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Goal: develop and implement a
GOA-free TDGCM to produce an
improved model of nuclear fission
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A TDGCM description of fission

PES generation
and refinement
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TDGCM

(Time-dependent generator coordinate method)

Paem(t)) = f(%i)‘q’(f?ll» + f(Q2,t)‘(I’(lfl2)> + flaz, )| ®(a3)) + - ..

QSO [b3}|2]

generator states

50 100 150 200

Qg [b]

P. Ring, P. Schuck, The Nuclear Many-Body Problem (Ch. 10), Springer, Berlin (2004)
P.-G. Reinhard, R. Cusson, K. Goeke, Nucl. Phys. A 398, 141 (1983)

o al
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TDGCM

(Time-dependent generator coordinate method)

Paem(t)) = f(%i)‘q’(f?ll» + f(Q2,t)‘(I’(lfl2)> + flaz, )| ®(a3)) + - ..
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weight function
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TDGCM

(Time-dependent generator coordinate method)

Hill-Wheeler equation

[ da (#@d) - inx(aa ) %)) =0

S weight function

Hamiltoni:an kernel overlap; kernel
H(q,q) = (®(q)|H|®(q"))  N(a,d)=(®(a)|®(d))

P. Ring, P. Schuck, The Nuclear Many-Body Problem (Ch. 10), Springer, Berlin (2004)
P.-G. Reinhard, R. Cusson, K. Goeke, Nucl. Phys. A 398, 141 (1983)
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Exact solution of TDGCM

eigenvalues _
(positive real) eigenvectors

k)= —= [ o w(alo@). (klK) = s

“natural” basis of orthonormal states

P. Ring, P. Schuck, The Nuclear Many-Body Problem (Ch. 10), Springer, Berlin (2004)
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Exact solution of TDGCM

/dq’ (H(q,q") —ihN(q, q’)%)f(q’,t) =0

natural basis transformation

9k
H/—hci/—) t) =0 Hr gir (t) = ih 2%
Z;( ey — 10k1 gr (1) |:> Z Kk G/ ( th—
: Nonlocal Collective
(k|H|K) Schrodinger Equation (CSE)
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The Gaussian overlap approximation

1 _ _ 1
N(q,q’)%exp(—gs-F(q)-S> q=5(a+4q)
Gaussian approximation of overlap —q- qf
kernel

H(a,q) ~ N(a,d)|ho(@ + (@ a + a-Hx(@)-a + 0@

guadratic approximation for Hamiltonian (and other) kernels

P. Ring, P. Schuck, The Nuclear Many-Body Problem (Ch. 10.7.4), Springer, Berlin (2004)
P. -G. Reinhard, K. Goeke, Rep. Prog. Phys. 50 1 (1987)
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The Gaussian overlap approximation

Local Collective Schrodinger Equation (CSE)

h? 0
—5 V- B(q)-V+V(q)| g(q,t) = *ﬂﬁag(q, t)

I I —

Collective inertia tensor

Energy from PES Zero-point.
energy correction
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The Gaussian overlap approximation

Local Collective Schrddinger Equation (CSE)

h? e
—5 V- B(a) V+V(d)| g(a.t) =ihz9(a.t)

Smooths out natural variations in overlap across the PES

Validity of assumptions should be checked before use

Not suitable to handle pairing correlations or dissipative effects

Cannot support symmetry restoration via projections
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Initial state construction

40

35

. original potential V(q) = ’H(q, ‘I)

30

extrapolated potential V’(q)

Energy [MeV]

 Artificially generate kernels
H'(q,q"), N'(q,q") around the
ground state well

 Diagonalise N to produce the
“natural-prime” basis
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Initial state construction

40 T T T T
: !
35 |k — . eigenstates h.r of H,.,.
!
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Initial state construction

40 T T T 1 |
L — —% eigenstates h.. of M,
YU
30 — - ] Z Hﬂﬂ’hﬂi}‘l - E:”‘lhh.}i
ﬂ.f
— | I | from exact time-
2 — i independent GCM
=
2 — i X
2 - '15( )
T e adjusted to produce
L — il i R S | desired (real) energy
—— .------::j—- --
— _ B '__,H"‘ |
— e ( l—_ﬁ)z
N g — F
— 3 Gl o) exp| —~—F—— | hypr
A Z p 2{]’2 KA
R
20 30 40 50 0 — Gaussian-like initial state
Q20 [b] Weight
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Observables at the scission line

fragment masses
and charges

5
b o

pre-scission : Ay, Zy==-----
configurations :
) | Ef-—--—- v
- ' I
- ' |
1 1 |
Ao, Zo=-"
a B------
: |
; |
: m=-- total excitation
: : total kinetic ! energy (TXE)
150 300 energy (TKE)
Q20 [b]
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Observables at the scission line

probability flux

T
@)= [t 3a.t)-aa)

