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Abstract Giant resonances (GRs) are a striking manifes-
tation of collective motions in mesoscopic systems such
as atomic nuclei. Until recently, theoretical investigations
have essentially relied on the (quasiparticle) random phase
approximation ((Q)RPA), and extensions of it, based on phe-
nomenological energy density functionals (EDFs). As part
of a current effort to describe GRs within an ab initio theo-
retical scheme, the present work promotes the use of the pro-
jected generator coordinate method (PGCM). This method,
which can handle anharmonic effects while satisfying sym-
metries of the nuclear Hamiltonian, displays a favorable (i.e.
mean-field-like) scaling with system’s size. Presently focus-
ing on the isoscalar giant monopole resonance (GMR) of
light- and medium-mass nuclei, PGCM’s potential to deliver
wide-range ab initio studies of GRs in closed- and open-shell
nuclei encompassing pairing, deformation, and shape coex-
istence effects is demonstrated. The comparison with consis-
tent QRPA calculations highlights PGCM’s unique attributes
and sheds light on the intricate interplay of nuclear collec-
tive excitations. The present paper is the first in a series of
four and focuses on technical aspects and uncertainty quan-
tification of ab initio PGCM calculations of GMR using the
doubly open-shell 46Ti as an illustrative example. The second
paper displays results for a set of nuclei of physical interest
and proceeds to the comparison with consistent (deformed)
ab initio QRPA calculations. While the third paper analyzes
useful moments of the monopolar strength function and dif-

a e-mail: aporro@theorie.ikp.physik.tu-darmstadt.de (corresponding
author)

ferent ways to access them within PGCM calculations, the
fourth paper focuses on the effect of the symmetry restoration
on the monopole strength function.

1 Introduction

Giant resonances designate specific excitations of the system
in which a significant fraction of the nucleons are involved
in the process. Giant resonances are categorised according
to their multipolarity and isospin nature, i.e. isoscalar or
isovector, and are best pictured in terms of vibrations of
the nuclear surface in a liquid-drop approach. The isoscalar
GMR addressed in this work, also referred to as the breath-
ing mode, involves Jπ = 0+ excitations in which neutrons
and protons oscillate radially in phase. As such, the GMR
provides valuable information about the incompressibility
of infinite nuclear matter [1–4], a key quantity characterising
the nuclear equation of state (EoS).

While GRs are to a large extent made out of a coherent sum
of 1-particle/1-hole excitations, their coupling to the back-
ground of many-particle/many-hole (ph) excitations relates
to a well known phenomenon in solid state physics and is
referred to as Landau damping. Furthermore, GRs lie above
the particle emission threshold. Consequently, they couple
to the particle continuum, thus inducing a so-called escape
width. Last but not least, they can also be damped through
coupling to the electromagnetic field leading to the emission
of a photon [5,6].
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[Pictures from Dytrych et al., PRL, 2020]
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If yes,

• are they harmonic? How strong the anharmonicities ? 

• how large are the phonon-phonon interactions?

• do they set tensions with the Brink-Axel hypothesis?

Theory

• Ad hoc models, introduction of phonon d.o.f. 

• TD-DFT [Marevic, Regnier and Lacroix, PRC 108, 014620 (2023)]

Multi-phonon states

GRs can be thought as the first phonon of a collective excitation 

• Do higher excitation quanta exist (multi-phonons) ?

Commonly observed in low-lying nuclear vibrations (quadrupole) 

• Two-phonon triplets, three-phonon

Experiment

2nd phonon observed in multiple nuclei (IVGDR, ISGQR in 40Ca)

3rd phonon possibly observed in two cases 
Schmidt et al., IVGDR in 136Xe (1993), Fallot et al., ISGQR in 40Ca (2006) 



C C - L I T  Lorenz integral transform (spherical)

S A - N C S M  Application to deformed systems (20Ne)

[Bacca, Barnea, Hagen, Orlandini, Papenbrock, PRL, 2013]

[Barbieri, Raimondi, PRC, 2019]

[R. Trippel, PhD Thesis, 2016]

( Q ) R PA
• Spherical (Q)RPA, 2nd RPA, CC-RPA, IMSRG-RPA, IMSRG-2nd RPA 
• SCGF, RPA with dressed propagators
• (Q)RPA for axially- and triaxally-deformed systems

