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Few-nucleon observables

@ ground-state wave functions sy, ¥sg. for L = 18 fm using Lanczos algorithm

() charge radius: [J. Hoppe et al. (2019)] [J. Simonis et al. (2017)] [A. Ong et al. (2010)]

— 2
Rch nucleus — <1/}nuc]eus‘Rpomt proton|¢nu016us> + Rch P + ZRch n + RDarwin-Foldy

a few % too small (two-nucleon vector current may cure this . msier 2024)
@ half-life of triton beta decay: [A. Baroni et al. (2016)] [R. Schiavilla et al. (1998)] [S. Raman et al. (1978)]

- XKoo
hyp = [+ 0x fy (F)? +ngA<GT) , (GT) o (3| |[13m)

diagrams for nuclear axial current based on [H. Krebs et al. (2017)] +O N3LO
—EO,H MCV ‘ —Esne [MCV] Rch,3H [fm] ‘ Rch,3He [fm] 1590 [yr]
experiment | 8.481795(2) | 7.718040(2) | 1.7591(363) | 1.9661(30) | 12.32(3)

[M. Wang et al. (2017)] [I. Angeli, K. P. Marinova (2013)] [J. J. Simpson (1987)]

A = 3-it 8.48(7)m | 7.73(7) 1.695(10) | 1.914(14) | 12.31(10) m
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2. Wave function matching (WFM) benchmark

Wave function matching for
improvement of perturbation theory
using unitary transformations

[LB (chapter of PhD thesis in progress)]
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Avoiding the sign problem

Monte Carlo (MC) simulations for A > 3 > fermion sign problem
compute normal-ordered matrix element positive & negative
(] : e Lt | contributions cancel
for L, Euclidean time steps for N3LO Hamiltonian A
of size a, (cf. backup slide) = numerical inaccuracy

/

perturbation theory (PT)

using simple LO Hamiltonian AS instead (without severe sign problem)
(ol Hlwo) = (W§|HUE) + (V5| H — H|45) + O(second order of PT)
for ground states |vy), |¢3) of H, HS
but: slow convergence at first order
(4ol H|bo) % (3 |HIYE)
= wave function matching (WFM)
replace H by H' with (vo|H|1o) ~ (5 |H'[v5) o




Avoiding the sign problem

unitary
transformation
& ".. H
easily 5 ; *
W (e ms

Uh(r)m ~ computable e ;
UHGENRN Hamiltonians ., &

RN ., K

Yo(r)

[S. Elhatisari et al. (Nature 2024)]
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Avoiding the sign problem

unitary
transformation
o ".. H
easily D .
/ ms
Uh(r)m ~ computable e
P (r) N Hamiltonians

Yo(r)

[S. Elhatisari et al. (Nature 2024)]

@ WFM: generate Hamiltonian
H =U'HU,
where unitary transformation U maps
[48) — o) (up to range R)
while keeping phase shifts unchanged
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Avoiding the sign problem

unitary
transformation

s,
* H
<

easlly g .':H’

Vo (r)m ~ computable e
. Hamiltonians

Yo(r)

[S. Elhatisari et al. (Nature 2024)]

@ WFM: generate Hamiltonian @ H’ has ground state
H = UTHU, [40) = Utlo)
where unitary transformation U maps with
[¥5) = [to) (up to range R) Yp(r < R) o ¥5(r < R),
while keeping phase shifts unchanged Yo(r > R) = o(r > R)


https://doi.org/10.1038/s41586-024-07422-z

Construction of unitary transformation (alternatives possible)

realistic Hamiltonian #  simple Hamiltonian 75
eigenenergies E, eigenenergies Es , (ne{0,1,...})
eigenstates |1/, eigenstates [1)3)
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inner parts forn =0
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Construction of unitary transformation (alternatives possible)

realistic Hamiltonian #  simple Hamiltonian 75
eigenenergies E, eigenenergies Es , (ne{0,1,...})
eigenstates |1/, eigenstates [1)3)

take only normalized

inner parts forn =0 radial-coordinate states
r=0),|r=a),...