_________________________

probablllty
current

R |

D. Regnier, M. Verriere, N. Dubray, N. Schunck,
Comp. Phys. Commun. 200 (2016) 350-363

0

-..
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Observables at the scission line

probability flux

_________________________

| probablllty

probability " current
density function e

)
é!g(q;i)lz = -V -J(q,t)

local continuity equation

D. Regnier, M. Verriere, N. Dubray, N. Schunck,
Comp. Phys. Commun. 200 (2016) 350-363

-..
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Observables at the scission line

local continuity equation TDGCM+GOA: local CSE

d

ﬁlg(q:f)lz = —V-J(q,t) 32 P

ot ~—=V-B(q)-V+V(a)| g(a,t) = ihg(q,t)
B E}g* N *f}g 2 ot
T

?’h * ik
J(q,t) = =5 Bla) [9 (Vg) —9(Vg )}

D. Regnier, M. Verriére, N. Dubray, N. Schunck, probability current
Comp. Phys. Commun. 200 (2016) 350-363
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Observables at the scission line

local continuity equation exact TDGCM: nonlocal CSE
(} 2
— )T =-V-J(q,t
o7 9@ D" =~V Ja) > lkwon(t) = i
- : ot
_Jg N .09
“ YT o
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Symmetric Moment Expansion (SME)

1) Define a new orthonormal
basis with “spatial” coordinates

2) Rederive a nonlocal CSE

3) Use expansion techniques to
produce a local CSE
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Symmetric Moment Expansion (SME)

eigenvalues

1) Define a new orthonormal (positive real)
basis with “spatial” coordinates '

eigenvectors

___________________________

q) = /de 1/2 (0, )| @), (ald’) = 6(q— )

“SME” basis of orthonormal states

R. Bernard, H. Goutte, D. Gogny, W. Younes, Phys. Rev. C 84, 044308 (2011)
P. Ring, P. Schuck, The Nuclear Many-Body Problem (Ch. 10.7.2), Springer, Berlin (2004)
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Symmetric Moment Expansion (SME)

/dq’ (H(q, ') —ihN(q,q )jt)f(q,t)—o

2) Rederive a nonlocal CSE SME basis transformation

v

Nonlocal CSE (SME basis)

/ / L d
/dq He(q,q')G(d' s t) = ih—G(q,1)

dt

nonlocal collective Hamiltonian
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Symmetric Moment Expansion (SME)

_ 1
¢=5(g+4q)
f
§=q—¢
: : change to central coordinates
3) Use expansion techniques to

produce a local CSE

G(q+ 2,t) = e*P/?hqQ(q, 1), P = —ihV

Taylor expansion of weight
function around s =0
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Symmetric Moment Expansion (SME)

[ da (H@.q) itV (aq

d
>dt

)f(q,t)—o

SME basis transformation

3) Use expansion techniques to
produce a local CSE

change of coordinates
Taylor expansion

s P —isF ~ . d
/ds e_ZSP/QhHC(ci—I— 5.4 — 5)e P/2h G(q,t) = zﬁ%G

(4,

t)

symmetrised Hill-Wheeler equation
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Symmetric Moment Expansion (SME)

symmetrised Hill-Wheeler equation

/ds PP (a4 5,0 — §)e T Gla.1) = ih

A

o Ho() = 2

d

dt

G(q,1)
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Symmetric Moment Expansion (SME)

symmetrised Hill-Wheeler equation

—isE ~ s = s\,—isE = L d ~
[ ds P (g + 50 5)e ST Ga ) = ih 5 Gla

n — Z " n — S — S
h(c)(Q)Z — ds s"Ho(q+ 5, — 3)
h

moments of the collective Hamiltonian
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Symmetric Moment Expansion (SME)

symmetrised Hill-Wheeler equation

d

G(q_7 t) — Zﬁ_G(q_a t)

dt

hi (g) = (_%) /ds s"Ho(g+ 5,4 —3)

moments of the collective Hamiltonian

[AP)™ =

1

2?’L

S (1) Prape

k=0

symmetric ordered product of
operators (SOPO)
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Symmetric Moment Expansion (SME)

symmetrised Hill-Wheeler equation

—isE ~ s = s\,—isE ~ L d ~
/ds e M He(g+ 5,0 - 5)e” M G(g 1) = ih— G(, 1)
T (A — 1 (n) /= H1(™) local collective
....... > He(q) = E:Oﬁl[hC () P} ~ Hamiltonian
n) - AN n ~ s =~ s IRk 1 n\ HN—
W@ = (1) [dssrticr sa-p| AP =53 (1) prar
k=0

symmetric ordered product of

moments of the collective Hamiltonian operators (SOPO)
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Symmetric Moment Expansion (SME)

symmetrised Hill-Wheeler equation

—isF ~ s = s\, ,—isF — . d —
/dse PRAHG(G+ 5, — 5)esl/2h G(g,1) = ih— G(q,1)

oo

-\ L (n),—\ £1(7) local collective
A He(q) = E:O n! [hc (a) P} Hamiltonian

SN Ld
He(9)G(g,t) = ih—, G(q,t) still exact!