[Beaujeault-Taudière, Frosini, Ebran, Duguet, 
Roth, Somà, PRC, 2023]
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E O M  a n d  V S  e x t e n s i o n s
• IMSRG and CC
• Suited for weakly-collective excitations only

[Dytrych, Launey, Draayer, Maris, Vary et al., PRL, 2013]

Theoretical ab initio tools
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Ab initio PGCM numerical settings (systematic study in 46Ti)

● Quantities expanded on harmonic oscillator basis (characterised by ħω, emax , e3max)

● Family of chiral NN + in-medium 3N interactions (NLO, N2LO and N3LO)
○ T. Hüther, K. Vobig, K. Hebeler, R. Machleidt and R. Roth, "Family of chiral two-plus three-nucleon interactions for 

accurate nuclear structure studies", Phys. Lett. B, 808, 2020

○ In-vacuum SRG evolution (α=0.04 fm4, α=0.08 fm4)

○ M. Frosini, T. Duguet, B. Bally, Y. Beaujeault-Taudière, J.-P. Ebran and V. Somà, “In-medium k-body reduction of n-body 
operators”, The European Physical Journal A, 57(4), 2021
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Table 1 GCM and PGCM m1 monopole moments computed via the SOES and GSEV approaches for 16O, 24Mg, 28Si (ground-state and prolate
isomer) and 46Ti

16O 24Mg 28Si 28Si iso
46Ti

SOES GSEV SOES GSEV SOES GSEV SOES GSEV SOES GSEV

GCM 7940 8611 16,676 17,850 21,046 22,384 22,104 23,625 43,185 46,776

PGCM 8386 8617 17,178 17,978 21,490 22,526 22,846 24,016 44,392 47,046

All quantities are in fm4MeV

Fig. 2 Integral m1(ω) moment, as defined in Eq. (21), as a function
of the maximum excitation energy and normalised by the GSEV value
of m1 from PGCM monopole calculations of 16O, 24Mg, 28Si (ground-
state and prolate isomer) and 46Ti

lowest eigenstates of axially deformed harmonic oscilla-
tors, the two generator coordinates being the corresponding
axial and perpendicular oscillator frequencies. While realis-
tic (P)GCM calculations rely on more general Bogoliubov
vacua (and include particle-number and angular-momentum
projections), such a proof gives some confidence that the
monopole operator might be well exhausted in present 2D
(P)GCM calculations using r2 and β2 as generator coordi-
nates. It is the goal of the present section to test quantitatively
to which extent this is indeed the case for m1.

4.2 Results

The (P)GCM m1 values obtained from both evaluation
methods are reported in Table 1. Furthermore, their differ-
ence [rescaled according to their expected A5/3 scaling; see
Eq. (25)] is displayed in Fig. 1 along with the difference in
percentage.

Results obtained via the SOES approach are about 6–
7% smaller than their GSEV counterpart across the five
cases under consideration. The underestimation of the SOES
approach is stable from A = 16 to A = 46 once the A5/3

scaling has been removed. The small but systematic improve-
ment of the PGCM over the GCM is attributed to the benefit
of the symmetry restoration, i.e. symmetry contaminants are

removed by the angular momentum projection on J = 0 such
that the operator r2 is better exhausted by the corresponding
subspace SP . For PGCM calculations the SOES m1 moment
as a function of the maximum excitation energy, reading

m1(ω) ≡
∫ ω

0
E S(E)dE, (21)

is displayed in Fig. 2 normalised by the corresponding GSEV
value. The excited states included in the SOES evaluation
reach a maximum energy of 97 MeV for 16O, 74 MeV for
24Mg, 94 and 98 MeV for the ground and isomeric state of
28Si and 102 MeV for 46Ti.

Eventually, the operator r2 is exhausted, within a few per-
cents, by the (P)GCM subspace S(P). This translates into the
fact that the SOES approach to m1 can be safely used within
a few percent uncertainty.10 Differences between the GSEV
and SOES approaches signal the necessity of improving the
determination of an optimal (P)GCM subspace S(P). While
this topic is of current interest, it goes beyond the scope of
the present article.

5 Angular-momentum projection

The effect of angular momentum projection on the monopole
moments mk , k = −1, 0, 1, 2, 3, evaluated via the SOES
approach is presently quantified by comparing results from
GCM and PGCM calculations. As seen in Table 2, the angular
momentum projection systematically enlarges mk in a way
that increases with k. In fact, while the increase with the
moment order is rather marked in 16O, it is limited in 24Mg
and has entirely disappeared in 46Ti. Thus, and even though
the range of nuclei presently tested is too limited to draw
general conclusions, the impact of the angular momentum
projection seems to decrease with A.

