore identifies a quartet with given T ,J (and a projection
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FIG. 1: Spectrum of 24Mg obtained in the quartet model
(QM) compared to experimental data (EXP) and shell model
(SM) results [14]. QM(T=0) denotes the results obtained only
with T=0 quartets; the numbers on top of these levels are the
overlaps between the QM and SM eigenfunctions. The num-
ber below each spectrum gives the ground state correlation
energy, namely the difference between the total ground state
energy and the energy in the absence of interaction.

Tz = (N − Z)/2). We have carried out SM calculations
for these three nuclei and, as initial sets of quartets, we
have selected those formed by the lowest 6 states in 20Ne
(0 ≤ J ≤ 6), the lowest 5 states in 20F (1 ≤ J ≤ 5)
and the lowest 9 states in 20O (0 ≤ J ≤ 4). The mixing
amplitudes defining each collective quartet have resulted
from these SM calculations. As it will be seen below, we
have also explored reductions of these sets to identify the
most relevant quartets in the structure of the nuclei un-
der investigation. For sd shell nuclei we have employed
the USDB interaction [13] and the SM results have been
extracted from Ref. [14].
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FIG. 2: (Color online) Relative errors (with respect to the
SM value) in the ground state correlation energy of 24Mg
obtained within the QM with the sets of quartets indicated
in the figure. For each set we also show the overlaps between
SM and QM wave functions.

We start our analysis by examining the self-conjugate
nucleus 24Mg. In Fig. 1, we compare the experimental
spectrum of this nucleus with that resulting from a shell
model (SM) calculation and with the spectrum obtained
in the quartet model (QM) when all the selected T=0, 1,
2 quartets are taken into account. The quartet approach
is seen to reproduce well both the SM ground state corre-
lation energy and the SM excited states up to an energy
of about 9 MeV. The SM is in turn able to fit well the
experimental levels.
Having verified that the selected sets of T=0, 1, 2 quar-

tets are sufficient to describe the low-energy spectrum of
24Mg, it becomes of interest to investigate the role of the
different quartets. We begin by focusing on isospin. In
Fig. 1, on the right hand side, we show the theoretical
spectrum obtained in the quartet formalism when only
T=0 quartets are retained. On top of the lowest levels

T=0,J=0 quartets give the dominant contribution in the ground state !

diagonalisation in a quar tet basis

all low-lying states can be well described by T=0,J=0,2,4 quartets  !

Four-body correlations in N=Z and N>Z nuclei

M. Sambataro and N.S, Phys. Rev. Lett. 115 (2015)



quartets are left. From this point on further reductions in the
set of quartets lead to significant variations in the energy.
The overlaps between the SM and QM ground states, which
are shown in the same figure, exhibit a behavior that is
consistent with that of the energies. Thus, these calculations
indicate that the T ¼ 0 quartets with J ¼ 0, 2, 4 play a
major role in the ground state of 24Mg. Among these
quartets, the T ¼ 0, J ¼ 0 quartet is by far the one that
contributes most to the correlation energy since, as can be
seen in Fig. 2, an approximation in terms of only this
quartet accounts for about 94% of the total energy.
We have searched for a confirmation of the results just

discussed by examining another self-conjugate nucleus in
the sd shell: 28Si. We find that for this isotope the set of
T ¼ 0, J ¼ 0, 2, 4 quartets already exhausts almost 99% of
the correlation energy. Also in this case, the T ¼ 0, J ¼ 0
quartet is found to play a leading role, being able to account
by itself for 93.4% of the total energy.
So far we have examined only self-conjugate nuclei. The

range of nuclei that is accessible in terms of the set of
T ¼ 0, 1, 2 quartets employed for 24Mg is, however, much
broader. In Fig. 3, we extend the previous analysis to the
whole A ¼ 24 isobaric chain by comparing the low-energy
spectra of 24

11Na13,
24
10Ne14,

24
9 F15, and 24

8 O16 obtained in

the quartet model with the SM results and with the
experimental data. As one can see, for all these nuclei
the quartet formalism generates spectra that agree well with
the SM ones. It is worth stressing that for the nuclei shown
in Fig. 3 the quartets are built not only by two protons and
two neutrons, as in the case of N ¼ Z nuclei, but also by
one proton and three neutrons and by four neutrons. The
case of quartets built by four like particles had been already
discussed in Ref. [15] in relation with a treatment of the
pairing Hamiltonian.
Similarly to what is observed in the self-conjugate 24Mg

and 28Si, we have verified that a reasonable description of
the low-lying states in N > Z nuclei can still be achieved
by significantly reducing the number of quartets involved
in the QM calculations. By employing, for example, only
sets of T ¼ 0 and T ¼ 2 quartets limited to the lowest ones
with J ¼ 0, 2, 4, the QM predicts ground state energies of
24Ne and 24O that are within 3% of the SM value. The same
sets of quartets employed for 28Mg and 28Ne give rise to
QM ground state energies that are within 2% of the
SM value.
In order to verify that the results presented so far are not

specific to sd-shell nuclei, we have carried out a similar
analysis for the proton-rich nucleus 92

46Pd46. Calculations
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FIG. 3. The spectra of A ¼ 24 nuclei generated by the QM approach compared to the experimental data and the SM predictions. See
the caption of Fig. 1 for further details.

PRL 115, 112501 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

11 SEPTEMBER 2015

112501-3

Quartets  in N > Z nuclei

Quartets built not only by  (2p,2n) but also by (1p,3n) and 4 neutrons   !

M. Sambataro and N.S, Phys. Rev. Lett. 115 (2015)



How to find the fingerprints of  the  quartet condensation in N=Z nuclei  ? 



ρ(2)(r1, r2; r
′
1, r

′
2) = λ0φ

∗
0(r1, r2)φ0(r

′
1, r

′
2) +

∑

n>0

λnφ
∗
n(r1, r2)φn(r

′
1, r

′
2) (4)

Based only on Eq. (3) one may draw the conclusion that at least one eigenvalue could

take a maxim value of the order of N2. In fact, due to the Fermi statistics, the largest

possible eigenvalue is of the oder of N. More precisely, as shown by Yang [3], for a system

of N fermions distributed in M single-particle states the maximum possible value for the

eigenvalues is

λmax =
N(M −N + 2)

M
. (5)

One can see that when N is much larger than M, λmax goes to N.

