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Nucleon-nucleon interaction

J.P. Schiffer, Ann. Phys. (N.Y.) 66 (1971) 798



Pairing and other interactions
Pairing refers to the interaction between nucleons 

in ‘time-reversed orbits’:
• isovector (or spin-singlet) pairing: 𝐽 = 0 & 𝑇 = 1
• isoscalar (or spin-triplet) pairing: 𝐽 = 1 & 𝑇 = 0

Aligned np interaction (not pairing): 𝐽 = 2𝑗 & 𝑇 = 0



Nucleon-nucleon interaction



Time-reversed orbits
A 𝑗𝑗-coupled two-nucleon state with angular 

momentum 𝐽 = 0:

What about 𝐽 = 1? Use 𝐿𝑆-coupled states:

The Pauli principle allows (𝐿 = 0, 𝑆 = 0, 𝑇 = 1) and  
(𝐿 = 0, 𝑆 = 1, 𝑇 = 0) ⟹ two pairing interactions.
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A matter of strength
Relation between 𝑗𝑗-coupled and 𝐿𝑆-coupled 

matrix elements:

For pairing matrix elements:
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What is the question?
The question is not whether 𝑇 = 0 interactions 

between nucleons exist or whether they are 
important. They do and they are.

The questions are
• Do 𝑇 = 1 pairing correlations exist?
• Do 𝑇 = 0 pairing correlations exist?
• Are aligned 𝑇 = 0 pairs important?



𝑇 = 1 pair vibrations in Pb

A. Bohr & B.R. Mottelson, Volume 2, page 646



𝑇 = 1 pair vibrations in Ca-Sc-Ti-V?
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𝑇 = 1 pair vibrations in Ca-Sc-Ti-V?
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𝑇 = 0 pair vibrations in Ca-Sc-Ti-V?
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𝑇 = 0 pair vibrations in Ca-Sc-Ti-V?
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From vibrations to rotations

S. Frauendorf, A.O. Macchiavelli, Prog. Part. Nucl. Phys. 78 (2014) 24



(p,3He) and (3He,p) in 𝑠𝑑 shell

Y. Ayyad et al., Phys. Rev. C 96 (2017) 021303R 



(d,4He) and (p,3He) in 𝑓!/# shell

M. Assié et al.



(d,4He) and (p,3He) in 𝑓!/# shell

B. Le Crom et al., Phys Lett. B 829 (2022) 137057



𝑇 = 0 aligned pairs in Ca-Sc-Ti-V?
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𝑇 = 0 aligned pairs in Ca-Sc-Ti-V?
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(d,4He) transfer



Deuteron clustering in shell model 
How to quantify the probability of formation of a 

deuteron in a shell-model state?
This probability is obtained by summing over all np 

pairs with the intrinsic structure of a deuteron.
Put all quanta of the pair in the centre-of-mass 

coordinate and none in the relative degree of 
freedom.

Discussions with Augusto Macchiavelli since 2021



Deuteron cluster probability 
Deuteron projection operator in isospin formalism:

Expectation value of ,𝑃! in | ⟩Ω"𝛼Γ" :
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Deuteron cluster probability 
Deuteron projection operator in np formalism:

Expect value of ,𝑃! in | ⟩Ω"Γ" ≡ | 4Ω#
"!Γ"! , Ω$
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Example: the sd shell
How does the number of deuteron 

clusters 𝑁* change with 
neutron and proton numbers?

Consider the ground state of 
even-even and odd-odd 𝑁 = 𝑍
nuclei in the 𝑠𝑑 shell.

Three choices of interaction:
- isovector > isoscalar
- isovector = isoscalar [SU(4)]
- isovector < isoscalar
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What is the question?
The question is not whether 𝑇 = 0 interactions 

between nucleons exist or whether they are 
important. They do and they are.

The question is
• Do 𝑇 = 1 pairing correlations exist?
• Do 𝑇 = 0 pairing correlations exist?



The Osaka experiments

Proton inelastic scattering at 𝐸! = 295 MeV
on 𝑠𝑑-shell nuclei.