[o)R |(/)(§> R [S. Elhatisari et al. (2015)] [B.-N. Lu et al. (2016)]
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Construction of unitary transformation (alternatives possible)

realistic Hamiltonian #  simple Hamiltonian 75
eigenenergies E, eigenenergies Es , (ne{0,1,...})
eigenstates |1/, eigenstates [1)3)

take only normalized
inner parts forn =0 radial-coordinate states
r=0),|r=a),...

[o)R |(/)g> R [S. Elhatisari et al. (2015)] [B.N. Lu et al. (2016)]

l Gram-Schmidt l orthonormalization l

{‘¢0>R7‘r:a>J-7"'7‘r:R>J-}’ {’(U>S>Rv‘r:a>§_7"'7‘r:R>§_
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Construction of unitary transformation (alternatives possible)

realistic Hamiltonian #  simple Hamiltonian 75
eigenenergies E, eigenenergies Es , (ne{0,1,...})
eigenstates |1/, eigenstates [1)3)

take only normalized

inner parts forn =0 radial-coordinate states
r=0),|r=a),...

[o)R |(/)(§> R [S. Elhatisari et al. (2015)] [B.-N. Lu et al. (2016)]

l Gram-Schmidt l orthonormalization l

{‘¢0>R7‘r:a>J-7"'7‘r:R>J-}’ {’(U>S>Rv‘r:a>§_7"'7‘r:R>§_}

idea originated from [LB et al. (2022)]

with different U and purpose
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Benchmark check (using Lanczos algorithm)

@ 3D benchmark: two scalar bosons with
mMass Muucleon = 938.92 MeV [B. Borasoy et al. (2007)]
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Benchmark check (using Lanczos algorithm)
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Benchmark check (using Lanczos algorithm)

@ 3D benchmark: two scalar bosons with
mMass Muucleon = 938.92 MeV [B. Borasoy et al. (2007)]

@ lattice: a = 1.32 fm, L = 60a = 79.2 fm
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Benchmark check (using Lanczos algorithm)

@ 3D benchmark: two scalar bosons with
mMass Muucleon = 938.92 MeV [B. Borasoy et al. (2007)]

@ lattice: a = 1.32 fm, L = 60a = 79.2 fm

@ center-of-mass system with S-wave
projection (s. Ematisari et al. (2015)] [B.-N. Lu et al. (2016)]
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Benchmark check (using Lanczos algorithm)

@ 3D benchmark: two scalar bosons with
mMass Muucleon = 938.92 MeV [B. Borasoy et al. (2007)]

@ lattice: a = 1.32 fm, L = 60a = 79.2 fm

@ center-of-mass system with S-wave
projection (s. Ematisari et al. (2015)] [B.-N. Lu et al. (2016)]

@ WFM range: R = v2a = 1.87 fm

Vs.wave [MeV]

150

=
o
o

a
o

o

&
o

realistic
simple

r[fm]
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Benchmark check (using Lanczos algorithm)

@ 3D benchmark: two scalar bosons with
mMass Muucleon = 938.92 MeV [B. Borasoy et al. (2007)]

@ lattice: a = 1.32 fm, L = 60a = 79.2 fm

@ center-of-mass system with S-wave
projection s. einatisari et al. (2015)] [B.-N. Lu et al. (2016)]

@ WFM range: R = v2a = 1.87 fm

e test WFM with lowest eigenstates of # and A5
[MeV] [MeV]

0| —1.82870 | —0.24118

1 0.50117 0.60504
2 1.91195 2.11690

@ perturbation theory without WFM converges slowly

150

=
o
o

Vs.wave [MeV]
o
o

o

n

realistic
simple
!_
0.5 1 1.5 2 25 3
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Benchmark check (using Lanczos algorithm)

@ 3D benchmark: two scalar bosons with
mMass Muucleon = 938.92 MeV [B. Borasoy et al. (2007)]

150

=
o
o
T
I

@ lattice: a = 1.32 fm, L = 60a = 79.2 fm B
: = realistic
@ center-of-mass system with S-wave g 50 .
. . =
Projection (s. einatisari et al. (2015)] [B.-N. Lu et al. (2016)] o S|mple
ok

@ WFM range: R = v2a = 1.87 fm |
o test WFM with lowest eigenstates of # and &5 "0 os 1 15 2 25 3
(WalH|a) | (nlHIS) | (0 |H |[03) rm