According to Yang criterion, a Fermi system is in a Cooper pairing phase if among the

eigenvalues of ρ(2) there is one eigenvalue of the order of N and the others are of the order of

unity. If there are more than one eigenvalue of the order of N, then the condensate is called

”fragmented”. What really means ”of the order of N” in the case of atomic nuclei is one of

the question addressed in this study.

With the largest eigenvalue λ0 and the corresponding eigenvector φ0(r1, r2) is defined the

order parameter or ”the wave function of the condensate”

F (r1, r2) =
√
λ0φ0(r1, r2). (6)

By integrating |F |2 over the space variables and performing the sum over the spin pro-

jections one gets the so-called number of condensed pairs. Since the function φ0(r1, r2) is

normalized, the number of condensed pairs is actually equal to λ0. The ratio λ0/N is called

the condensation fraction.

In Eq (2) it is useful to take out from the sum the term corresponding to the largest

eigenvalue λ0. If all others eigenvalues in the remaining sum are of similar order of magni-

tude, this sum is expected to vanish for a large separation between ($r1+$r2)/2 and ($r′1+$r
′
s)/2

and for finite |$r1 − $r2| and |$r′1 − $r′2|. Therefore, in this limit, which can be fulfilled if the

system is extended, the two-body density can be approximated by

ρ(2)(r1, r2; r
′
1, r

′
2) = F ∗(r1, r2)F (r′1, r

′
2). (7)

The equations above means that when the system is characterized by a large eigenvalue,

as in the Cooper pairing phase, the off-diagonal matrix elements of the density matrix in

4

Long-range correlations of superfluidity-type  and density matrix

• long-range correlations: 

“off-diagonal long-range order”

n-body long-range correlations   a large eigenvalue of   n-body density matrix

Example:  pair condensation

M. Sambataro and NS, Annals of Physics 2020 

Yang’s criterion (1962) 

110Sn

8 M. Sambataro and N. Sandulescu / Annals of Physics 413 (2020) 168061

Fig. 2. BCS and PBCS results for a system of 12 particles moving in 12 doubly degenerate levels. (a) The largest eigenvalue
of the two-body density matrix and its derivative to the pairing strength. (b) The pairing energies and their derivatives
to the pairing strength. � is the BCS pairing gap.

Fig. 3. BCS and PBCS results for 110Sn. (a) The largest (�0) and the second largest (�1) eigenvalues of two-body density
matrix as a function of the scaling factor k. (b) The average of the pairing force, V , its derivative to k and the quantity
(1 � V (�0)/V ) ⇥ 100 calculated in the BCS approximation.

the PBCS state becomes a HF-like state. Comparing Fig. 2a with Fig. 1a one can observe that the PBCS
results follow closely the exact results in all the coupling regimes, from weak to strong coupling.
One can also notice that, as in the case of the exact solution, the PBCS results evolve smoothly across
the region g = gcr where BCS predicts a phase transition.

In Fig. 2b are shown the BCS and PBCS results for the pairing energies and their derivatives to
the pairing strength. The pairing energy is defined as the average of the pairing interaction from
which the self-energy contribution is subtracted. One observes that the pairing energies have a fast
increase in the same region as for the largest eigenvalue, supporting the association of the latter to
the evolution towards a paired phase. In Fig. 2d it is also shown the dependence of the BCS pairing
gap on the pairing strength. At variance with the largest eigenvalue and the pairing energy, this
quantity has a rather constant increase with the pairing strength.

In what follows we discuss the properties of the two-body density matrix taking as example
a realistic system, i.e. the nucleus 110Sn. To describe the pairing correlations in this nucleus
we use as input for the Hamiltonian (1) the single-particle energies and the two-body pairing
matrix elements from Ref. [18]. In order to study how the strength of the interaction affects the
eigenvalues of two-body density matrix, the pairing matrix elements are scaled by a factor k around
the optimal physical value (corresponding to k = 1). The results for the largest and the second
largest eigenvalues provided by BCS and PBCS approximations are displayed in Fig. 3a. The largest
eigenvalue has its fastest increase below k = 1 and above the region where BCS has a nontrivial
solution. As in the picket fence model discussed above, the largest eigenvalue and its derivative

small contributioncoherent dominant mode



Eigenvalues of 2-body density matrix  for J=1 pairing

M. Sambataro and NS, Annals of Physics 2020 

no indication of pair condensation  !

behaviour related to levels crossing



4-body density for general two-body forces: sd-shell nulei
           

H = εi (Ni
(n) + Ni

( p) )+
i
∑ VJT (ii '; jj ')

ii ', jj ',J ',T '
∑ [Aii 'J 'T '

+ Ajj 'J 'T ' ]
J=0,T=0

ρi, j
(4) =< SM | qi

+qj | SM > qi
+ = (ai1

+ai2
+ai3

+ai4
+ )T=0

Largest 5 eigenvalues for sd-shell nuclei

24Mg 1.18 0.15 0.03 0.29 0.01

28Si 1.19 0.47 0.27 0.20 0.12
32S 1.51 0.83 0.74 0.59 0.53

indication  of  long-range quartet correlations 

M. Sambataro and N. S., in preparation
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Evolution of the  largest eigenvalue of 4-body density matrix: 32S

Indication of  a fast transition towards a quartet condensate 

k

H = εi (Ni
(n) + Ni

( p) )+   
i
∑ k VJT (ii '; jj ')

ii ', jj ',J ',T '
∑ [Aii 'J 'T '

+ Ajj 'J 'T ' ]
J=0,T=0



What experimental data could probe the quartet correlations/condenstion ? 



Probing quartet correlations  in N=Z nuclei by a transfer ? 

• fingerprints of pair condensation:   pair transfer  on a chain of isotopes 

•  fingerprints of quartet condensation : alpha particle transfer along N=Z line ?

A
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Integrated cross section for tin isotopes

experimental result

theoretical prediction

Kyoto, October 24th, 2011 slide 18/21

G. Potel et al, PRL107 (2011)   

Probing quartet condensation in N=Z nuclei by  transfer 

• fingerprints of pair condensation:   pair transfer  on a chain of isotopes 

• fingerprints of quartet condensation : alpha particle transfer along N=Z line ?
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Spectroscopic factors for a transfer 

transfer a quartet from 20Ne  instead from 6Li ?

N. S, M. Sambataro, A. Volya, EPSJ Web Conf  (2024) 

not a clear plateau region: sd- shell is too small
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quartet and shell model wave functions provides similar results !



