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Introduction }

NUCLEAR THEORY — solve the many-body problem (structure, reactions).

Difficulties:
a. Challenging nature of nuclear interaction
b. Quantum A-body coupled system

Even if we knew the nuclear interaction: exact energies and wave
functions out of reach due to the immense dimensionality of Many-Body
Hilbert Space

» Approximate Methods: variational principle

o Quasiparticle Random Phase Approximation (QRPA)

o ...
o Projected Generator Coordinate Method (PGCM)
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Introduction

PGCM: symmetry-restored Generator Coordinate Method (GCM)

|

D. L. HILL AND J. A. WHEELER

U, j
i

D. L. Hill, J. A. Wheeler, Phys. Rev. 89, 1102 (1953)

Quantum linear superposition of product states
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Introduction

PGCM: symmetry-restored Generator Coordinate Method (GCM)

» First PGCM implementations (SCCM, MR-EDF):

Gogny: R. Rodriguez-Guzman, J. L. Egido, L. M. Robledo, Phys Lett. B474, 15 (2000)
Skyrme: P-H. Heenen, A. Valor, M. Bender, P. Bonche, H. Flocard, Eur Phys J A 11, 393—402 (2001)

Relativistic MF: T. Niksi¢, D. Vretenar, P. Ring , Phys. Rev. C73, 034308 (2006)

» Even though historically PGCM has been associated with EDF, nowadays
It has been extended to other kind of interactions

> Related methods:

» Discrete non-orthogonal shell model (DNO-SM)
* Monte Carlo shell model (MCSM)
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Introduction }

- Kind of nuclel

® even-even nuclei (blocking required if multi-quasiparticle excitations are
iIncluded)

® even-odd/odd-even nuclei (blocking mandatory) A

*® odd-odd nuclei (blocking mandatory) w'

- Observables and physical guantities

® Ground state and excitation energies
® electromagnetic transition probabilities (low-lying states)
* Beta-decay rates Qﬁ,

® Electromagnetic responses / resonances (higher-lying states) A
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PGCM: ansatz

Variational method based on the mixing of configurations. The many-body wave
functions of the system is expressed as:

JMNZm\ __ JMNZm pJ N pZ pm
‘\I]O' >_ E : o;qK PMKP PeP ‘(I)(Q»
qK
coefficients Intrinsic (projected) states

[
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PGCM: ansatz

Variational method based on the mixing of configurations. The many-body wave
functions of the system is expressed as:

WPMNZT) = ST IMNET P PN P2 PTIB(g))

Where: gk

> {|®(q:))} Is a set of intrinsic many-body wave functions defined parametrically
along the variables, ¢ I

o Multipole deformations

o Pairing correlations

o Cranking ; i
O ... S I PYWN
o Several at the same time T. R. Rodriguez and J. L. Egido

Phys. Rev. C 81, 064323 (2010)

“You are the architect of your own destiny.” - Ralph Waldo Emerson
(and your PGCM calculations)
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PGCM: ansatz

Variational method based on the mixing of configurations. The many-body wave
functions of the system is expressed as:

WIMNIT) = S fIMNZE P PN Y PT|9(g))
qK

Intrinsic self-consistent mean-field (HFB-like, Bogoliubov quasiparticle vacuum) states:
(@) =Y Un(@)ch + Var(@ea  2(0)) =] 8i(0)| ) — Bul@)|@) =0 Yk

But these states are not limited to be quasiparticle vacua! |®g,x,(q)) = B};l(q)ﬁ};z(q)lql'(q))
Blocking

» For odd-mass and odd-odd nuclel, blocking must be applied by definition.
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PGCM: ansatz

Variational method based on the mixing of configurations. The many-body wave
functions of the system is expressed as:

WIMNIT) = S fIMNZE P PN Y PT|9(g))
qK

We minimize the (constrained) energy functional: T(q) = )Cl Q)Ca

variational

(®(q) | H|®(q)) A

Bwvar [0(0)] = e — (@@NQIR(0)
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PGCM: ansatz

Variational method based on the mixing of configurations. The many-body wave
functions of the system is expressed as:

WJMNZT) = N MY ZT P PN PZPT|®(q))
qK
projection operators
Symmetry restoration (lost at mean-field level):

PJ\{IK — angular momentum projection operator

PN —» neutron number projection operator

PZ —» proton number projection operator

P" — spatial parity projection operator

|
. . . , Uni idad Auté F:
Nuclear excitations and resonances - ESNT | Nov 2024 | PGCM - Jaime Martinez-Larraz UA o utonoma