[MeV] [MeV] [MeV]
0] —1.82870 | —0.24118 —1.66531
1 0.50117 0.60504 0.49656
2 1.91195 2.11690 1.91403

@ perturbation theory without WFM converges slowly

n

@ single-state WFM moves perturbative energies much closer to realistic ones
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Benchmark check (using Lanczos algorithm)

@ 3D benchmark: two scalar bosons with
mMass Muucleon = 938.92 MeV [B. Borasoy et al. (2007)]

150

=
o
o
T
I

@ lattice: a = 1.32 fm, L = 60a = 79.2 fm z
: = realistic
@ center-of-mass system with S-wave g 50 .
. . =
Projection (s. einatisari et al. (2015)] [B.-N. Lu et al. (2016)] o S|mple
ok

@ WFM range: R = v2a = 1.87 fm 1
o test WFM with lowest eigenstates of # and &5 "0 os 1 15 2 25 3

n | (Wl H ) | (O3 IHIG) | (Ol H5) i
[MeV] [MeV] [MeV] [MeV]

0| —1.82870 | —0.24118 —1.66531 —1.66531

1 0.50117 0.60504 0.49656 0.49650

2 1.91195 2.11690 1.91403 1.91396

@ perturbation theory without WFM converges slowly
@ single-state WFM moves perturbative energies much closer to realistic ones
@ only small improvement or even disimprovement by 12
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3. WFM potential perturbatively for A > 2

Wavefunction matching for solving
quantum many-body problems
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Many-nucleon Hamiltonian (# part 1)
a=132fm

[LB et al. (2022)]


https://doi.org/10.1016/j.physletb.2019.134863
https://doi.org/10.22323/1.396.0369

Many-nucleon Hamiltonian (# part 1)

s, >< >< ++ (basic features correct (.. Luetal @o19))

® isospin-dependent

a=132fm

[LB et al. (2022)]

diagrams based on [E. Epelbaum et al. (2009)]; technical differences compared to part 1 on backup slide 14
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Many-nucleon Hamiltonian (# part 1)

f]ﬁo >< >< ++ (basic features correct s Luetal. (2019))
R ® isospin-dependent
Hio 5 T x with counterterm and larger cutoff
X
-
fao | K KK K XA XA 8 e
i
N3LO 21? [LB et al. (2022)]

diagrams based on [E. Epelbaum et al. (2009)]; technical differences compared to part 1 on backup slide 14

a=132fm
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Many-nucleon Hamiltonian (# part 1)

s, >< >< ++ (basic features correct (.. Luetal @o1e))

R ® isospin-dependent
Hio 5 T x with counterterm and larger cutoff
X

o | X0
NLO six additional 3N contact interactions

s | XK 0K K XA KA 8 HH

H N3LO
x 1 [LB et al. (2022)]

diagrams based on [E. Epelbaum et al. (2009)]; technical differences compared to part 1 on backup slide 14

a=132fm
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Why six additional terms?

@ two 3N contact interactions with cg, cp cannot reproduce nuclear-energy chart
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Why six additional terms?

@ two 3N contact interactions with cg, cp cannot reproduce nuclear-energy chart
@ study contacts with local (i.e. particle-distances preserving) regularization

e «aa interaction very sensitive to range and locality of NF
[S. Elhatisari et al. (PRL 2016)] [Y. Kanada-En’yo, D. Lee (2021)]
e aN phase shifts sensitive to 3NF [c. Hupin et al. (2013)] [J. E. Lynn et al. (2016)]
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Why six additional terms?

@ two 3N contact interactions with cg, cp cannot reproduce nuclear-energy chart
@ study contacts with local (i.e. particle-distances preserving) regularization
@ «a« interaction very sensitive to range and locality of NF

d

b

[S. Elhatisari et al. (PRL 2016)] [Y. Kanada-En’yo, D. Lee (2021)]

e aN phase shifts sensitive to 3NF [c. Hupin et al. (2013)] [J. E. Lynn et al. (2016)]

| ;gé 44;

44;

$

C

'é;

<@ o>

$
%

e

f

o
¢ i K

# ¥

cluster EFT for « and N
[C. A. Bertulani et al. (2002)] [R. Higa et al. (2008)]
[J. Rotureau, U. van Kolck (2013)]
[H.-W. Hammer et al. (2017)]
= two-cluster & three-cluster
force suggest up to
6 additional 3NF contacts
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Why six additional terms?