“ It has been suggested that heavy-ion reactions involving transfer of  two nucleons 
between superconducting  nuclei [...] should exhibit enhancement phenomena similar 
to those observed in the Josephson effect in  ordinary superconductors. Such an effect 
might also be observed in the alpha-transfer between alpha-superconducting 
nuclei.” 

Probing quartet correlations/condensation : Josephson-like effect ? 



Summary and Conclusions

•  proton-neutron pairing  is described accurately by an a-like condensate
                   

• Probing a-like condensation by a-transfer in heavier N=Z nuclei ?  

•  proton-neutron pairing contributes significantly to the binding energies

Quark-meson-coupling +QCM calculations: no T=0 phase for A>100

• band-structures in  N=Z nuclei generated from intrinsic quar tet condensates !

quar tets appears naturally from the  isospin-spin  conservation 

Perspectives

• Unified description of  a-quarteting and a-clustering/condensation ?



ground state excited states   

Quartetting Alpha-clustering

Alpha-like quartetting versus alpha clustering

Hoyle state in 12C ?

Alpha condensation ? 

unified microscopic treatment ?

transition through the collectivity of the quartet  

€ 

|QCM >=Q+nq | − >



Thank you for your attention !



Isovector-isoscalar pairing and quartetting for N>Z nuclei

nuclei with N-Z=2nN

•  all protons  are correlated in alpha-like quartets

• neutrons in excess form a pair condensate

ansatz

|QCM >= ( Γνν
+ )nN (QT=1

+ +Δ0
+2 )nq |− >

N>Z

QT=1
+ = 2Γνν

+ Γππ
+ −Γνπ

+2

The Hamiltonian (1) has been employed, with various single-particle energies and pairing

interactions, in many studies. In most of them the Hamiltonian (1) was treated in HFB

approximation in which, through a general Bogoliubov transformation, the protons and

neutrons are mixed together to form generalized quasiparticles. As a consequence, in the

HFB approach the particle number and the isospin are not conservation. Here we present a

new approach in which both quantities are conserved exactly from the outset through the

way how the trial wave function is constructed.

As in Ref.[12], for taking into account the isovector pairing correlations we shall use as

building blocks collective isovector quartets formed from two isovector pairs coupled to the

total isospin T = 0, i.e.,

A+ =
∑

i,j

x̄ij [P
+
i P+

j ]T=0 =
∑

ij

xij(P
+
i,1P

+
j,−1 + P+

i,−1P
+
j,1 − P+

i,0P
+
j,0). (2)

Supposing that the amplitudes xij are separable in the indices i and j, the collective quartet

operator can be written as

A+ = 2Γ+
1 Γ

+
−1 − (Γ+

0 )
2, (3)

where Γ+
t =

∑
i xiP

+
i,t denote, for t=0,1,-1, the collective Cooper pair operators for the

proton-neutron (pn), neutron-neutron (nn) and proton-proton (pp) pairs.

For treating the isoscalar pn correlations we use the collective isoscalar pairs defined by

∆+
0 =

∑

i

yiD
+
i,0 =

∑

i

yi(ν
+
i π

+
ī − π+

i ν
+
ī )/

√
2 (4)

With the collective quartet (3) and the collective isoscalar proton-neutron pair (4) we

construct the following approximation for the ground sate of Hamiltonian (1)

|Ψ〉 = (A+ + (∆+
0 )

2)nq |0〉, (5)

where nq = (N + Z)/4 is the number of the quartets one can form with the protons and

neutrons participating to the pairing correlations (N=Z).

The ansatz (5) for the ground state is suggested by the exact solution of Hamiltonian (1)

for a set of degenerate states and for pairing forces of equal strength, i.e., g = V T=1(i, j) =

V T=0(i, j). We have found that in this case the state (5) is the exact ground state of

Hamiltonian (1). The exact ground state energy, when the single-particle energies are put

to zero, is given by

E(nq, ν) = 2nq(ν − nq + b)g (6)

4

pn pairing and quartet correlations survive in N > Z nuclei !

errors for correlation energies smaller than 1%

N. S., D. Negrea, C. W. Johnson, PRC86 (2012) D. Negrea, N.S , D. Gambacurta, PRC105 (2022) 



Binding energy residuals for N=Z nuclei:  Skyrme+QCM
D. Negrea, N.S , D. Gambacurta, PRC105 (2022) 



|QCM >= ( Γνν
+ )nN (QT=1

+ +Δ0
+2 )nq |− >

Binding energies residuals for N>Z nuclei



Isovector and isoscalar pairing in odd-odd N=Z

T=1 state

T=0 state

D. Negrea, N.S. and D. Gambacurta, Prog. Theor. Exp. Phys. 073D05 (2017)

w = V0
T=0

V0
T=1

are performed employing for the pairing forces and the single-particle states a similar input as

in our previous study for even-even nuclei [8]. Thus, the single-particle states are generated

by axially deformed mean fields calculated with the Skyrme-HF code ev8 [13] and with the

force Sly4 [14]. In the mean field calculations the Coulomb interaction is switched o↵, so

the single-particle energies for protons and neutrons are the same. For the pairing forces

we use a zero range delta interaction V
T (r1, r2) = V

T
0 �(r1 � r2)P̂S,Sz , where P̂S,Sz is the

projection operator on the spin of the pairs, i.e., S = 0 for the isovector (T = 1) force

and S = 1, Sz = 0 for the isoscalar (T=0) force. As parameters we use the strength of the

isovector force, denoted by V0, and the scaling factor w which defines the strength of the

isoscalar force, V T=0
0 = wV0. How to fix these parameters is not a simple task. Since the

main goal of this study is to test the accuracy of the QCM approach, we have made several

calculations with various strengths, V0 = {300, 465, 720, 1000} MeV fm�3, which cover all

possible situations, from the weak to the strong pairing regime. Because the conclusions

relevant for this study are quite similar for all these strengths, here we are presenting only

the results for the pairing strength V0 = 465 MeV fm�3, suggested in Ref. [15] and employed

also in our previous study of even-even nuclei [8].
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FIG. 1: The energy di↵erence between the lowest T=1 and T=0 states as a function of N=Z=A/2.

The experimental data are from Ref. [16]. The solid lines show the exact results obtained by

diagonalising the Hamiltonian (1). The calculations corresponds to the strength V0=465 MeV

fm�3 and to various scaling factors w.