Isoscalar and isovector spin-M1 transition 
strengths up to 𝐸" = 16 MeV.

𝑆 𝝈 =7
*

81*+| Σ,𝝈, | ⟩0-+
.

𝑆 𝝈𝜏/ =7
*

81*+| Σ,𝝈,𝜏/,, | ⟩0-+
.

H. Matsubara et al., Phys. Rev. Lett. 115 (2015) 102501



The experimental result

The differential cross section at 0° is approximately
proportional to the SNME. The IS and IV spin-M1 reduced
nuclear matrix elements for transitions from the ground
state jg:s:i to an excited state jfi are defined by

Mfð~σÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Ji þ 1
p

"
f
####

####
XA

k¼1

~σk

####

####g:s:
$
; ð1Þ

Mfð~στzÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Ji þ 1
p

"
f
####
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XA

k¼1

~σkτz;k

####

####g:s:
$
; ð2Þ

respectively, where ~σk is the Pauli spin matrix, and τz;k is the
z component of the isospin operator for the kth nucleon. The
factor 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ji þ 1

p
is unity for a 0þ ground state. The unit

cross section (UCS) is defined as the ratio of the differential
cross section to the SNME at momentum transfer q ¼ 0. We
define a UCS (σ̂IS and σ̂IV) for IS and IV spin-M1 transitions
analogous to the GT strength [38]

dσ
dΩ

ð0°Þ ¼ σ̂TFTðq; ExÞjMfðOÞj2; ð3Þ

where the subscript T represents either IS or IVandO either
the ~σ or ~στz operator. Here, FTðq; ExÞ is a kinematic factor
which accounts for the finite momentum transfer (q) and
excitation energy (Ex). It can be obtained from a DWIA
calculation. The target mass dependence of the UCS can be
parametrized as [38]

σ̂TðAÞ ¼ NT expð−xA1=3Þ; ð4Þ

where NT and x are free parameters. The mass-dependent
factor x essentially arises from distortion effects common to
IS and IV transitions and, thus, is taken to be the same.
DWIA calculations indicate this assumption remains better
than 5%.
The parameters NIV and x in Eq. (4) have been fitted to

four experimentally obtained IV UCSs. The value σ̂IV
has been derived from Eq. (3) using the (p; p0) data and the
IV spin-M1 SNME deduced from the GT SNME on the
assumption of isospin symmetry. In addition, the GT
SNME has been obtained from ð3He; tÞ measurements
and β-decay lifetimes [39,40]. The factor NIS has been

calibrated using 11Bðp; p0Þ data [41] and an ISM1 strength
deduced from the γ-decay lifetimes of the first excited
mirror states in 11B and 11C [40]. Note that the linear
combination of the γ-decay strengths is proportional to the
IS SNME, owing to isospin symmetry. Details on the UCSs
can be found in Ref. [31].
The results for the IS and IV UCSs are shown in Fig. 3,

where the bands represent the fitting error. Note that the
experimentally obtained IS (IV) UCS value is 50% lower
(20% higher) than the theoretically obtained value used in
the previous work [19,20].
Each differential cross section at 0° has been converted to

the IS or IV spin-M1 SNME using Eq. (3), as shown in
Fig. 2. The sums up to Ex ¼ 16 MeV are plotted as a
function of the target mass in Fig. 4. Here, shell-model
calculations using the USD interaction [12] are shown as
solid lines. (The difference between predictions of the
summed M1 strength using the USD and the newer USDA
and B [29] interactions is less than 10% and, thus, not
significant in the following discussion.) The quenching
factors defined as the ratio of the observed SNMEs to the
theoretical predictions summed up to 16 MeV are 1.01(9)
and 0.61(6) for the IS and the IV spin-M1 transitions,

FIG. 2. Observed distributions of IS and IV-spin-M1 SNME
[open (filled) bars represent IS (IV) transitions]. The bars
labeledþ indicate states with a less confident spin assignment.

