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Motivation

Astrophysically relevant reactions

‘He + ‘He = %Be
8Be + “He — 12C* = 2C 4+~

12C—|—a—)~160*—>160—|—’}’




Effective Field Theories

1. Select relevant degrees of freedom

2. Construct the Lagrangian

3. Derive the interaction / calculate observables

Figure adapted from: G. F. Bertsch, et. al., SciDAC Rev. 6, 42 (2007)
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Effective Range Expansion

» Most general parametrization of low-energy scattering

1 1 1
kcotd = —= 4+ —rk* + “pik* + ...
a 2 4

A

Scattering length Shape parameter

Effective range

= Usually relatively small radius of convergence



Contact Interactions

—> (p'|V|p) = Co+ Cy (p* +p*) + -

—> (P'q'|VIipg) =Dy + - -




The Wigner Bound and RG-Invariance

» EFT Interactions need to be regularized
@P|VIp) —— PN (P Vip) et

/ 3 3 |
<p,q’|V‘Pq> —_— E_PZ/AQ— ZQQ/AQ <pI|V|p> e_pQ/AZ_ 4q2/A2

= Value of r is then restricted

a 3a?

R? R®
Tmax(Ra a) <2 (R - — + )



The Wigner Bound

Coulomb case
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The Wigner Bound

Coulomb case
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The Wigner Bound

Coulomb case

System  Channel

Causal range / fm

p—p 'So 1.38 4 0.01
p—p 3P, 2.33 £ 0.05
p—p P ~ 0.03
oo S 2.581 015
oo D 2R e

Table adapted from: Sebastian Konig et al 2013 J. Phys. G: Nucl. Part. Phys. 40 045106
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Poles of the S-Matrix
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Effective range expansion

From the EFT point of view

» We assume a > 7 ( holds for nucleons, alpha particles, “He atoms . . . )

7 | 1
_7T f— — . e
27 () kcot d — ik [—1/&—'1116+
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Effective range expansion

From the EFT point of view

» We assume a > 7 ( holds for nucleons, alpha particles, “He atoms . . . )

7 | 1
— =T = =
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Effective range expansion

From the EFT point of view

» We assume a > 7 ( holds for nucleons, alpha particles, “He atoms . . . )

L 1 1 rk?
LY T —
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Effective range expansion

From the EFT point of view

» We assume a > r ( holds for nucleons, alpha particles, “He atoms . . . )

Pk =

1 B 1 rk?
27 kcotd —ik

—1/a — ik * 2(—1/a — ik)? +]

D =
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Effective range expansion

From the EFT point of view

» We assume a > 7 ( holds for nucleons, alpha particles, “He atoms . . . )

1 1 k?
—, T(k) = ;

o kcotd —ik | —1/a—ik '« 2(—1/a —ik)

NLO: 71) — (1+ T(O)Gg) ) (G 7O 1)

5 T
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Effective range expansion with Coulomb

From the EFT point of view

» Long range forces modify the form of the ERE

1 1 1 2knh(n)
kcotd,= — |—— + “rk*+--- | —
cot 0 c2 ac—|—27‘k+ c2
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Effective range expansion with Coulomb

From the EFT point of view

» Long range forces modify the form of the ERE

1 1 1 2knh(n)
t0, = — |—— + “rk*+ - | —
k cot & c2 ac—|—27‘k + c2

7O =y L yO0 g, TC(SO)
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Alpha-alpha scattering
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Alpha-alpha scattering
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Alpha-alpha scattering
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Alpha-alpha scattering
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Alpha-alpha scattering
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Alpha-alpha scattering

EFT Description, R. Higa et al. / Nuclear Physics A 809 (2008) 171-188

= Resonances can be described by dimeron fields

—
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Alpha-alpha scattering

EFT Description, R. Higa et al. / Nuclear Physics A 809 (2008) 171-188

~

27 : 1 Po k* — k4
Tk :——0262100 = - _|__ R +...
(k) T Fo(k? —kE)/2 —1kCY 4 (F(k? — k3)/2 — ikC2)’
- ]_ ~ ]. 2 2 PO
— — — — f— 1 —_— " .
ro="ro 6am,, Po="Po 30(amq)? s aoTo ( aoTy U )
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Reorganizing Pionless EFT

1. Admits a controlled expansion
2. RG-Invariant (Wigner bound)
/
@'Vip) = —

3. Respects necessary symmetries

4. Usable in few- / many-body methods

27 A

hVP VPR +
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The LO Square Root

Beane, S. R., & Farrell, R. C. (2022). Few-Body Systems, 63(2), 45.
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The LO Square Root

27 A
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RV N
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The LO Square Root

27 A

V(p,p') =

RV N

= Allows positive effective range

= Produces 2 LO poles
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Beane, S. R., & Farrell, R. C. (2022). Few-Body Systems, 63(2), 45.