PGCM: ansatz

Variational method based on the mixing of configurations. The many-body wave
functions of the system is expressed as:

WIMNZTY =N FIN AT Py PN PZPT|®(q))
qK
where

> ;,];JC;JKNZ“ are the PGCM variational parameters that minimize the energy.

o T T p/T T . Hill-Wheeler-Griffin
OE[|U7)] =0 = Z Haxorr = EoNoxgxr) Jorg e =0 (HWG) equation

[=(JMNZr) g
Hig o = (®(q)|HPy . PN PZP7|2(q)) Generalized
T elgenvalue problem!
gK;quf — (‘I’(Q)|Pf‘£K'PNPZP |<p(q’)) ) ¥
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PGCM: solution of the HWG equation

How do we get to the usual eigenvalue problem? Creating an orthonormal basis

1. Finding the eigenvalues and eigenvectors of the norm overlap matrix:
Nint

E Naia; Ureg; = MeUxg,g;

j=1

2. From them, building a set of orthonormal states (“natural basis”):

Nint
Ag) = ; u\)}% Dy, ) (Ag|Agr) = Op ke
3. Rewriting the HWG equation and the PGCM ansatz wave function:
Niat Niat Nint Npat
> (AHIIgE = BTG W= > AD =3 S @k stlip,)
k=1 k=1
Regular eigenvalue problem! q'z,
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PGCM: solution of the HWG equation }

Nnat

The usual analysis: plateau condition > (MilH|Aw)gl = E7g}
k'=1

|.  Given the states of the natural basis, we sort them by the eigenvalues of
the norm overlap matrix from largest (higher contributions) to smallest.

Il. We solve the HWG equation with only one natural basis state and obtain
the energy, then with two and so on.

Ill. As the eigenvalues decrease, we expect smaller contributions, so that the
energy remains fairly constant == plateau condition

Energy (MeV)
I
—

0 10 20 30 40 50 60 70 80
States in the natural basis
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PGCM: solution of the HWG equation }

Nnat

The usual analysis: plateau condition > (MilH|Aw)gl = E7g}
k'=1

|.  Given the states of the natural basis, we sort them by the eigenvalues of
the norm overlap matrix from largest (higher contributions) to smallest.

Il. We solve the HWG equation with only one natural basis state and obtain
the energy, then with two and so on.

Ill. As the eigenvalues decrease, we expect smaller contributions, so that the
energy remains fairly constant == plateau condition

Linear dependencies!!

=3 k 1nt
—4 - )\k)qz
— - - ‘Ak E , - Qz

Energy (MeV)

—8- N nat S N int
0O 10 20 30 40 50 60 70 80
States in the natural basis
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PGCM: solution of the HWG equation

Actually, we have:

- Initial set of intrinsic states {|®g,)} i=1..... V..., ) ]\ .

Through the norm overlap matrix: /V;,; eigenvalues /\k: and eigenvectors U ),

« Exact linear dependencies suchas \ = () _— /..

* Approximate linear dependencies suchas A £ 0 but A~ (0 e [

» Final set of well-defined natural basis states {|Ag)}r=1... N

nat
with Nnat e Nint = Lexa _

Zero Is an accumulation point for the norm overlap eigenvalues!
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PGCM: solution of the HWG equation

Non-orthogonality and approximate linear dependence

e Let us have two vectors in IR? such that:

—*

v - U1 =1, vg - U2 =1, U - Uz =

e The norm overlap matrix 1s

Nij =v;-7; = (i T) = Figenvalues: Ay =1+ pu

u=0= v1 Loy, Ar=1,1 (orthonormal)
uw=1= vy =7y, Ay =2 0 (exact linear dependency!)

e For 0 < p < 1, the natural basis does not contain exact LD.
However, if 1 /~ 1, the natural state with A =1 —pu

could be ill-defined!
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PGCM: solution of the HWG equation

Usually: cutoff to the eigenvalues, & )

_f_ Problems:

s :2 1. Cutoff chosen heuristically.

i’"“‘ 2. ldeal value depends on the calculation.