@ two 3N contact interactions with cg, cp cannot reproduce nuclear-energy chart
@ study contacts with local (i.e. particle-distances preserving) regularization

e «aa interaction very sensitive to range and locality of NF
[S. Elhatisari et al. (PRL 2016)] [Y. Kanada-En’yo, D. Lee (2021)]
e aN phase shifts sensitive to 3NF [c. Hupin et al. (2013)] [J. E. Lynn et al. (2016)]

cluster EFT for . and N
a ) — C — e — [C. A. Bertulani et al. (2002)] [R. Higa et al. (2008)]
[J. Rotureau, U. van Kolck (2013)]
( é** %? é*? é?$ é?? [H.-W. Hammer et al. (2017)]
%* = two-cluster & three-cluster
force suggest up to
b d f 6 additional 3NF contacts
= fit these to GS energies
%? $ #%? ¢ é*? é;v' of selected nuclei
¢ $ = significantly reduce deviation of
E & R, from experiment

<@ &>
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Why these six additional terms?

tune additional 3NF terms to GS energies step by step:

KK K K

light a-like neutron-rich 40Ea
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Why these six additional terms?

tune additional 3NF terms to GS energies step by step:

KK K K

light a-like

neutron-rich 40cg

The contacts differ in the regularization (smearing to neighboring lattice sites):

X ¥
8-

spherical with large range 3N as equilateral triangle

spherical with small range }< 3N neighboring on a line

cf. prolate/oblate configurations of carbon-12 [S. Shen et al. (2023)]
16
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Many-nucleon observables

bound state energies with WFM (MC methods on backup slide):

9OF | o 20 2401,28Si 328
[ s Ne Mg — et
8 F sk 13¢ 14C 5N = ﬂlgo > - hd ?36:;40(:350(:[. Ni
r s 1He 8Be 11g - B2y T 0, 170 %20 _-_
7 7 - = g 10 1ay 185 200 550 e
U SF Be B¢ 120, 240
36 § 6F op; L 1o 2Cyy
= ~ I Coz
<5 F S 5F 4P E i
m r < h Xperiment m—
S Jt He N3LO (fit)
4 F [ (prediction) —e—
r 3?_ SH
3 zy | 2 He
i 27 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 A=2 34 6 7 8 9 10 I1 12 13 14 15 16 17 18 20 22 24 28 32 36 40 50 58

A

experimental data roughly agrees with [M. Wang et al. (2017)] and [J. H. Kelley et al. (2017)]

good predictions e.g. for excited '>C states i Hoyee 1954y and oxygen dripline
(computational error bars from MC, L — oc and L, — o)
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Many-nucleon observables

charge radii with WFM (MC methods on backup slide):

I Fooy
3.5¢ ns & 4 50cr
B P . 40
[ 20N, 24Mg28: EgﬁAr e \
-
3.0j k2
g I SLi 9 14N N -« Ea
= + Li Be 10g 11 = 6 180
QéJ 2.5F = = " 0 17
| 2g 12¢ 13 C
(> e . errors reducible
2.0 - o Experiment ith mor
o M N3LO +—e—i wi o g
o °H computatlons
].5- 1 1 1 1 1
2 3 4 6 7 8 9 10 11 12 13 14 15 16 17 18 20 22 24 28 32 36 40 50 58

A

experimental data roughly agrees with [I. Angeli, K. P. Marinova (2013)]

good predictions for all shown nuclei, no fit to radii
(computational error bars from MC, L — oc and L, — o)
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Comparison of few-nucleon observables

—E3y [MeV] | —Ezpe [MeV] | Renan [fm] | Rensue [fm] | 115 [yr]
experiment | 8.481795(2) | 7.718040(2) | 1.7591(363) | 1.9661(30) | 12.32(3)
[M. Wang et al. (2017)] [1. Angeli, K. P. Marinova (2013)] [J. J. Simpson (1987)]
A=31Mt | 848 m | 7.73(7) 1.695(10) | 1.914(14) | 12.31(10) m
A>3t PT | 835(18) e | 7.64(17) 1.713(9) | 1.901(28)
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Comparison of few-nucleon observables