10 The resulting uncertainty for a moment mk can be conjectured to
increase with k. Indeed, the energy weight Ek entering mk accentu-
ates the importance of higher-energy states as k increases while the
truncation of the completeness relation in the SOES approach probably
affects more this higher-energy domain. Given that m1 is the highest
moment that can be computed exactly within the GSEV approach, this
conjecture cannot be presently tested.

123

Sum rules exhaustion
Different evaluation streategies for the moments

Must know excited states

Ground state only

Complexity is shifted to the operator structure

Many-body operators

• Exact up to m1

6-7 % difference in PGCM 
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Deformation

Shape coexistence

● Oblate GS and prolate-shape isomer

● Proper study of shape coexistence in PGCM

Ø Shape coexistence but weak mixing

[Jenkins et al., 2012]
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Total Energy Surface EHFB(β2,r)

Shape coexistence effects in 28Si
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Monopole Strength
● Focus on the prolate-shape isomer

● Coupling to GQR generates splitting

    x     High peak = shifted “spherical” breathing mode

    x     Low peak = induced by coupling to GQR (K=0)

● Two-peak GMR on the prolate shape isomer

K=0 Quadrupole Strength

11

Total Energy Surface EHFB(β2,r)

+ β2

Deformation effects in prolate 28Si
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Ab initio PGCM comparison to experimental data

• Better description of the main resonance and fragmentation

Experimental data are useful and promising to test different many-body methods

Data are not unambiguous, i.e. higher resolution would be beneficial

Comparison to experimental data
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● PGCM predicts high-lying states

● Close to the harmonic oscillator eigen-solutions

● Transitions maximised between neighbouring phonons

    x     Linear trend in the transition strength

Multi-phonon states in 46Ti
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Figure 11.2: Energy spectrum of 0+ states from a one-dimensional PGCM calculation along the radial
coordinate in 46Ti. Results are compared to the harmonic oscillator limit and to its perturbatively-corrected
version.

shown for comparison. The inclusion of perturbative corrections improves the overall agreement between
the PGCM spectrum and the pure harmonic oscillator model, illustrating how anharmonicities slightly
compress the harmonic spectrum.

Monopole transition probabilities between 0+ states are shown in Fig. 11.3. All possible transitions are
displayed, with the exception of transitions between the same state, which amounts to evaluating radii of
excited states. Interestingly, only the transitions between neighbouring phonons are strong enough to be
visible in Fig. 11.3. The transition between the giant resonance and the next state appears almost exactly
at twice the GR’s energy, which is highlighted by the presence of the straight lines !y(x) = 2!x(y). Also,
the transitions between neighbouring phonons are extremely close to the anti-diagonal straight lines. They
would lie exactly on such lines in the pure harmonic limit.

In Fig. 11.3 the magnitude of the transitions between neighbouring states happens to increase linearly
with the degree of the considered phonons. This pattern is highlighted in Fig. 11.4 (left), where the tran-
sition probability between neighbouring phonons is displayed as a function of the phonon’s number. The
linear trend is conÆrmed, in agreement with the pure quantum harmonic oscillator model, see Eq. (K.7).
Anharmonic e�ects on transition probabilities are thus not signiÆcant, even though the very presence of
non-vanishing transition probabilities between multi-phonon states and the ground state is a Ænger print of
such anharmonic e�ects.

The comparison to the quantum harmonic oscillator is extremely useful, and can be pushed further
for the beneÆt of the interpretation of these results. One-dimensional PGCM collective wave-functions
are displayed in Fig. 11.4 (right) for the ground state, the giant resonance and the two-phonon state. The
resemblance to the eigen-functions of the quantum harmonic oscillator is clear, establishing the second
excited state as a phonon built on top of the giant resonance.

