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+ Impose asymptotic boundary conditions explicitly

#» asymptotic boundary conditions ensured in
Lippmann-Schwinger equation

wave function |W) = |K) + Ggv|W)

Go= (E+i0—Hp)™
transition matrix T |k) = v|)
T =v+VGyT
W) = k) +GoTlk)



Outline

# Momentum-space description of few-body scattering:
screening and renormalization for Coulomb
[Taylor, Alt, Sandhas, ...]
[AD, Fonseca, Sauer]

®» S&R variations and other methods

# Applications: 3N, 4N, nuclear reactions, ...
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Screened Coulomb

W(r) = w(re =

standard scattering theory
nature: Coulomb is screened at large distances

large R:
physical observables insensitive to screening,
screened and full Coulomb physically indistinguishable

In the R— oo limit physical results are recovered
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Screened and full Coulomb physically indistinguishable

initial physical state: wave packet ¢i,(p)
outgoing wave packet

dout(P /d3 (P'|SIP)din(P)
~ / d*p &% (p'[TrIP)din(P) — / d*p (p'|Tclp) din(p)

P=p: %P |Trlp) — (P'[Telp)  as distribution

Pr—|OL — r]LR]maeM/p In(2pR) —C/n|

R— 0

[J. R. Taylor, Nuovo Ciment®23, 313 (1974)



Screened and full Coulomb wave functions



Screened and full Coulomb wave functions

[ V. G. Gorshkov, Sov. Phys.-JETIB, 1037 (1961)



Screening and renormalization

Renormalization of the on-shell screened Coulomb
transition matrix T = wg +WrGgTr and wave function
In the limit R — o« yields Coulomb amplitude

and Coulomb wave function

Trzz" —— T, stributi
RZR 2 oo C as distribution

(14 GoTr)|P)zr > —— WS (p))

R— o0

Zn = e—Zich



Two-particle scattering

transition matrix
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Two-particle scattering

transition matrix
TR =v4+wr+ (V+WR)GeTR

with long-range and Coulomb-distorted short-range parts
TR =T+ (1+TrGo) T (14 GoTR)
TR = v+ vGrTR



Two-particle scattering

transition matrix
TR =v4+wr+ (V+WR)GeTR

with long-range and Coulomb-distorted short-range parts
TR =T+ (1+TrGo) T (14 GoTR)
TR = v+ vGrTR

Renormalized amplitude:

TRZ T =Te+ @) TO )

R— 00



Two-particle scattering

transition matrix
TR =v4+wr+ (V+WR)GeTR

with long-range and Coulomb-distorted short-range parts
TR =T+ (1+TrGo) T (14 GoTR)
TR = v+ vGrTR

Renormalized amplitude:

TRZ T =Te+ @S [TO e

R— o
1

I _:_zL (R) 2
=Tc+ Iim zo* [T —Tr|Zg

short-range part: fast convergence with R



Test: convergence withR in pp scattering
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Test: convergence withR in pp scattering

Wr(r) _ e_(%)n
We ()
n=1-—
n =4 —
n .o — |
I
50 1 :
So Ep=3MeV
T 10 20 30 40
IR R (fm)

optimal choice: 3<n<8

0.001%



Limits of practical applicability

p—0:
K=0aM/p, op =argl (1+L+iK), and zg diverge,
renormalization procedure ill-defined



Limits of practical applicability

p—0O:
K=0aM/p, op =argl (1+L+iK), and zg diverge,
renormalization procedure ill-defined

= slow convergence with R at low relative energies
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Three-particle scattering: short-range forces
# Faddeev / Alt, Grassberger, and Sandhas equations
Upa = 8[30( Gyt + Z gBoToGoUou
G
Uoe = Gyt + Z T6GoUgq