For the scaling factor w we also used various values, w = {1.0, 1.3, 1.5, 1.6}. To find the

7

| iv;QCM >= Γνπ
+ (QT=1

+ +Δνπ
+2 )nq |− >

| is;QCM >= Δνπ
+ (QT=1

+ +Δνπ
+2 )nq |− >

pair condensate formed by the neutron pairs in excess [13]; (iii) when treated by the quartet

condensation formalism the isovector pairing is able to describe reasonably well the Wigner

energies [14].

The scope of this letter is to generalize the quartet condensation model of Ref. [12] for the

treatment of both the isovector pairing and isoscalar proton-neutron pairing. An important

prediction of this formalism, at variance with most HFB calculations, is the coexistence of

the isovector and isoscalar proton-neutron correlations for any pairing interactions and any

N=Z system.

The systems we study here are composed of an equal number of neutrons and protons

which move in a deformed mean field with axially symmetry. The nucleons are interacting

through an isoscalar proton-neutron pairing force and an isovector pairing force, the latter

including both the proton-neutron pairing and like-particle pairing. The Hamiltonian which

describe these systems is given by:

Ĥ =
∑

i,τ=±1/2

εiτNiτ +
∑

i,j

V T=1(i, j)
∑

t=−1,0,1

P+
i,tPj,t +

∑

i,j

V T=0(i, j)D+
i,0Dj,0 (1)

where εiτ are the single-particle energies associated to the mean fields of neutrons (τ = 1/2)

and protons (τ = −1/2). In the case of the axially mean field, supposed here, i = {a,Ω},

where Ω is the projection of the angular momentum on z-axis, while a are the other quantum

numbers which label the single-particle sates. The second term is the most general isovector

pairing interaction expressed by the non-collective pair operators P+
i,1 = ν+

i ν
+
ī , P

+
i,−1 = π+

i π
+
ī

and P+
i,0 = (ν+

i π
+
ī + π+

i ν
+
ī )/

√
2. The third term is the isoscalar proton-neutron pairing

interaction while D+
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The structure of lowest T=0 and T=1 states

T=0  ground state

T=1 ground  state 

Table 2: Correlation energies, in MeV, for the lowest T=1 and T=0 states. In the brackets

are given the errors relative to the exact values indicated in the 3rd column. Are shown the

results corresponding to the QCM states (6,7) and to the approximations defined by Eqs.

(10-15).

Exact |QCMi |iv/is;QCMivi |iv;Cisi/|Cisi |Civi/|is;Civi
22Na T=0 13.87 13.87 (0.00%) 13.86 (0.07%) 13.85 (0.12%) 13.85 (0.15%)

T=1 13.23 13.23 (0.03%) 13.22 (0.05%) 12.97 (1.97%) 13.22 (0.11%)
26Al T=0 22.06 22.05 (0.03%) 22.04 (0.07%) 21.94 (0.53%) 21.79 (1.24%)

T=1 21.07 21.06 (0.02%) 21.05 (0.07%) 20.93 (0.66%) 20.98 (0.41%)
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T=1 11.72 11.66 (0.44%) 11.62 (0.82%) 10.94 (7.11%) 10.96 (6.94%)
46V T=1 7.92 7.92 (0.04%) 7.91 (0.10%) 7.33 (8.11%) 7.76 (2.11%)

T=0 6.93 6.93 (0.01%) 6.93 (0.07%) 6.73 (2.99%) 6.79 (2.05%)
50Mn T=1 12.77 12.76 (0.07%) 12.75 (0.14%) 12.52 (2.02%) 12.62 (1.22%)

T=0 12.37 12.36 (0.04%) 12.34 (0.24%) 12.18 (1.61%) 12.19 (1.48%)
54Co T=1 16.14 16.12 (0.14%) 16.09 (0.28%) 15.67 (3.01%) 15.86 (1.78%)

T=0 15.93 15.92 (0.04%) 15.89 (0.22%) 15.53 (2.56%) 15.66 (1.73%)
106I T=1 5.15 5.14 (0.08%) 5.13 (0.23%) 4.71 (9.37%) 4.93 (4.51%)
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T=0 7.09 7.06 (0.45%) 7.04 (0.80%) 6.47 (9.64%) 6.65 (6.77%)
114La T=1 9.76 9.72 (0.36%) 9.69 (0.73%) 8.79 (11.03%) 9.27 (5.23%)

T=0 8.95 8.93 (0.28%) 8.92 (0.42%) 8.31 (7.74%) 8.51 (5.18%)

non-interacting energy obtained by switching o↵ the pairing interactions. The correlation

energies predicted by the QCM functions (6,7) are given in the 4th column. In the brackets

are indicated the errors relative to the exact energies shown in the 3rd column. It can be

observed that for all the states and nuclei shown in Table 2 the errors are small, under 1%.

We can thus conclude that the QCM functions (6,7) provide an accurate description of the

lowest T=0 and T=1 states of the Hamiltonian (1).

One of the advantages of the QCM approach is the opportunity to study the relevance of

various types of pairing correlations directly through the structure of the trial states (6,7).

As discussed in the previous Section, this is possible by using the approximations (10-15).

The correlation energies corresponding to these approximations are shown in Table 2. In

brackets are given the errors relative to the exact results. One can observe that the smallest

errors correspond to the approximations (10,11) in which the contribution of the isoscalar

pairs in the even-even core of the QCM functions is neglected. It can be seen that, compared

to the calculations with the full QCM functions, in these approximations the errors are

increasing by 2-3 times for T=1 states and by larger factors for some T=0 states. However,

all the errors relative to the exact results remain under 1%.
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the extra T=0 pairing energy comes from the odd pn pair !



13

J=9

J=9

J=9
J=9

J=0

J=0

00+

874(2+)

1786(4+)

2536(6+)

92Pd
exp

00+

8782+

15

17084+

20

24666+

31278+

407210+

92Pd
SM

00+

7972+

15184+

21106+

26008+

325710+

92Pd
T=0

00+

11712+

20794+

6+
27498+

406510+

92Pd
T=1

00+

14172+

22124+
6+

26338+

405210+

92Pd
no np

00+

14052+

22234+
6+

26358+

405210+

94Pd
no np

00+

11992+

21284+
6+

25888+

406510+

94Pd
T=1

00+

8642+

17094+

23746+

27928+

325710+

94Pd
T=0

00+

8612+

11

16824+

13

23306+

27508+

386210+

94Pd
SM

00+

8142+

17204+

23806+
27048+

379610+

94Pd
exp

00+

14602+

7.5

22244+

8.2

6+
26368+

413110+

96Pd
SM

00+

14152+

20994+
6+

25308+

378410+

96Pd
exp

FIG. 4. Lower panel: Experimental level energies (keV) in the ground state bands of 92Pd (present

work) and 94,96Pd [12, 13] compared with shell model predictions. Calculated B(E2 : 2+ ! 0+)

and B(E2 : 4+ ! 2+) values (W.u.) are also shown in italic below the corresponding initial

levels. The theoretical calculations for the spectra of 92,94Pd include, in addition to full neutron-

proton interactions (SM), also results for pure T = 0 and pure T = 1 neutron-proton interactions.