E :Z 3. Big jump is a sign of these approximate linear
4 dependencies, but there could be more...
g

0 10 20 30 40 50 60 70 80
States in the natural basis
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PGCM: new considerations

J. Martinez-Larraz and T. R. Rodriguez Phys. Rev. C 106, 054301 (2022)

Evidence!
: (Aky [ A, )
Orthonormality is not -10°
met, ill-defined 20
natural states (LD) i
40 10
k:
1 60 T
80
10—12
100
120 - 1016
1 20 40 60 80 100 120
K>

Usual cutoff does not avoid the LD spoiling of the natural basis
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PGCM: new considerations }

J. Martinez-Larraz and T. R. Rodriguez Phys. Rev. C 106, 054301 (2022)

New method: orthonormality condition of the natural states.
« The orthonormality of the natural basis, (Ax|Ar) = dx.x , is eventually lost.

 However, we could restore its viablility by imposing the condition:

(Ag|Ak) — Oy < €nas 5 Yk, K

and removing the natural states that do not fulfill it.

p o ,
Nuclear excitations and resonances - ESNT | Nov 2024 | PGCM - Jaime Martinez-Larraz ~ [JA M il Autonoma



PGCM: new considerations

Big jump is a sign of these approximate linear dependencies, but there could be more...

Nﬂev Nfe'b
> Picket-fence model:  H =) e (de, +clep) =G > delepe N — 4
k=1 ke k=1

k  Orbital =, (MeV)

5 4.5‘1/2 2.0

P . ¢ Total exact space: 50 0" states
4 3.‘:;1/2 1.5

3 25 10 % PGCM: 46 exact 0" states

2 151/2 0.5

1 0.5'1/2 0.0
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new considerations

Energy (MeV)

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
States in the natural basis

J. Martinez-Larraz PhD thesis.
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new considerations

Energy (MeV)

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
States in the natural basis

J. Martinez-Larraz PhD thesis.
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PGCM: new considerations

I
=

Energy (MeV)
N

_ 3 i
_ 4 i -.
—5- \
!\
45 50 55 60 65 70 75 80

States in the natural basis

J. Martinez-Larraz PhD thesis.
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PGCM: new considerations

Why does this happen?

Energy (MeV)
bob L

I
N

I
Ul

45 50 55 60 65 70 75 80
States in the natural basis

J. Martinez-Larraz PhD thesis.
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PGCM: new considerations }

N,Z;J;0 N,Z, J 2 characteristic weight
[ Vpéonm ) Z Go " (k) [ Mk ) —> g (F) distribution

J. Martinez-Larraz PhD thesis.
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PGCM: new considerations

U N,Z;Jyo\ N.Z,J (LY | A L 2 characteristic weight
PGCM | — 9o k) = |(, SO
distribution
k
0.5} ® e 0=1, Nyyu=46]]
O 0=4, Np=82
OO ;. lllllllllllllllllllllllllllllllllllllllilll[ll:ll 0000000 l|_1|_|DEI|:|| 0000000001 ||:1|:||:|| 1 |-
0.5} s 0=2, Nnat=46 _-
- OO .-I ..B.BDDI II || IE]EIE]EII:II || ll ||| 1|:||:|r1r|r|r|mr|-
= | - e 0=3, Nox=46]
$05- 0 0=20, Npot =82 |]
B
OO0 0 - l!l!mllmllmllm!!!UmDDDDDDDDDDDDDDDUuuuuuuuuuuuDDDuuuuuu-
3 4, Npat= 46,
025 i L) _ ® o= nat ]
. - ] ]
0.00¢ EEsEEssEEssEEeE ¢ s !BI'!IUI 'llmllm:u:DDDDDDDDDDDDDDuuuuuuuuuuuDl:luuuuuuu—
O 2 5 _ @ [=] o= 5 Nnat == 46
: D g= 24, Nnat = 82
0 00 - SSTEEsEEEsEEEeE O llmE-....UBIBEll!!EIEIDDDDDDDDDI:II:IEII:IEII‘II‘II‘II‘IHFII‘]HFIHI‘II‘IFII‘IDDDDDEI-
0 10 20 30 40 50 60 70 80

Natural state, k

J. Martinez-Larraz PhD thesis.
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PGCM: new considerations

Energy (MeV)
bob L

I
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45 50 55 60 65 70 75 80
States in the natural basis

J. Martinez-Larraz PhD thesis.
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PGCM: new considerations

I
=

Energy (MeV)
N

_ 3 i
_ 4 i -.
—5- \
!\
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States in the natural basis