To = Vg + VGGOTG
Go= (E+i0—Hg)™*

# momentum-space partial-wave representation



AGS equations with 3BF



Three-particle scattering: including screened Coulomb

# Faddeev / Alt, Grassberger, and Sandhas equations
BO( 6[30(6 + Z 6[30 GOUC(IO()
Ugy =G+ To Golsq
o

T§R> = Vg +Wg, + (Vg + WGR)GOT§R>
Go= (E+i0—Hp) ™

# momentum-space partial-wave representation



Three-particle scattering: including screened Coulomb

# Faddeev / Alt, Grassberger, and Sandhas equations

éa 6[30(6 + Z 6[30 GOUC(IG)

U(gcx) — GE T Z TG GOUC(JO()
o

Tc@ = Vg + Wg,, + (Vg + WGR)GOTO(R)
Go= (E+i0—Hp) ™

# momentum-space partial-wave representation

# Additional difficulties:
guasi-singular nature of screened Coulomb potential

slow partial-wave convergence



Three-particle scattering: including screened Coulomb

# Faddeev / Alt, Grassberger, and Sandhas equations

éa 6[30(6 + Z 6[30 GOUC(IG)

U(gcx) — GE T Z TG GOUC(JO()
o

Tc@ = Vg + Wg,, + (Vg + WGR)GOTO(R)
Go= (E+i0—Hp) ™

momentum-space partial-wave representation

# Additional difficulties:
guasi-singular nature of screened Coulomb potential

slow partial-wave convergence

°

® R— oo limit?



Three-particle scattering: R — oo limit

cm.

° oR

long-range part

Cm __ \A/CM cme~R)rem
oR _WO(R _|_W0(R a oR

o o



Three-particle scattering: R — oo limit

Split into long-range part

cm __ cm. cm.
oR _WO(R +W0(R

cm.
oR
(R rcm
a oR

and Coulomb-distorted short-range part

Ués) =g Tor +

USY = [1+ TorGoJUS [1+ GO TS

- RTR)
_1‘|'TBCRm B ]Uga

1+Ga TK |

|p is neutrall

o o



Three-particle scattering: R — oo limit

WCI’T\.
° oR

Split into long-range part
To = Wel + WeR G Te

and Coulomb-distorted short-range part

éa) Opa Tor + 1‘|'TB "G )]Ués) 1+ Gc(xR) oR

Uéa) 11+ TorGo) Uéu)[1+ G =] [pis neutrall

Renormalized amplitudes:

1
Upa = Opa Tac +|£'21002Rf[ Ugey —OaTar | Zri
Un — Tim 7 2u® 72
Oa IM 7 "YUpq Rl

R— o0

o o



Three-particle scattering: R — oo limit

cm.

° oR

o o

R _VVO(R' |VV0(R'G((J() aR

and Coulomb-distorted short-range part

Uge = Baa o' + [1+ Te GV 1040 [+ GEU Tt

Uéa) 11+ TorGo) Uéa)[1+ G =] [pis neutrall

Renormalized amplitudes:

Uga = BpaTac + lim ZRf[ Uper — 3paTa) ]ZRu

short-range part: fast convergence with R



r-space methods

# Kohn VP + HH
[Kievsky et al]

» differential Faddeev equations
[Payne et al, Lazauskas et al, Suslov et al|

# Integral Faddeev equations
[Ishikawa]



Screening and renormalization: variations

separable potentials, quasiparticle equations, effective
two-body potentials, Coulomb distorted ffs, ...

[Alt et al|

"rigorous Coulomb treatment"
[Oryu et al|

no/different renormalization

[Witata et al|

INn progress:

separable potentials, unscreened Coulomb
representation

[Mukhamedzhanov et al, TORUS]



Proton-deuteron scattering

# Symmetrized Faddeev / AGS equations

UR = PGyt +PTRGU W

Ug? = (1+P)Gyt+ (1+P) TRGU R
P = P12Po3+ P13P23

# Screening function withn=4
# Renormalized amplitudes:

U=TS"+lim Z5 U —TM

R— o0

Uo = lim zz2U¥Z, 2

R— o0



Perturbation theory for high partial waves

T — T+ AT

(U+AU) = PG, + P(T +AT)Go(U + AU)