The results obtained without residual neutron-proton interactions (i.e. normal seniority coupling

involving only isovector, T = 1, nn and pp pairing), are also shown for 92,94Pd.

Top, left: Schematic illustration of the structure of the ground-state wave function of 92Pd in the

spin-aligned np paired phase. The main component of the wave function can be viewed as a system

of deuteron-like np hole pairs with respect to the 100
50 Sn50 “core”, spinning around the centre of the

nucleus. Top, right: Schematic illustration of the structure of the ground-state wave function of

96Pd (normal pairing phase).

Spin-aligned J=9 pairs in 92Pd ?

B. Cederwall et al, Nature 469 (2011)68
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FIG. 4. Low-energy yrast spectra of 92Pd obtained in the quartet
model (QM) and in the various approximations QMi explained in the
text. From bottom to top, the three panels correspond to calculations
done within the model spaces g, pg, and fpg, respectively. The
number below each spectrum gives the ground state correlation
energy, namely the difference between the total ground state energy
and the energy in the absence of interaction.

size of the model space, which was instead observed in Figs. 1
and 2.

As anticipated, the analysis of 92Pd is based on the same
quartets already employed for 96Cd. These quartets are used to
construct the basis (2) and the spectrum of 92Pd is generated
by diagonalizing the Hamiltonian in this basis. This spectrum
(limited to the low-lying yrast states only) is shown in Fig. 4 for
the various approximations. The notation is the same adopted
for 96Cd. Only three excited levels are known experimentally
and their energies are (in MeV): E(2+) = 0.874, E(4+) =
1.786, E(6+) = 2.536 [1]. The QM spectra reproduce well
these states in all model spaces. It is worthy noticing that the
QM ground state turns out to be basically composed of J = 0
quartets only, since we have verified that, in all three model
spaces, a state product of two such quartets accounts by itself
for more than 99% of the ground state correlation energy.

Figure 4 has several features in common with Fig. 1. The
evolution of the QMSA spectrum when passing from the g
space to the full space looks quite similar in the two figures.
In Fig. 4, however, one notices that the mismatch between the
QM and QMSA spectra has become even more pronounced
than in 96Cd in the calculation relative to the fpg space. Still
in Fig. 4 one sees that the QMR scheme generates a good
spectrum in the g and pg spaces while it is not fully adequate
in the fpg space. We have verified that adding to the QMR

quartets the quartets built by two J = 2 pairs, as we have done
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FIG. 5. (Color online) Overlaps between the QM low-lying yrast
states of 92Pd and the corresponding eigenstates in the various QMi

approximations explained in the text. From bottom to top, the three
panels correspond to calculations done within the model spaces g,
pg, and fpg, respectively.

for 96Cd, one gets also in the full space a good agreement with
the SM spectrum.

As seen in Fig. 4, in the fpg space the QMJ1 scheme
generates a ground state whose energy is basically identical
to that of the QMR scheme. Moreover, one can observe that
the low-lying states generated by QMJ1 are even closer to the
QM results than the ones predicted by QMR . This confirms
the outcome of the analysis in 96Cd on the relevant role of the
isoscalar J = 1 pairs in the full model space calculations.

Further evidence of the role of the J = 1 pairs arises from
the observation of the overlaps 〈QM|QMi〉, the squares of
which are shown in Fig. 5. In the ground state of the fpg
model space, the overlap in the QMJ1 scheme is seen to be the
largest one among those shown in the figure. With only this
exception, the QMR scheme gives the best results in the full
space while, on the contrary, QMSA generates by far the worst
results. These facts suggest that the isovector component (4)
of the QMR quartets plays a leading role over the spin-aligned
part (3). As a confirmation of that, we see that the overlaps
〈QM|QMIV 〉 are considerably larger than the 〈QM|QMSA〉
ones (with the only exception of the J = 6 state). Altogether
these results do not show any dominance of the spin-aligned
J = 9 pairs in the low-lying yrast states of 92Pd. What emerges
is instead the relevant role played by the isovector J = 0 pairs
and isoscalar J = 1 pairs in the structure of the ground state
(we remind that the ground state of 92Pd is to a very large extent
a product of two J = 0 quartets and therefore the components
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the SM spectrum.

As seen in Fig. 4, in the fpg space the QMJ1 scheme
generates a ground state whose energy is basically identical
to that of the QMR scheme. Moreover, one can observe that
the low-lying states generated by QMJ1 are even closer to the
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isoscalar J = 1 pairs in the full model space calculations.
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largest one among those shown in the figure. With only this
exception, the QMR scheme gives the best results in the full
space while, on the contrary, QMSA generates by far the worst
results. These facts suggest that the isovector component (4)
of the QMR quartets plays a leading role over the spin-aligned
part (3). As a confirmation of that, we see that the overlaps
〈QM|QMIV 〉 are considerably larger than the 〈QM|QMSA〉
ones (with the only exception of the J = 6 state). Altogether
these results do not show any dominance of the spin-aligned
J = 9 pairs in the low-lying yrast states of 92Pd. What emerges
is instead the relevant role played by the isovector J = 0 pairs
and isoscalar J = 1 pairs in the structure of the ground state
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We analyze the role of maximally aligned isoscalar pairs in heavy N = Z nuclei by employing a formalism
of quartets. Quartets are superpositions of two neutrons and two protons coupled to total isospin T = 0 and
given J . The study is focused on the contribution of spin-aligned pairs carrying the angular momentum J = 9
to the structure of 96Cd and 92Pd. We show that the role played by the J = 9 pairs is quite sensitive to the model
space and, in particular, it decreases considerably by passing from the simple 0g9/2 space to the more complete
1p1/2,1p3/2,0f5/2,0g9/2 space. In the latter case the description of these nuclei in terms of only spin-aligned
J = 9 pairs turns out to be unsatisfactory while an important contribution, particularly in the ground state, is
seen to arise from isovector J = 0 and isoscalar J = 1 pairs. Thus, contrary to previous studies, we find no
compelling evidence of a spin-aligned pairing phase in 92Pd.