J. Martinez-Larraz PhD thesis.
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PGCM: new considerations

1. To ensure the orthonormality of the NB is important

2. The LD breakdown can be related to spurious states

3. Plateau conditions are not a good way of studying convergence
4. They only account for the specific distributions of PGCM states

5.We could look at the continuity of the weight distributions

J. Martinez-Larraz PhD thesis.
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Applications

Once we have found the proper dimension of the natural basis, Npat , we solve
the HWG equation for each angular momentum :

Niat
S (A [ M) g2 20 (') = BN g M2 (k)
k!

retrieving the PGCM nuclear energies of the yrast state and excited states on the same
footage, besides the wave functions,

| Upécii”) ZgNZJ | Ai)

We can also compute the collective wave functions to obtain an interpretation in terms of
the Intrinsic states:

‘FNZJ |ZgNZ] _ éVZ](qZ)

. . . , Uni idad Auté F:
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Applications

With the PGCM states defined, we can compute quantities such as the
electromagnetic strength functions:

T 1 T “relec T
BUEX:JE — J7) = 57 W1 0I5 1)

T 1 ma T
BOMAJT > JF) =5 I )

Strategy:

- Compute the initial and final states by solving the nuclear many-body problem separately.
- Compute the transition matrix elements between individual states.

- Energies, electromagnetic and decay properties are obtained within the same framework.

|
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Applications: EM responses }

The main goal in the PGCM calculations is to represent the nuclear states as good as
possible. However, in some cases it is difficult:

JT — 17 |challenge!

Obtaining 17 states from HFB-like wave-functions

Collaboration:
« Kamila Sieja

Aim: to reliably reproduce a high . Thomas Duguet
density of 1" states in PGCM - Mikael Frosini
calculations (resonances) * [Stavros Bofos

« Benjamin Bally
« Tomas Rodriguez
« Jaime Martinez-Larraz
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Conclusions

PROS CONS

/4

K Applicable to all regions of \ /> Approximate solutions.

nuclear chart.

_ computationally expensive.
» Complete restoration of

» Description of nuclear states In
terms of collective variables.

» Energies, transitions and decay
\properties: same framework /

> Adaptable and flexible. » Depends on the choice of d.o.f.

» Continuous and discrete » Depends on the quality of mean-
coordinates. field wave functions.

» Beyond-mean-field technique. » Calculations can be

Symmetries. > To delimit a proper natural basis
can be complex in some cases.

~

/

»
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Thank you for your attention!



PGCM: new considerations

e
States in the natural basis

T

=

m 9] &=
&

)
- !
@
! ==
@

-
L et ]
r =
” =1 L2 = ,‘n B @ rfr @l
L4 ] = = ] = [ = ] ol ) o
. I |
+ + + t t

El B B B E B = E E rafiry B G B E G = B @ B = Bl B Bl
| = 1S [ 1) [ (S 1) | [ 1] [&] |99 &9 ] |9 1S9 [S9] (O] |99 [ 1] [ |99 ] |99 ] | (] 59 |99 L [
1 T

0_0-,!!:!;:!!!!m! CEICEE R T T )
0 10 20 30 40
Natural state, k
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PGCM: new considerations

10 20 30 40 50 60 70 80 |g.(k)|?

E
107 =
20-
30-

40

50-

Natural state, k

60 -

70-

30 -
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Applications: EM responses }

The intrinsic HFB-like state can be decomposed in angular momentum eigenstates:

J
®(q)) :XX Z Ca,7K(q)|0t; JK)

(87 J K=-—.] a other quantum numbers

If the intrinsic HFB-like preserves simultaneously: (typically preserved in self-consistent

symmetries imposed in most of the

T @) _ q)> ) mean-field solvers)
15 (I)> . (I)> - COé,JoddK(Q) =0
}% q;.) — e—iﬂjm |<I>) _ |<I>) we cannot produce J=1 projected states

- constraints: cranking, isoscalar pairing, etc

- n-quasiparticle states

|
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Applications: EM responses

* Magnetic transitions:

B(M1;1}F — 07)

| Ji) = |1])

| J¢) = |07)

set of excited states ground state

(level density)

* Nuclei: 2°°Ne and ?*Mg (N=2)

« USDB shell model interaction (*°O core)

« Benchmark results from the first one hundred 1* states

»
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Applications: EM responses