FIG. 3 (color online). Mass dependences of the UCS for (a) IS
and (b) IV transitions.

FIG. 4 (color online). Accumulated sums of the spin-M1
SNMEs for (a) IS and (b) IV transitions up to Ex ¼ 16 MeV.
The error bars and gray bands indicate the total experimental
uncertainties and the partial uncertainties from the spin assign-
ment, respectively. The solid lines and dotted lines are the
predictions of shell-model calculations using the USD with bare
and effective g factors, respectively.

PRL 115, 102501 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

4 SEPTEMBER 2015

102501-3

H. Matsubara et al., Phys. Rev. Lett. 115 (2015) 102501
H. Sagawa, T. Suzuki, Phys. Rev. C 97 (2018) 054333



Spin-spin correlations 𝑺$ ) 𝑺%
Neutron and proton spin operators

𝑺" = 7
,∈"

𝝈, , 𝑺2 = 7
,∈2

𝝈,

Relation between M1 transitions and 
neutron-proton spin-spin correlations:

0-+ 𝑺" < 𝑺2 0-+ ≈
1
16

𝑆 𝝈 − 𝑆 𝝈𝜏/



𝑺$ ) 𝑺% : a pairing probe
  178 Page 2 of 10 Eur. Phys. J. A           (2021) 57:178 

Fig. 1 Schematic illustration (in LS coupling) of the dependence of the observable 〈Sn ·Sp〉 on the isoscalar (IS) or isovector (IV) nature of pairing
correlations in the ground state. Adapted from Ref. [14]

condensate. It can be seen that given the distinctive values in
the two-particle system, 〈Sn · Sp〉 will also depend strongly
on the type of pairs being scattered across the Fermi surface,
as will be discussed in Sect. 3.

In a series of experiments carried out at the RCNP [13]
facility, high-energy-resolution proton inelastic scattering at
Ep = 295 MeV was studied in 24Mg, 28Si, 32S and 36Ar.
The results give positive values of 〈Sn · Sp〉 ≈ 0.1 for the sd
shell suggesting a predominance of quasi-deuterons, some-
what at variance with the discussions above and USD shell-
model calculations that are unable to reproduce the exper-
imental results. However, shell-model wave functions that
take into account an enhanced spin-triplet pairing seem to
reproduce the measured spin–spin correlations [15]. Also,
the no-core shell model with realistic interactions [16] pre-
dicts positive values (lower limits due to convergence) that
could be attributed to mixing with higher-lying orbits due to
the tensor correlation.

It seems clear to us that further work is required to fully
assess the origin of the spin–spin correlation and its micro-
scopic origin. For example: Are the observed spin–spin cor-
relations between neutrons and protons connected to (a) our
beloved surface pairing BCS condensate [1], (b) aligned np
pairs [17] or (c) effects of the tensor force [18]? These are
questions that remain to be answered.

To shed light on these questions, we develop in this work
the formalism to calculate the matrix elements of the Sn · Sp
operator in a variety of coupling schemes and apply it to
the solution of a schematic model consisting of nucleons in
a single-l shell. In spite of its simplicity, the model allows
us to study the behaviour of 〈Sn · Sp〉 as a function of the

competition between the isovector and isoscalar components
of the effective force between nucleons, and the spin–orbit
splitting of the j = l ± 1/2 shells. In Sect. 2 we discuss the
structure of the Sn · Sp operator and we calculate its matrix
elements in Sect. 3. In Sect. 4, following a short discussion
of the model, we present and discuss our results for several
cases involving particles occupying shells with l = 1–5 and
contrast these with the experimental observations to date.
Finally, Sect. 5 is devoted to the summary and conclusions
of our work.