11.1.2 Quadrupole resonances

The same analysis is now proposed for quadrupole excitations. Compared to the monopole case, where
only 0+ ! 0+ transitions were involved, the landscape is complicated by the possibility for quadrupole
transitions to connect states of di�erent angular momentum. While the GQR links the 0+ ground state to
an excited 2+ state, a subsequent phonon may link such a 2+ state to a 0+, 2+ or 4+ state, and so on for
higher phonons. This is schematised in Fig. 11.5 for the one-dimensional PGCM results. More generally, for
Ji being the angular momentum of the initial state and � the multipolarity of the transition, all the angular
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1 2 3 4 5
0

5

10

15

20

n

�
n
B
(E

0)
[fm

4
M

eV
�
1
]

20 MeV
30 MeV
40 MeV

1 2 3 4 5
�1

�0.8

�0.6

�0.4

�0.2

0

n

�
n
B
(E

2)
[fm

4
M

eV
�
1
]

20 MeV
30 MeV
40 MeV

Figure 11.10: Numerical convergence of the transition probabilities between neighbouring phonon states as
a function of the phonon number for (left) 0+ and (right) 2+ excited states for di�erent PGCM calculations
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Figure 11.5: Spectrum associated with quadrupole vibrations in 46Ti one-dimensional PGCM calculations.
Two successive quadrupole phonons are shown, the second one being made of a triplet of (quasi-degenerate)
J⇡ = 0+,2+,4+ states, see Eq. (11.1). Energies are in MeV and transition probabilities in fm4MeV�1.

momenta
Jf 2 {|Ji ��|, |Ji ��|+1, . . . , Ji +�� 1, Ji +�} (11.1)

are accessible via such a transition.
Transitions from 2+ states to 0+, 2+ and 4+ states are represented in Figs. 11.6, 11.7 and 11.8 respectively,

leading to the following comments

a) The two halves of the energy-energy planes are asymmetric as far as transition probabilities are
concerned. Indeed, since amplitudes are associated with upwards transitions (excitations) from lower
to higher energies, the angular momenta of the initial and Ænal states are inverted once the diagonal
!y = !x is overcome. Thus, the implicit multiplicities in the deÆnitions of the transition probabilities
must change accordingly, following the relation

B(E�, f ! i) =
2Ji +1
2Jf +1

B(E�, i! f ) . (11.2)

b) The dots corresponding to transition probabilities to 0+ and 4+ are slightly misaligned with respect
to the quadrupole response of the ground state. This e�ect is due to the fact that the energies of the
2+ states in the ground-state response and the energies of the 0+ and 4+ states involved in the graph
are not perfectly degenerate, as visible in Fig. 11.5.

c) The transitions testify the presence of multi-phonon states for all relevant J⇡ states and the linear
trend of the transition probabilities with respect to the phonon number is also reproduced.

Eventually, the prediction of quasi-harmonic multi-phonon states from the one dimensional PGCM calcula-
tion is clear for both monopole and quadrupole channels.

11.1.3 Convergence of multi-phonon states

Since multi-phonon states lie at high energies, their convergence is a primary concern in the present
investigation. To this purpose, let us recall the tests from Sec. 6.6.1. These calculations explore the numerical
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• 2-D PGCM in the (r, β2) plane

• Good agreement with experiment

• Multi-phonon states observed

• Harmonicity well confirmed

Two-dimensional calculations



GS

1st ph 19.65

2nd ph 36.65

2⇥ ph 39.3

371

762

0.07

40Ca N3LO

GS

1st ph 21.59

2nd ph 39.13

2⇥ ph 43.18

301

670

0.14

40Ca EM 1.8/2.0

Two-phonon states in 40Ca - preliminary
One-dimensional ab initio GCM calculations

34.8(5) MeV

~ 18 MeV

EXP

318

 ISGQR mul phonons in 40Ca
 Comparison with experiment

Energy spectrum is in excellent agreement with experiment and nearly harmonic (~2%).

Excita ons of the main peak:

E2ph = 35.7 (0.5) MeV

E1ph = 18.1 (0.2) MeV

E3ph = 53.6 (0.7) MeV

(not full theore$cal uncertain$es)

35.7(4) MeV

Scarpaci et al, PRC, 56(6), 3187 (1997)

Marevic et al, PRC, 108, 014620 (2023)

Theory (TD-DFT)

• Preliminary results also predict two- and possibly higher-phonon states

• Small deviations from the harmonic picture

• More detailed study following
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Discussion
Ab initio PGCM as a tool for GRs study

• Shape isomerism effects on GRs Physics

PGCM naturally predicts multi-phonon states

• Multi-phonon states in the monopole channel

• Better probe for the compressibility ?

• Preliminary quadrupole results

• Small deviations from the harmonic picture

• Tensions with the Brink-Axel hypothesis ?

2nd-RPA possible ? [Minato, arXiv:2411.01709 (2024)]