« Generating coordinates (constraints): proton-neutron pairing content

S=1:T=0 S=0:T=1

BT TET I
00 0b 40 44) | |04 -0b 40 44) .
BRI IR

J J

53 Py = (P ‘f] +[Pq ® )
M, Mz, 9 ( (q)| M, Mr, My, Mr, | (Q)> 01 nn
“creates” pairs coupled to angular momentum and isospin 581_1 = 5pp

5JPTP - <

My M _
Jp T 501 = g1

00 — Ypn

10 — 0
. 500 = 5})?’&

Bwvar [1000)] = g — @@, [2()

| _ .
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Applications: EM responses

« Generating coordinates (constraints): proton-neutron pairing content

/

- In TAURUS, general HFB (real) transformation allows the inclusion of proton-neutron pairing

[®(q)) = Bo(q)|®(g)) =0 V b Bi(a) =D Uab(@)ch + Van(g)ca

_ Upp Upn . _ Vpp Vpn
U= ( Uny Unn )’V_ ( Vi Vun

Marie
Sktodowska-Curie
Actions

TAURUS (ID:839847)

( )
<(6 8)>

(ﬂﬂ}

* B. Bally, A. Sanchez, T. R. R., EPJA 57, 69 (2021)
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Applications: EM responses

« Generating coordinates (constraints): proton-neutron pairing content

/

- In TAURUS, general HFB (real) transformation allows the inclusion of proton-neutron pairing

[®(q)) = Bo(q)|®(g)) =0 V b Bi(a) =D Uab(@)ch + Van(g)ca

U. U. V, Von
o= (i 52 ) v - (i )

Marie
Sktodowska-Curie
Actions

TAURUS (ID:839847)

( )
<(6 8)>

(ﬂﬂ}

* B. Bally, A. Sanchez, T. R. R., EPJA 57, 69 (2021)
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Applications: EM responses

« Generating coordinates (constraints): intrinsic rotations (cranking)

Time-reversal symmetry breaking! -

S
Angular momentum correlations < -
&

L A— ]
C 4 M. Borrajo, T. R. Rodriguez, J. L. Egido, [ 2 ]

Phys. Lett. B746, 341 (2015) T —
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Applications: EM responses

Exploring cranking, pn-pairing (isoscalar and isovector)

-2254 * >N
<& PGCM
—25.0
—27.5 ®
< ®
>
—30.0 ®
= ¢,
T —32.5-
W ®
&®
—35.0
@
—37.5
®
—40.01@
0 2 4 6

Angular momentum, J

/.

- T= T=1
{1232+ 0pn s Opn )}

- exact ground state energy

- exact description of low-lying excited
energies
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Applications: EM responses

Exploring cranking, pn-pairing (isoscalar and isovector) {|®(jz, 5;1,”:0, 5%1,,,,:1))}

il
L
s - Excellent description of the lowest excited 1* states
* | 50 I ' I ! I ! I ! I ! I
* i  SM . T
; 45 - o PGCM - .
40 - -
—~ 35 [ .
> |
(]
= 30 - -
~ |
= 251 _
w |
20 .
15 .
L 4 i 4
‘ 10 - -
. 0 20 40 o 60 80 100
*
._
100 - convergence of highly excited states can be tricky

. . - we have to abandon the idea of “plateau condition”
numer of states in the natural basis we hav | p u I
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Applications: EM responses }

Exploring cranking, pn-pairing (isoscalar and isovector) {|®(jz, 5;1,”:0, 5%1,,,,:1))}

0.6 ' I ' I ' I ' | ' I

00p % - wm Aol oo

10 15 20 25 30 35 40
E(1}) (MeV)

»
itati - ‘ Universidad Auténomse
Nuclear excitations and resonances - ESNT | Nov 2024 | PGCM - Jaime Martinez-Larraz UA o utonoma



Applications: EM responses

Exploring cranking, pn-pairing (isoscalar and isovector)
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Applications: EM responses
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Applications: EM responses
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Projected Generator Coordinate Method
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Introduction }

= Even though historically PGCM has been associated with EDF, nowadays it
has been extended to other kind of interactions:

(——)
<(@ ©0)>

(ﬂﬂ}

TAURUS
(Theory for A Unified descRiption of nUclear Structure)

B. Bally, T. R. Rodriguez, and A. Sanchez-Fernandez, Zenodo 99, 062501 (2020)
B. Bally and T. R. Rodriguez Eur. Phys. J. A 60, 62 (2024)
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