DOI: 10.1103/PhysRevC.91.064318 PACS number(s): 21.10.−k, 21.30.Fe, 21.60.Cs, 21.60.Gx

I. INTRODUCTION

The role of spin-aligned isoscalar proton-neutron pairs in
the structure of heavy N = Z nuclei is an issue which has re-
ceived much attention in recent years following the first experi-
mental results on the excited states of 92Pd [1]. In Ref. [1] and in
an accompanying theoretical analysis [2] it was suggested that
the ground and low-lying yrast states of 92Pd show evidences
of a new spin-aligned pairing phase which is fundamentally
different from the superfluid phase of isovector J = 0 pairs
observed in even-even N "= Z nuclei. It was argued, in partic-
ular, that the low-lying yrast states of 92Pd are dominated by
the isoscalar J = 9 pairs and that the approximate equidistance
of the yrast states can be interpreted in terms of a simple an-
gular momentum rearrangement of these pairs. This coupling
scheme is similar to the stretch pair model [3] and is very
different from the pair breaking mechanism through which the
excited states are built in the BCS-like pairing models.

The structure of the yrast states of 92Pd has been mainly
studied in the framework of the standard shell model
(SM) [2,4–6]. These studies have evidenced the crucial role
played by the nuclear interaction in the J = 9 isoscalar channel
in affecting the properties of the low-energy states of this
nucleus. Consistently, an analogous dominance of isoscalar
J = 9 pairs has been evidenced in the case of 96Cd [2]. In
this case, large overlaps have been observed between the SM
eigenstates and the corresponding wave functions formulated
in terms of isoscalar J = 9 pairs only [4,5]. In the case of
92Pd, instead, the analysis has mostly concentrated on the
analysis of the expectation values of the so-called “pair number
operator” [2], with J = 9 pairs exhibiting by far the largest
value among isoscalar pairs.

The role of the spin-aligned proton-neutron pairs in 92Pd
has also been studied in the framework of the multistep shell
model [7]. This approach appears even more appropriate than
the standard SM to study the role of proton-neutron pairs in the
spectrum of this nucleus since it can be formulated explicitly in
terms of these pairs. The conclusions of this analysis, limited to
the case of nucleons confined in the 0g9/2 orbit, are consistent
with those of Refs. [1,2].

In this article the role of spin-aligned isoscalar pairs in
96Cd and 92Pd will be analyzed in a formalism of quartets.
We will adopt the same calculation scheme employed in a
recent analysis of sd shell nuclei [8]. Quartets are defined,
in general, as four-body correlated structures characterized
by total isospin T and angular momentum J . Based on the
outcome of our analysis of N = Z nuclei in the sd shell,
we will introduce only quartets with T = 0, namely formed
by two neutrons and two protons. States of 92Pd will be
described as superpositions of products of two quartets coupled
to given J . The advantage of this calculation scheme, which
conserves all symmetries and gives results of an accuracy
comparable to that of SM calculations [8–10], is a simple
structure of the wave function, well adapted for investigating
the underline correlations. We will carry out calculations
with quartets in their most complete form and verify that
the spectrum so generated provides a satisfactory description
of the experimental spectrum of 92Pd. Then we will explore
the validity of various approximations based on quartets built
only by some selected types of pairs. From an analysis of
the resulting spectra and electromagnetic transitions as well
as of the overlaps among wave functions in the various
approximations we will extract information on the structure
of the low-lying states of 96Cd and 92Pd.

II. FORMALISM

Qartets are defined as [8]

Q+
α,JM,T Tz

=
∑

i1j1J1T1

∑

i2j2J2T2

C
(α)
i1j1J1T1,i2j2J2T2

×
[[

a+
i1
a+

j1

]J1T1
[
a+

i2
a+

j2

]J2T2
]
JT
MTz

, (1)

where J (T ) and M(Tz) are, respectively, the total angular
momentum (isospin) and the relative projections. The indices
i and j denote the quantum numbers of the single-particle
states considered in the calculations. We work in a spherical
single-particle basis and therefore, according to the standard
SM notation, i ≡ {ni,li ,ji}.

0556-2813/2015/91(6)/064318(5) 064318-1 ©2015 American Physical Society

M. SAMBATARO AND N. SANDULESCU PHYSICAL REVIEW C 91, 064318 (2015)

The collective quartet (1) provides the exact SM wave
function of a system with four active nucleons outside a closed
core. Values of the isospin T range in the interval (0,2) and,
depending upon the projection Tz, all possible combinations
of protons and neutrons can be represented. Systems with
eight active nucleons outside an inert core can be described
in a basis formed by the tensorial product of two quartets (1),
i.e.,

[
Q+

α1,J ′,T ′ ⊗ Q+
α2,J ′′,T ′′

]J,T
, (2)

where J,T are the spin and the isospin of the calculated state. If
all possible quartets which can be formed within a given model
space are inserted in (2), this basis spans the entire Hilbert
space and the corresponding spectrum is exact. Since the basis
(2) is overcomplete, an exact calculation in this framework
would be more difficult than in standard SM. However, if a
satisfactory approximation of the exact spectrum is obtained
in terms of only a limited set of quartets, this can give us an
insight into the relevant degrees of freedom of the eigenstates.
This approach can in principle be extended to any system with
4n active nucleons and it will be referred in the following as
quartet model (QM).

The calculation scheme described above will be applied in
this work to 96Cd and 92Pd. By assuming 100Sn as the inert core
of reference, 96Cd is a system with two proton holes and two
neutron holes in this core and it will be therefore described as a
single quartet. As already noticed, in this case the SM and QM
approaches coincide. 92Pd has instead four proton holes and
four neutron holes with respect to 100Sn and it will be therefore
described as a superposition of two-quartet states of the type
shown in Eq. (2). Two basic problems are encountered in this
case: which quartets to involve in the calculations and how to
construct these quartets. Here we adopt a static formulation of
the quartets, which means that as quartets defining the basis
(2) we assume those describing the low-lying states of 96Cd.
More precisely, we will employ the quartets associated with
the positive-parity yrast states of 96Cd up to J = 8. These are
all T = 0 quartets.