The LO Square Root

o A 171 1
V(p,p') = !

RV 2u

= Allows positive effective range
= Produces 2 LO poles

» Essentially a resummation of all s-wave contact operators

18 Beane, S. R., & Farrell, R. C. (2022). Few-Body Systems, 63(2), 45.
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The NLO Square Root

Genuine NLO: V(l) (pa P,) -

NLO Counterterm:

Beane, S. R., & Farrell, R. C. (2022). Few-Body Systems, 63(2), 45.
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The NLO Square Root

Genuine NLO: V(l) (P: p’) =

NLO Counterterm:

1
VP A0/ O

vy

2mg  p’+p”
boVP PR+

Beane, S. R., & Farrell, R. C. (2022). Few-Body Systems, 63(2), 45.
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The NLO Square Root

Genuine NLO: V(l) (Pa p’) =

NLO Counterterm:

v _ 1
VP A0 4O

boVP VD

[ AL 230, (

1 1
P70 210 )]

Beane, S. R., & Farrell, R. C. (2022). Few-Body Systems, 63(2), 45.
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Alpha-alpha scattering

Description based on vV EFT

. e p? /A <pl‘v‘p> e p* /A

1 1 2
u {_a( +§T(,k }
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Alpha-alpha scattering

Description based on vV EFT
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Alpha-alpha scattering

Description based on vV EFT
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Correlated Gaussian Basis

» Spatial basis functions:

F(Lle)LM(U1,U2, A, x) = exp (

1
~ZaiA
2(!3 H

) Pl ube)] |

Suzuki, Y., et al. Few-Body Systems 42.1 (2008): 33-72.
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Correlated Gaussian Basis

» Spatial basis functions:

—

julxl |V (ulz)

1
F(Lng)LM(ulaUZ'a A, x) = exp (—imTAw) |:yL1 (u;{fc)ng (u%a:)]

LM

T = (x1,T2,...,Ln_1) uw= (U, Uz,..., Uy 1)

21 Suzuki, Y., et al. Few-Body Systems 42.1 (2008): 33-72.



Correlated Gaussian Basis

» Spatial basis functions:

aiy a2 s A1n—1
e —
@12 22 T a2n—1 L
lujx |YLM(uJ{a:)
A1n—1 a2n—1 e Ap—1n—1

F(Lng)LM(ulau2aA x) = exp

T = (T1,T2,...,Tpn_1) u = (U1, U2,...,Up 1)

21 Suzuki, Y., et al. Few-Body Systems 42.1 (2008): 33-72.



Correlated Gaussian Basis

» Spin/isospin part:

X3 )s 1] rn = |[[E3Eg)r 3T -

2

Xows = |l

b=

5‘123 te :| SJ"L[S ! :| TAIT

= Total basis function:

w.IM_;TMT — WLXS] JM; STMT

= To be determined:

a1 12 A1n—1
a12 G2 - t2n—1 u = (u U
= LU, ... Uy
A= } } . | 2 , ) l)
aq 1 (12 1 a 1 1

22 Suzuki, Y., et al. Few-Body Systems 42.1 (2008): 33-72.



Correlated Gaussian Basis

= Spin/isospin part:

€y = |[[[€362]5, 060 ) e - -

Xsug = [[[[X%X%JSHJX%]SW ] ]TMT

SMg

= Total basis function:

7/).111[,,1“51»,' — WLXS]JM, ngL[r

= To be determined:

11 12 Q1n—1

@12 az ' 021 u = (U, Uz, ..., Uy 1)

22 Suzuki, Y., et al. Few-Body Systems 42.1 (2008): 33-72.



Correlated Gaussian Basis

= Spin/isospin part:

€y = |[[[€362]5, 060 ) e - -

Xsug = [[[[X%X%JSHJX%]SW } ]TMT

SMg

= Total basis function:

Yiv,rMy = WLXS]JMJ Ernsy
= To be determined:
a11 12 QA1n—1
A — il @22 -t G2p] w= (U1, Us, ..., U, 1)
{I| (1 1 (4! 1

22 Suzuki, Y., et al. Few-Body Systems 42.1 (2008): 33-72.



Correlated Gaussian Basis

= Spin/isospin part:

Xows = [[[[x%x%]m]x%]sm ]

= Total basis function:

= To be determined:

22

ay1
@12

A1pn—1

12

@22

2n—1

wJM;TMT

A1n—1
aA2n—1

p—1n—1

SMg

€y = |[[[€362]5, 060 ) e - -

] T My

WLXS]JMJ Ernay

u = (w1, Uy, Uy 1)

Suzuki, Y., et al. Few-Body Systems 42.1 (2008): 33-7

72
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Stochastic Variational Method

1. Generate {4;}

2. Determine {E,}

3. Select the lowest F;

4. Repeat

Suzuki, Y., & Varga, K. (2002). Stochastic variational approach to quantum-mechanical few-body problems.
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Stochastic Variational Method

1. Generate { 4;}

2. Determine {E; }

3. Select the lowest F;

4. Repeat
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Stochastic Variational Method

1. Generate { 4;}

2. Determine {E; }

3. Select the lowest F;

4. Repeat
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Suzuki, Y., & Varga, K. (2002). Stochastic variational approach to quantum-mechanical few-body problems.
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Three-alpha system

Leading order v EFT

LO

10
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Three-alpha system

Next-to-Leading order v EF'T

3 NLO

E [MeV]

A [fm™]
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Three-alpha system and helion

Next-to-Leading order

NLO, no 3N

B(°He) [MeV]
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o)
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Three-alpha system fit

Next-to-Leading order
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Four-alpha system

Leading Order

E [MeV]

X
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Four-alpha system

Next-to-Leading Order

40

20 1

E [MeV]

i20 4

_40 o

NLO 07
NLO 07, no 3«
Exp. 07

2 A 6 3
A {ﬁn_l}

10
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Four-alpha system

Next-to-Leading Order Excited State

NLO 07
NLO 07, no 3«




Sl

Resonances and the SVM

= SVM always optimizes for the lowest energy

= As a consequence, resonances are difficult to find

E [MeV]

5 © 00O O WS

-2.892
0.058
0.068
0.074
0.083
0.087
0.089
0.092
0.099
0.106




TACCC

Inverse analytical continuation in the coupling constant
= We consider
H=T+ Vgrr + aVius

= Then

M
> ek
=0

ny
1+ dik’
=

_ Py(k)
alk) ~ Qn(k)

= Only calculation of bound-state energies needed

32 Horacek, Jiri, and Lukas Pichl. Communications in Computational Physics 21.4 (2017): 1154-1172
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TACCC

Inverse analytical continuation in the coupling constant

» In principle independent of V., I use:
3

» Very high precision required (*-10_3 MeV)
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Hoyle State at Leading Order

0.0
—0.1
% —0.2
=
8 _03
=
— ) 9
044 A =0.03 fm 9
A=0.04 fm—~
)\ = (.05 fm~2
—0.5 1

0.00 0.95 0.50 0.75 1.00
Re(E) (MeV)

1.2

[=



IACCC at Next-to-Leading Order

= NLO Hamiltonian of the form

H=T+Vi+ Vo' + aVi

= We then find
E(o,&) =E, +¢Ey, +E8E+ -
= and by a Padé fit

E(a,&) = E° + R

35
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LO Helion and Alpha

Leading order, with three-body force

Cutoff [fm~!] | "H/°He [MeV] | “He [MeV]
2.0 -8.488 -28.77
4.0 -8.489 -29.87
6.0 -8.490 -30.41
8.0 -8.494 -30.54
10.0 -8.484 -30.49
ExD. .42 298.296
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Conclusions

The v EFT allows usage of dimeron interactions in few/many-body methods

Ground states of 12C and 160 difficult to describe

The Hoyle state could be corrected at NLO

Calculating resonances with perturbative corrections is not easy
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Outlook

Application to Beryllium isotopes

Investigate alpha-condensate states in 160, 20Ne ...

Application to reactions with alpha clusters

Application to EFTs with nucleonic degrees of freedom
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