@ previous computational uncertainty
e Monte Carlo error
e errors of extrapolations L — oo and L, — oo
added in quadrature to chiral-EFT uncertainty
e experimental, fitting and truncation error for 2NF
o fitting error for 3NF

@ no error propagation from R . Ry | and Ry

ch,p? “'c Darwin-Foldy
o
—E3p [MeV] | —E3pe [MeV] | Rensn [fm] | Rensne [fm] | 715 [yr]
experiment | 8.481795(2) | 7.718040(2) | 1.7591(363) | 1.9661(30) | 12.32(3)
[M. Wang et al. (2017)] [I. Angeli, K. P. Marinova (2013)] [J. J. Simpson (1987)]
A = 3t 8.48(7) 7.73(7) 1.695(10) [ 1.914(14) | 12.31(10)
A>3t PT | 8.35(18) w | 7.64(17) 1.713(9) 1.901(28)



https://doi.org/10.1088/1674-1137/41/3/030003
https://doi.org/10.1016/j.adt.2011.12.006
https://doi.org/10.1103/PhysRevC.35.752

Effect of WFM

clear improvement by WFM:

32

30

28

26

B, (MeV)

24

22

(using only 2NF for focus here)

experiment roughly [M. Wang et al. (2017)]

Tjon band: correlation between
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GS energies of 3H and “He
[J. A. Tjon (1975)] [L. Platter et al. (2005)]
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4. WFEM potential non-perturbatively for A = 3

The triton lifetime from nuclear lattice effective field theory
Serdar Elhatisari *>", Fabian Hildenbrand ¢*, UIf-G. Meifner “%*

[S. Elhatisari et al. (PLB 2024)]
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Comparison of few-nucleon observables Il

@ triton half-life requires precise wave functions = Lanczos alg. or second-order pT
[B.-N. Lu et al. (2022)]
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Comparison of few-nucleon observables Il

@ triton half-life requires precise wave functions = Lanczos alg. or second-order pT
. . [B.-N. Lu et al. (2022)]
@ nuclear axial current only at leading order:

(GT) (e M L OMNLO) [[hs)
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Comparison of few-nucleon observables Il

@ triton half-life requires precise wave functions = Lanczos alg. or second-order pT
@ nuclear axial current only at leading order:

(GT) (e M L OMNLO) [[hs)

[B.-N. Lu et al. (2022)]

—Esy [MeV] —E3ne [MCV] Rch,3H [fm] Rch,3He [fm] t1/2 [yr}
experiment | 8.481795(2) | 7.718040(2) 1.7591(363) | 1.9661(30) | 12.32(3)
[M. Wang et al. (2017)] [I. Angeli, K. P. Marinova (2013)] [J. J. Simpson (1987)]
A = 3fit 8.48(7) 7.73(7) 1.695(10) | 1.914(14) | 12.31(10)
A >3it PT | 8.35(18) w | 7.64(17) 1.713(9) 1.901(28)
A > 3it 8.33(2) 7.62(2) 12.13(8)
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Comparison of few-nucleon observables Il

@ triton half-life requires precise wave functions = Lanczos alg. or second-order pT
@ nuclear axial current only at leading order:

(GT) (e w L OMNLO) [[hs)

@ error sources:

e extrapolation L — oo
e variation of 3NF at constant GS energies (for half-life) p. cazit et al. (2009)]

e uncertainty of K/G? (for half-life)

[B.-N. Lu et al. (2022)]

o
—Esy [MGV] —E3ne [MCV] Rch,3H [fm] Rch,3He [fm] t1/2 [yr}
experiment | 8.481795(2) | 7.718040(2) 1.7591(363) | 1.9661(30) | 12.32(3)
[M. Wang et al. (2017)] [I. Angeli, K. P. Marinova (2013)] [J. J. Simpson (1987)]
A = 3-fit 848(7) m | 7.73(7) 1.695(10) | 1.914(14) | 12.31(10) m
A>3t PT | 8.35(18) | 7.64(17) 1.713(9) 1.901(28)
A > 3it 833(2)m | 7.62(2) 12.13(8)
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Summary and outlook

two nuclear-interaction models with different ranges of fitting & application:
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Summary and outlook

two nuclear-interaction models with different ranges of fitting & application:

Non-perturbative three-nucleon simulation using chiral SUitabIe for feW-nUCIeon prOblem31 e-g-
fattice EFT @ 3N charge radii at N3LO

lattice version of [D. Méller (2024)]

Lukas Bovermann,”* Evgeny Epelbaum,” Hermann Krebs® and Dean Lee”

_ @ nucleon-deuteron phase shifts
[LB et al. (arXiv 2024)] . . . . .
using adiabatic projection method

[M. Pine et al. (2013)] [S. Elhatisari et al. (EPJA 2016)]
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Summary and outlook

two nuclear-interaction models with different ranges of fitting & application:

Non-perturbative three-nucleon simulation using chiral
lattice EFT

Lukas Bovermann,”* Evgeny Epelbaum,” Hermann Krebs® and Dean Lee”

[LB et al. (arXiv 2024)]

Wavefunction matching for solving
quantummany-body problems

Yuan Zhuo Ma®™,

Received: 23 November 2022 Domrtest® 14

ing L1, Bing- .
Accepted: 15 April2024 Young-Ho Song" & Gianluca Stellin'*

[S. Elhatisari et al. (Nature 2024)]

suitable for few-nucleon problems, e.g.
@ 3N charge radii at N3LO

lattice version of [D. Méller (2024)]

@ nucleon-deuteron phase shifts
using adiabatic projection method

[M. Pine et al. (2013)] [S. Elhatisari et al. (EPJA 2016)]

suitable for many-nucleon problems, e.g.
@ beta decays in heavier nuclei

outlook of [S. Elhatisari et al. (PLB 2024)]
@ «q scattering s. ematisari et al. (2015)]
@ nuclear resonances

[in progress by A. Sarkar, C. Wang]
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Thank you for your attention!



Backup: Monte Carlo methods

@ bound state energies: p. Lee (2009)] [B. Borasoy et al. (2006)]
e evolve Hamiltonian A over L, Euclidean time steps of size a,
e consider normal-ordered matrix element (1| : e~ /27 g=Liai® /2 . |qp),
where |¢) must have non-zero overlap with desired ground/excited state
e apply MC for path integral over pion fields
and auxiliary Hubbard-Stratonovich fieldS [J. Hubbard (1959)] [R. L. Stratonovich (1958)]
e divide matrix element by (¢| : e —LiaH . [4) to get eigenenergy of Hamiltonian A’
(] charge radii: [S. Elhatisari et al. (2017)] [D. K. Frame (2019)]
e insert “pinhole screen” at middle time in ()| : e
to track positions and (iso)spins of nucleons
e perform MC importance sampling for pinholes
e calculate expectation value of A-body density operator
and thus point-proton radius
@ MC error from jackknife analysis (s. efron, c. stein (1981)]
for different seeds of random-number generator

@ PT error negligible s. ematisari et al. (Nature 2024)]

—(Li—1)a,HS [2p—all’ 7(L,71)a,1:15/2 o)
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Backup: Differences of WFM Hamiltonians compared to part 1

@ exact kinetic-energy term (both Hamiltonians)
@ Galilean-invariance restoration up to higher order (realistic Hamiltonian)

@ two-nucleon contact interactions in simple Hamiltonian roughly adjusted to
overall behavior of GS energies [s.n. Luetal. 2019y @and slightly optimized for
simulations of heavier nuclei

@ different non-local smearing parameter (s.n. Luetal. 2019)] [. N. Lu et al. (2020 (Simple
Hamiltonian)

@ channel-specific two-nucleon contact interactions with infinite-range Gaussian
regulator and without fit to deuteron GS energy (realistic Hamiltonian)

@ one-pion exchange with different regulator cutoff (both Hamiltonians)
@ slightly different LEC values (both Hamiltonians)

[S. Elhatisari et al. (Nature 2024)] [S. Elhatisari et al. (PLB 2024)]
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