2 The Sn · Sp operator

The Sn · Sp operator is given by

Sn · Sp =
∑

k∈{n}

∑

k′∈{p}
s(k) · s(k′), (1)

where the sums are over the neutrons and over the protons
in the nucleus. Introducing the isospin projection operator tz ,
which gives +1/2 acting on a neutron and −1/2 acting on a
proton, we rewrite this operator as

Sn · Sp =
∑

kk′

( 1
2 + tz(k)

) ( 1
2 − tz(k′)

)
s(k) · s(k′)

= 1
4

∑

kk′
s(k) · s(k′) −

∑

kk′
tz(k)tz(k′)s(k) · s(k′),

(2)

where the sums are over all nucleons in the nucleus. It follows
that Sn · Sp contains an isoscalar as well as an isotensor part.

123



𝑺$ ) 𝑺% : a pairing probe
Some simple results:

𝐿𝑆-coupling
𝑙%, 0' 𝑙1, 0' ; 𝐿𝑆 𝑆% A 𝑆1 𝑙%, 0' 𝑙1, 0' ; 𝐿𝑆 =

=
2
3 − 230

0
'

0
' 1

0
'

0
' 𝑆

= C
+04, 𝑆 = 1, 𝑇 = 0
−54, 𝑆 = 0, 𝑇 = 1

𝑗𝑗-coupling:

𝑗%𝑗1; 𝐽 𝑆% A 𝑆1 𝑗%𝑗1; 𝐽 =
𝐽 𝐽 + 1 − 2𝑗 𝑗 + 1

2 2𝑙 + 1 '

P. Van Isacker, A.O. Macchiavelli, Eur. J. Phys. 57 (2021) 178



Spin-spin correlations 𝑺$ ) 𝑺%
respectively, where the factors are averaged over the nuclei
measured. Note that the quenching factor of the IS spin-M1
transitions is close to unity, while that of the IV ones is
significantly smaller and consistent with the study of
analogous GT transitions [42]. The calculations with
empirical effective g factors [12] are shown by dotted lines
in Fig. 4 (USD eff). The SNMEs of the IV spin-M1
transitions are reproduced well by USD eff (χ2=N values
for the USD and USD eff predictions are 13 and 0.8,
respectively, where N is the number of data points). In
contrast, the IS transitions are better described by USD
(χ2=N values for USD and USD eff predictions are 0.5 and
2.2, respectively). The present result shows that the widely
used effective g factors lead to an overquenching for IS
spin-M1 transitions in the sd shell.
The effective IS g factor was determined to reproduce

the diagonal spin matrix element hSi of the ground state; see
Eq. (20) in Ref. [43]. Experimental hSi values were obtained
from the IS magnetic moments of mirror nuclei and
subtracting the contribution of the total angular momentum
J. Although the quenching of hSi in nuclei of the closed LS
shell plus or minus one nucleon was obvious [12–15],
the quenching in the mid-sd-shell was insignificant [43].
The finding is consistent with our observation of no IS
quenching of M1 transitions in the mid-sd-shell.
In order to shed some light on these observations, we

next consider the difference Δspin between the sums of the
IS and IV spin-M1 SNMEs as a function of Ex,

ΔspinðExÞ ¼
1

16

! X

Ef<Ex

jMfð~σÞj2 −
X

Ef<Ex

jMfð~στzÞj2
"
; ð5Þ

where the sum is taken up to Ex. With the total spin opera-
tors for protons (neutrons) ~SpðnÞð¼ 1

2

PZðNÞ
i¼1 ~σpðnÞ;iÞ, IS and

IV spin-M1 transitions are represented by 1
2Mfð~σÞ ¼

hfj~Sp þ ~Snjg:s:i and 1
2Mfð~στzÞ ¼ hfj~Sp − ~Snjg:s:i, respec-

tively. In the limit of Ex → ∞, the completeness of jfi
yields

hð~Sp þ ~SnÞ2i ¼
X

f

hg:s:j~Sp þ ~Snjfihfj~Sp þ ~Snjg:s:i

¼ lim
Ex→∞

1

4

X

Ef<Ex

jMfð~σÞj2; ð6Þ

and hð~Sp− ~SnÞ2i¼ limEx→∞
1
4

P
Ef<Ex

jMfð~στzÞj2. Here the
expectation value is taken for the 0þ ground state. We then
derive