1st order in AT, all orders in T':

U =PG,' +PTGyU
AU =PAT GyU + PT GoAU

Exact limit:

iIncrease the number of partial waves included in T until
U + AU becomes stable

Practical calculations: Ly ~ Lar/2



pd elastic amplitude (spin-diagonal)
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Re UR)
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pd elastic amplitude (spin-nondiagonal)

non-renormalized
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pd breakup amplitude
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do/dQ (mb/sr)
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Comparison with configuration-space results
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Convergence withR: pd breakup at Ep = 13 MeV
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Convergence withR: pd breakup at Ep = 13 MeV

1.2

1.1 ¢

1.0

0.05

>0.00 |

-0.05 ¢

no Coulomb —
R=10fm —
R=20fm —
R =30fm

(50.5°,50.5°,120.0°)

5

(20.0°,35.0°,90.0°)

5 10

(390 62.5° 1800)

5 10
S (MeV)

15

pp-FSI

l Zr = exp(-2iaM/p [In(2pR)-C/n])

no Coulomb —
oL R=10fm — |
R=20fm —
R=30fm —

R=60fm —

[EEN

d°0/dS dQ, dQ, (mb MeVisr?)

(39.0°,39.0°,0.0°)

0.0 0.5 1.0
Epp (MeV)



d°o/dS dQ, dQ, (mb MeV'sr?)

Coulomb vs 3NF:1H(d,pp)n at Eq = 130 MeV

0.0 |

0.0 L—
50

0.0 |

0.1

T

(15°,15°,160°)

T

(30°,15°,160°)

—— AV18(nd)

—— AV18(pd)

—— AV18+UIX(pd)
(30°,20°,160°)

1

100
S (MeV)

150

0.2

0.0

0.1

0.0

0.0

(20°,15°,160°)

T

i

(25°,25°,160°)

1

50

100
S (MeV)

150

0.0 |

0.0 :
50

8.0

(25°,20°,160°)

(13°,13°,20°%

100
S (MeV)

150



55 MeV

SHe(y, pn)p at Ey
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(ub/sr MeV)

d’c
Q. dE

E (ub/sr MeV)

SHe(y,n)pp at E,=12.8 MeV

(ub/sr MeV)

d’c
d0, dE
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antiparallel

TUNL data
110, 202501]

CD Bonn + A

(with Coulomb)
(Lisbon)

AV18 + UIX

(no Coulomb)

(Cracow)



4N scattering

Hamiltonian Hp + Z Vij 2

i>]

#» Wave function:
Schrodinger equation (HH + Kohn VP)
[M. Viviani, A. Kievsky, L. E. Marcucci, S. Rosati, L. Girlanda]

# Wave function components:
Faddeev-Yakubovsky equations
[R. Lazauskas, J. Carbonell]

# Transition operators:
Alt-Grassberger-Sandhas equations
[AD, A. C. Fonseca]



Benchmark: 3H(p,n)3He scattering

Ep:2.5 MeV Ep:3-5 MeV Ep:4.15 MeV
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4-body scattering: AGS equations

4-body transition operators
ti = Vi + Vi Got;
Go= (E+i0—Hg)™?
U)K = G+ ¥ 8tiGoUy
i

‘Uéla = (Got; Go)_lgguéji + ;gBVUJkGOthO ‘U\l/(&

|, ], K. pairs ( = three-cluster (2+1+1) partitions)
a, B,y. two-cluster (1+3 or 2+2) partitions

wave function

W) = |dg) + ZGOt,- GouyjkGothO fu\‘;g\cﬂ@
YIKI

o)=Y lah),  loh) =GoY itjleh)
]



Symmetrized AGS eqguations

t = v+ vGt
Go = (E+ig—Hp)™*
Uj =PG,"+ PitGoU,
3+1: Py=PoPx3+Pi3Pss
2+2: P,=Pi3Py

GotGo) P34+ {P34U1GotGo U1 +UsGotGo Uos
GotGo) (14 TPss) + (14 TP34)U1GotGo i1
GotGo) ™ + {Ps4U1GotGo Tz + U2Got G Uaz