The structure of nuclei with mass number immediately
below A = 100 is expected to be dominated by the 0g9/2
orbit and, in some studies, calculations have been restricted
to this orbit only [4,5,7]. To understand better the structure
of these nuclei, in this work we will perform calculations
within three different model spaces. These are composed by
the orbits (0g9/2), (1p1/20g9/2), and (1p3/20f5/21p1/20g9/2).
We will refer to them as g, pg, and fpg spaces, respectively.
The latter will also be referred to as the full (model)
space. The interactions that we will use are a renormalized
SLGT0 for the g space [4], the F-FIT by Johnstone and
Skouras [11] for the pg space, and the JUN45 [12] for the fpg
space.

In order to investigate the contribution of various pairs of
nucleons to the physical states, in addition to QM calcula-
tions performed with full quartets, namely quartets receiving
contributions from all possible pairs (hereafter we will refer to
these calculations simply as QM calculations), we will perform
approximate QM calculations in which only selected types of
pairs will take part in the formation of the quartets (1). In

particular, we will discuss

(i) the QMSA scheme, in which the quartets (1) are built
in terms of only isoscalar J = 9 pairs and therefore
carry only the component

[[
a+

i1
a+

j1

]J1=9T1=0[
a+

i2
a+

j2

]J2=9T2=0]JT =0; (3)

(ii) the QMIV scheme, in which quartets are superposi-
tions of the noncollective quartets

[[
a+

i1
a+

j1

]J1=0T1=1[
a+

i2
a+

j2

]J2=JT2=1]JT =0, (4)

formed only with isovector pairs (notice that one of
the two pairs is constrained to have J = 0 while the
other one is responsible for the angular momentum of
the quartet);

(iii) the QMR scheme, in which quartets carry both the
components (3) and (4);

(iv) the QMJ1 scheme, in which quartets have the compo-
nent

[[
a+

i1
a+

j1

]J1=1T1=0[
a+

i2
a+

j2

]J2=1T2=0]JT =0
, (5)

formed with isoscalar J = 1 pairs only, in addition to
the isovector-type component (4). We observe that the
QMIV and QMJ1 schemes become identical when the
J of the quartet is larger than 2.
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FIG. 1. Low-energy yrast spectra of 96Cd obtained in the quartet
model (QM) and in the various approximations QMi explained in the
text. From bottom to top, the three panels correspond to calculations
done within the model spaces g, pg, and fpg, respectively. The
number below each spectrum gives the ground state correlation
energy, namely the difference between the total ground state energy
and the energy in the absence of interaction.
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We analyze the role of maximally aligned isoscalar pairs in heavy N = Z nuclei by employing a formalism
of quartets. Quartets are superpositions of two neutrons and two protons coupled to total isospin T = 0 and
given J . The study is focused on the contribution of spin-aligned pairs carrying the angular momentum J = 9
to the structure of 96Cd and 92Pd. We show that the role played by the J = 9 pairs is quite sensitive to the model
space and, in particular, it decreases considerably by passing from the simple 0g9/2 space to the more complete
1p1/2,1p3/2,0f5/2,0g9/2 space. In the latter case the description of these nuclei in terms of only spin-aligned
J = 9 pairs turns out to be unsatisfactory while an important contribution, particularly in the ground state, is
seen to arise from isovector J = 0 and isoscalar J = 1 pairs. Thus, contrary to previous studies, we find no
compelling evidence of a spin-aligned pairing phase in 92Pd.
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I. INTRODUCTION

The role of spin-aligned isoscalar proton-neutron pairs in
the structure of heavy N = Z nuclei is an issue which has re-
ceived much attention in recent years following the first experi-
mental results on the excited states of 92Pd [1]. In Ref. [1] and in
an accompanying theoretical analysis [2] it was suggested that
the ground and low-lying yrast states of 92Pd show evidences
of a new spin-aligned pairing phase which is fundamentally
different from the superfluid phase of isovector J = 0 pairs
observed in even-even N "= Z nuclei. It was argued, in partic-
ular, that the low-lying yrast states of 92Pd are dominated by
the isoscalar J = 9 pairs and that the approximate equidistance
of the yrast states can be interpreted in terms of a simple an-
gular momentum rearrangement of these pairs. This coupling
scheme is similar to the stretch pair model [3] and is very
different from the pair breaking mechanism through which the
excited states are built in the BCS-like pairing models.

The structure of the yrast states of 92Pd has been mainly
studied in the framework of the standard shell model
(SM) [2,4–6]. These studies have evidenced the crucial role
played by the nuclear interaction in the J = 9 isoscalar channel
in affecting the properties of the low-energy states of this
nucleus. Consistently, an analogous dominance of isoscalar
J = 9 pairs has been evidenced in the case of 96Cd [2]. In
this case, large overlaps have been observed between the SM
eigenstates and the corresponding wave functions formulated
in terms of isoscalar J = 9 pairs only [4,5]. In the case of
92Pd, instead, the analysis has mostly concentrated on the
analysis of the expectation values of the so-called “pair number
operator” [2], with J = 9 pairs exhibiting by far the largest
value among isoscalar pairs.

The role of the spin-aligned proton-neutron pairs in 92Pd
has also been studied in the framework of the multistep shell
model [7]. This approach appears even more appropriate than
the standard SM to study the role of proton-neutron pairs in the
spectrum of this nucleus since it can be formulated explicitly in
terms of these pairs. The conclusions of this analysis, limited to
the case of nucleons confined in the 0g9/2 orbit, are consistent
with those of Refs. [1,2].

In this article the role of spin-aligned isoscalar pairs in
96Cd and 92Pd will be analyzed in a formalism of quartets.
We will adopt the same calculation scheme employed in a
recent analysis of sd shell nuclei [8]. Quartets are defined,
in general, as four-body correlated structures characterized
by total isospin T and angular momentum J . Based on the
outcome of our analysis of N = Z nuclei in the sd shell,
we will introduce only quartets with T = 0, namely formed
by two neutrons and two protons. States of 92Pd will be
described as superpositions of products of two quartets coupled
to given J . The advantage of this calculation scheme, which
conserves all symmetries and gives results of an accuracy
comparable to that of SM calculations [8–10], is a simple
structure of the wave function, well adapted for investigating
the underline correlations. We will carry out calculations
with quartets in their most complete form and verify that
the spectrum so generated provides a satisfactory description
of the experimental spectrum of 92Pd. Then we will explore
the validity of various approximations based on quartets built
only by some selected types of pairs. From an analysis of
the resulting spectra and electromagnetic transitions as well
as of the overlaps among wave functions in the various
approximations we will extract information on the structure
of the low-lying states of 96Cd and 92Pd.