lim
Ex→∞

ΔspinðExÞ ¼ h~Sp · ~Sni; ð7Þ

which represents the spin correlation between protons and
neutrons in the ground state.
Figure 5 shows experimental ΔspinðExÞ and theoretical

h~Sp · ~Sni values for nuclei in several shell regions. In

Fig. 5(a), h~Sp · ~Sni values from state-of-the-art nuclear stru-
cture calculations for 4He using the correlated Gaussian
(CG) method [44] and no-core shell model (NCSM) [45]
are displayed. Realistic (AV8’ [46] and G3RS [47])
and chiral [48] NN forces give positive values due to
the tensor correlation, in contrast to the Minnesota [49]
interaction, which does not contain the tensor force.
Figure 5(b) compares experimental results for Δspin in
12C derived from (p; p0) [21] and (e; e0) [50] experiments
with h~Sp · ~Sni values obtained from shell-model calcula-
tions. Both the experiments and the NCSM with realistic
forces show positive values while a calculation using the
effective Suzuki-Fujimoto-Otsuka interaction [51] gives a
slightly negative value. Finally, Fig. 5(c) showsΔspin values
derived from the present data in comparison to the shell-
model calculations using the USD interaction discussed
above. Note that the strengths predicted in the latter are
almost exhausted up to 16 MeV. The data show positive
values as in 12C and comparable to the values predicted
with realistic forces for lower mass nuclei. In contrast,
the shell-model calculations are unable to reproduce the
experimental results irrespective of the use of bare or
effective g factors or using other effective g factors [13–15].
However, predictions by the NCSM (open blue circles)

indicate positive h~Sp · ~Sni values for 20Ne (Nmax ¼ 4)
and 24Mg (Nmax ¼ 2). Here, Nmax defines the maximal
allowed harmonic-oscillator excitation energy above the
unperturbed ground state [45] and, hence, represents a
measure of the model space. The results (−0.007, 0.028,
and 0.072 for Nmax ¼ 0, 2, and 4 for 20Ne and −0.018 and
0.011 for Nmax ¼ 0 and 2 for 24Mg, respectively) show a
clear correlation with the size of Nmax but are considered to
represent a lower boundary only because they have not yet
converged for the present Nmax values. The increase of
h~Sp · ~Sni with increasing Nmax implies that mixing with

FIG. 5 (color online). Experimental ΔspinðExÞ and theoretical
h~Sp · ~Sni values explained in the text for (a) 4He, (b) 12C, and
(c) sd-shell nuclei. The experimental results in (c) are summed up
to Ex ¼ 16 MeV with the same definition of the error bars as in
Fig. 4. The arrows of the NCSM results in (c) indicate that the
results are considered to represent a lower limit.
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Schematic shell-model calculations

Single-𝑙 shell (with 𝑗 = 𝑙 ± !
") and a SDI with 

isoscalar and isovector strengths:
@𝐻 =7

±

𝜀± C𝑛± − 7
456,-

𝑎47
789

𝛿 𝒓7 − 𝒓9 𝛿 𝒓7 − 𝑹6

Spin-spin correlation 𝑺# 1 𝑺! is always 
negative in the ground state of even-even 
nuclei!
𝑥 =

𝑎6
𝑎6 + 𝑎-

, 𝑦 =
Δ𝜀/ 𝑎6 + 𝑎-

5 + Δ𝜀/ 𝑎6 + 𝑎-

P. Van Isacker, A.O. Macchiavelli, Eur. J. Phys. 57 (2021) 178
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(p,p’) and (d,d’) on 44,46Ti



(p,p’) and (d,d’) on 44,46Ti



Conclusion

Isovector (isoscalar) spin-M1 transitions are 
(not) quenched.

This observation has no simple explanation 
in the shell model.



Outlook

Experiments:
Investigate odd-odd N=Z nuclei;
Go slightly off N=Z line.

Theory:
More realistic Hamiltonian (shell mixing, tensor 

force,…)
Revisit isoscalar pairing?
High-momentum correlated nucleon pairs?