1+ (P34)U1GotGo Uso

{ = —1(+41) for fermions (bosons)

Ui
Uz,
Ui
Uzo

(
(
(
(

basis states partially symmetrized



Solution of 4N AGS equations

TUh1|@) = — Gy tPa4PL| @) — PagU1GotGo U1 |@r) + U2GotGo Uy | @)

1

'i% ke \l\<:

» momentum-space partial-wave basis
koekyKall2(Ly[(1xS0) 1x8y1Sy 1 JyS2) SIIM, [(Tty ) Tyt | T M)
kakykz [l (1xS0) Ix(ly(8y52) S| Iy } S IM, [Tu(tytz) To| T M )2

# large system (up to 30000) of coupled 3-variable
Integral equations with integrable singularities

# Coulomb interaction: screening and renormalization
[PRC 75, 014005, PRL 98, 162502]



Singularities of 4AN AGS equations
3H, He, or d+d bound state poles
Pi19;)si; (@5 |P;

GoU Gy —
S T E e —EP— k2 /2y

deuteron bound state poles

\ V| Q) (Qu |V
"E+ie—eg— K/ —k2/2);

t

free resolvent
1

S0 E+ie—k2/2u — k2 /2u — k2/2,

X O, ®. ‘

: O ) Y



°H(d,p)3H and ?H(d,n)*He — cross section

— d+d — p+°H i d+d - n+>He
0 20 ¢ 1
2 |
= | Ey= 1.5 MeV
g |
S i
@) L
o] i
O,
’\540 '
@)
é : — CD Bonn + A
G 20 — INOYO04
E I
@)
©

da/dQ (mb/sr)
N
o

o

Oc.m. (deg) Oc.m. (deg)
[PRC 81, 054002}



0.2

iTy1

’H(d,p)3H and “H(d,n)3He — analyzing powers

T T

Ey=15MeV
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’H(d,p)3H and “H(d,n)3He — analyzing powers

Eq=1.5MeV

[ )

AV18
N3LO
CD Bonn

CD Bonn +A
INOY04

Too

0.2

0.0

INOYO04

CD Bonn +A
CD Bonn '}
N3LO
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°H(d,p)3H and ?H(d,n)3He — final-state polarization
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2H(d,p)3H and ?H(d,n)*He - QSF

1.0
_\\'\ Co ged p+3H
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= 0.5
@)
00 b
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011/0—02/0 < 0.025



°H(d,p)3H and ?H(d,n)*He — spin correlation

0.2

CZ,Z

0.0 | 50 keV —
[ 100 keV —
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CZZ,ZZ




n+3He total and partial cross sections

total
1000 = elastic
~—~ - VEI‘J!H.- ?
fo i
S
X
@) p+°H
100+ (At gag Db |
Tl = i 1
[ ~Lag|
IIIIIIIIIII b Ibelakupllulul,-

[PRL 113, 102502; PRC 90, 044002]
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Charge exchange reactiortH(p, n)3He
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do/dQ (mb/sr) do/dQ (mb/sr)

do/dQ (mb/sr)
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Transfer reaction 2H(d, p)3
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Spin transfer in 2H(d,A)3He at 10 MeV

-— INOYO04
—-- CD Bonn + A
[ CD Bonn




Optical potential for N-[3N] scattering

Ep(MeV) = 10.8
100 < e
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ERRERE 2b OP without Pauli term
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do/dQ (mb/sr)

do/dQ (mb/sr)

: -+ without Pauli term
[ — with Pauli term
I — - with Pauli term, no 4He
1 F —— Berkeley +
1000 |4\ E4 = 30.0 MeV i
10 ¢
I 7
1 g E

Elastic scattering d+He

[PLB 860, 139151]




do/dQ (mb/sr)

do/dQ (mb/sr)

10.0 |-

0.1 |
10.0 K
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0.1 |

Neutron transfer 3He(d,p)*He

— with Pauli term
e Berkeley

- without Pauli term




Nonlocal OP + core excitation + Faddeev eguations

#» 2009: Nonlocal OP in (d,p) reactions
[AD, PRC 79, 021602]

o 2013: ADWA with nonlocal OP
[Timofeyuk, Nunes, ...]