II. FORMALISM

Qartets are defined as [8]

Q+
α,JM,T Tz

=
∑

i1j1J1T1

∑

i2j2J2T2

C
(α)
i1j1J1T1,i2j2J2T2

×
[[

a+
i1
a+

j1

]J1T1
[
a+

i2
a+

j2

]J2T2
]
JT
MTz

, (1)

where J (T ) and M(Tz) are, respectively, the total angular
momentum (isospin) and the relative projections. The indices
i and j denote the quantum numbers of the single-particle
states considered in the calculations. We work in a spherical
single-particle basis and therefore, according to the standard
SM notation, i ≡ {ni,li ,ji}.
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FIG. 6. (Color online) B(E2; J → J − 2) values between the
low-lying yrast levels of 92Pd in the quartet model (QM) and in
the various QMi approximations explained in the text. From bottom
to top, the three panels correspond to calculations done within the
model spaces g, pg, and fpg, respectively.

(4) of the QMIV quartets in this state are formed exclusively by
J = 0 pairs). These conclusions remain valid also in the g and
pg spaces although one can notice that the differences among
the various approximation schemes become less apparent with
reduction of the model space. The increased role of J = 0
and J = 1 pairs relative to J = 9 pairs that is observed in the
calculations done in the full space is plausibly related to the fact
that the former pairs get contributions from nucleons sitting in
all the orbitals of the fpg space while the spin-aligned J = 9
pairs can be formed only in the orbital 0g9/2.

In Fig. 6, we display the B(E2; J → J − 2) values for the
transitions between the yrast states of 92Pd. In the case of the
full space, we also include the results of SM calculations [13].
The QM values exhibit the same trend as the SM results
although with a modest underestimation. As we have verified,
this can be reduced by adding extra quartets in the QM basis.
Although not exhibiting a deterioration with increasing size
of the model space comparable with that of the spectrum (as
for 96Cd), the QMSA values in the full space are characterized
by a trend which deviates from that of SM and QM results.
In particular, at variance with SM and QM results, one can
observe that in the full space the QMSA predicts an increase of
B(E2) values from J = 4 to J = 8. Large deviations from the
QM values are also observed in all spaces for the QMIV and
QMJ1 results for J ! 2 and for the QMSA results for J = 8.
In all cases these deviations are consistent with the trend of
the overlaps in Fig. 5.

IV. SUMMARY

Summarizing, in this paper we have studied the role played
by the spin-aligned J = 9 proton-neutron pairs on the structure
of 96Cd and 92Pd. The analysis has been carried out in
the framework of a quartet model. We have found that the
contribution of spin-aligned J = 9 pairs to the structure of low-
lying states of these nuclei is strongly dependent on the model
space and it decreases considerably passing from the simple
(0g9/2) space to the more complete (1p3/20f5/21p1/20g9/2)
space. In the ground state of 92Pd, in particular, the role of
isoscalar J = 1 and isovector J = 0 pairs has been found to
be prominent with respect to that of isoscalar J = 9 pairs.
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III. RESULTS

Figure 1 shows the spectra that are obtained for 96Cd within
the just defined approximation schemes and for the three
model spaces g, pg, and fpg. A number of things are worth
noticing. The QMSA scheme shows an increasing difficulty
in reproducing the QM spectrum with increasing size of the
model space. In the fpg space, the QMSA spectrum is quite
compressed and the ground state correlation energy (defined
as the difference between the ground state energy and the
energy of this state in the absence of interaction) is far from
the exact value. Even in the most favorable case (the g space),
however, one can still observe significant deviations in the
ground state correlation energy (which is underestimated by
about 400 KeV) as well as in the energies of the 2+ and 8+

states. A considerable improvement of the spectrum, both in
the g and pg spaces, is obtained in the QMR approximation
which mixes the spin-aligned and seniority coupling schemes.
When passing to the fpg space, however, even the QMR

scheme appears to be no longer fully adequate. In this case we
have verified that in order to restore a good agreement with the
QM spectrum it is sufficient to add to the QMR approximation
the contribution of the quartets built by two pairs with J = 2.

Figure 2 shows the square of the overlaps 〈QM|QMi〉,
where QMi are the eingenfunctions of 96Cd corresponding
to the approximate schemes defined above. This figure clearly
shows how the contribution of the spin-aligned J = 9 pairs
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FIG. 2. (Color online) Overlaps between the QM low-lying yrast
states of 96Cd and the corresponding eigenstates in the various QMi

approximations explained in the text. From bottom to top, the three
panels correspond to calculations done within the model spaces g,
pg, and fpg, respectively.
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FIG. 3. (Color online) B(E2; J → J − 2) values between the
low-lying yrast levels of 96Cd in the quartet model (QM) and in
the various QMi approximations explained in the text. From bottom
to top, the three panels correspond to calculations done within the
model spaces g, pg, and fpg, respectively.

to the physical states evolves by varying the model space. In
particular, for the ground state one notices that the squared
overlap 〈QM|QMSA〉2 decreases from 0.91 to 0.56 when one
goes from g to fpg model space. It is also interesting to
observe that, in the full space, the QMR and QMJ1 schemes
generate ground states which have almost the same overlaps
with the exact ground state and, in addition, predict binding
energies which are close to each other (Fig. 1). Consequently,
in this case the role of isoscalar pairs with J = 1 is comparable
with that of the spin-aligned J = 9 pairs. For all other
eigenstates and model spaces the QMR scheme is the one
which gives the largest overlaps with the exact wave functions.
As a final remark relative to Fig. 2, we observe the negligible
role of the spin-aligned pairs in the J = 8 yrast level which is
instead much better represented in the QMIV scheme.

Figure 3 shows the B(E2; J → J − 2) values between the
yrast states of 96Cd in the various approximation schemes. For
the E2 operator we have adopted standard values of the effec-
tive charges ep = 1.5e and en = 0.5e and of the (squared) os-
cillator length b2 ≈ 41.4/!ω fm2, !ω = 45A−1/3 − 25A−2/3.
Similar to what has been observed in the analysis of the
energies and the overlaps, the QMR scheme is the one which
gives the best overall fit of the exact values among the various
approximation schemes. Differently from the case of the
energies and the overlaps, however, the QMSA results for the
B(E2)’s do not exhibit the rapid deterioration with increasing
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