#» 2018: ADWA with nonlocal OP is inaccurate,
proven by Faddeev [AD, PRC 98, 021603]
and CDCC [Gomez-Ramos et al, PRC 98, 011601]




Faddeev/AGS eguations with core excitation
U[ﬁ?o? — 8[30( 6baGal -+ Z Z gBGTC?jGoUOjg
o |
USe = 80Go + 3 3 TEIGQULE
o ]
T% =V + 5 V5! GoT
]

Go= (E+i0—Ho—h)™*

[PRC 88, 011601; PLB 769, 202; PRC 99, 024613]



Neutron transfer: 1°Be(d,p)'Be

E4 = 15.0 MeV
g m nonlocal
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Spectroscopic factors:1°Be(d,p)!Be
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[ADWA: Schmitt et al., PRL 108, 192701]



Inclusive breakup A(d,p)X

#® Hussein & McVoy, Udagawa & Tamura, Ichimura et al.:
approximate scattering wave functions
(DWBA, Glauber, ...)

# Hussein, Frederico, Mastroleo, NPA 511, 269:
Faddeev wave functions (no numerics)

# AD, PLB 868, 139825:
Faddeev/AGS transition operators + numerical solution



Inclusive breakup A(d,p)X in AGS formalism
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Elastic and non-elastic breakup in AGS formalism

OP: Gyg=(E+i0—Hg—Vg—iwy)™*
IMGy = — (14 G T.)S(E — Ho) (1 + TaGo) + GoWo Gq
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Excited tetramer and atom-trimer scattering

Bs—B; (MK) Az (A) Riz(A)

Lazauskas et al. 1.09 103.7 29.1
Hiyama et al. 0.93
AD 0.96 108.8 29.2

R. Lazauskas, J. Carbonell, PRA 73, 062717
E. Hiyama, M. Kamimura, PRA 85, 022502



Scattering length and effective range

A (A) Rab (A)

atom-atom
atom-dimer
atom-trimer
dimer-dimer

100.0 7.33
115.2 79.0
108.8 29.2

100.5—-10.75 10.5—-10.2




Second excited tetramer state
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Second excited tetramer state

Energy)\
1/a
....... =
\ ------------------ 2+1+1
e 1+3* A ’\
VS Tt —,
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E;*/B% ~ —1.82—i0.0045



Comparison with universal limit

LM2M2 universal

Arr/a  1.005-i0.0075  0945—i0.004
R»/a  0.105-i0.002 —0.070—i0.012
E;*/B; —1.82-i0.0045 —1.888—i0.0024




Momentum-space FY/AGS

#» 3-body reactions

N+ (pA)
p+(nA) p+(nA)
d+A } ~ Yd+A

 P+Nn+A

® 4N reactions

[ p+n+d

p+°H p+°H
n+3He » — { n+°He
d+d d+d

L 2p+2n



Screening and renormalization (DFS version)

# standard scattering equations
transition operators, momentum space,
partial waves, without separable approximation,
straightforward extension to 4b scattering

# limitations in practical applicability :
> 2 charged clusters for breakup ?
low energy, high charge ?
large screening radius and angular momentum !

[Deltuva,Fonseca,Sauer:
PRC 71, 054005; PRC 72, 054004; PRC 73, 057001,
PRL 98, 162502; PRC 80, 064002; EPJ WoC 3, 01003]



Screening and renormalization: extending with ML

#» 2D results for training:
low energy, large screening

#® extrapolating p+d results in R:
talk by Darius Likandrovas

#» |ow-energy (d,p) reactions at ISOLDE:
’8Na, Mg, 3Mg, ...