) o ) (when summed to infinite order)

local collective Schrodinger equation
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Symmetric Moment Expansion (SME)

local continuity equation SME: local CSE
d .
—|G(q t)|* = -vJ(q.1) He(q)G(q, )—’Bh G(a:1)

7@t = 2 (@ @Ver @) - 6" (@0 @V6(a. 1)

probability current
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The finite element basis

to continuously interpolate a function with a discrete domain

It =26 0h? @ver(a )~ G*(@.0)h (@) VC(a.1))

5 (nAs)?He (7 + nAs, q — nAs) G(q+ As, t)2; G(7 — As,t)
S

n=0

require a regular mesh of points As in the SME coordinate space ¢
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The finite element basis

to continuously interpolate a function with a discrete domain

4 f{'-?:s)

flgz) O O
()ﬂ. } @ ® function with discrete domain
J L

D. Axelsson, V. A. Barker, Finite Element Solution of Boundary
Value Problems (Ch. 5), Academic Press, Inc. (1984)
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The finite element basis

to continuously interpolate a function with a discrete domain

4 § f{'-‘af:s)

Q. .
.Hf{zJ
O ® ® function with discrete domain

().an}'

halq) B3]

é1(q) finite element basis functions

(interpolating polynomials)

> q D. Axelsson, V. A. Barker, Finite Element Solution of Boundary

Value Problems (Ch. 5), Academic Press, Inc. (1984)
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The finite element basis

to continuously interpolate a function with a discrete domain

4 Tlgs)
Of{ffz) O o | filq) = Z flqi)ilq)

Q @ | — e

.ﬂfq:' O A 3

| I R . /\
P2(q) f:l*;a{f,r.‘l I |
/ > g
®1(q) .
. — continuous interpolant of
original function
>

D. Axelsson, V. A. Barker, Finite Element Solution of Boundary
Value Problems (Ch. 5), Academic Press, Inc. (1984)
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The finite element basis

t -f'({h]o “qﬂo
| fi(q) = Z (@) éi(@)
iy O |
O flas) - )
! 3 P ] i <
I Hy
t o1 {q’}l \ //
Gy —_— continuous interpolant of
original function
>

to continuously interpolate a function with a discrete domain

P i

D. Axelsson, V. A. Barker, Finite Element Solution of Boundary

Value Problems (Ch. 5), Academic Press, Inc. (1984)
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The finite element basis

to continuously interpolate a function with a discrete domain

G1(a,t) =) G(ar. t)¢x(q)
k=1

interpolant of the weight function

Her(@,d@) =) ) éx(@He (@, aw)dw ()

k=1k'=1
interpolant of the nonlocal collective Hamiltonian
(error estimation or reformulation needed!)
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2y, 1
he (@) = —

20 F

10

190

200

210

220

Q20 [b]

230

Practicalities of flux calculations

region must be free of

discontinuities

240 250 260
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Practicalities of flux calculations

2) (= 1 . = A s
h’ffr)(‘i‘) = —hj/dﬁ sS*Ho(q+ 5,0~ 5)

scission line “pushed back”
using Frontier DPM

20

15

A -

N.-W. T. Lau, R. N. Bernard, C. Simenel, 2° 220 230 248 256 260
Phys. Rev. C 105, 034617 (2022) Q20 [P]
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B 1
h2(q) = —=

h2

20

15

Practicalities of flux calculations

Imaginary “absorption potential”
added to Hamiltonian to
prevent reflections

H — H—1ihA

D. Regnier, N. Dubray, M. Verriére, N. Schunck, 220 230 240 250 260
Comp. Phys. Comms. 225 (2018) 180-191 Q2o [b]
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Raw yield, Y(A)

Raw yield, Y(Z)

60
40
20

-20
-40
-60

60
40
20

-20
-40
-60

2D fission outcomes — 23°U

i (a)
R N A N
bl |
90 100 110 120 130 140
Mass number, A

I I 1 I 1
R (b) |

— I I I_I — ||

35 40 45 50 55

Charge number, Z

no absorption field



2D fission outcomes — 23¢U

60 | | I : I 1 1 ( )
— ! a
< 40 i - . .
= S0l i | no absorption field
g i
20 ] —1 h L ] 80 40
220 : - (c)
& -40 i - 70 30
-60 | | ! i ! 1 1 60 \
90 100 110 120 130 140 50 :_": 20
Mass number, A & g <
60 : : T 40 - "v_/ 02
N 40+ (b)- or?*. 30 —_ o 2
= T
; 20 - . 20 - w
o 0 - — - - 10 o m— 1. 10
;-20 - . 0 = -20
& -40 -
I 1 L 1 L -10 -30
-60 35 20 15 50 - 140 160 180 200 220 240
Charge number, Z Q20 [b]
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2D fission outcomes — 23¢U

N
o
I

(a) |

increasing absorption strength

<
= :
- 20 B :
E 0 | aa i III "_._,.].I.-LJII:JI.TLI,___.JLIIII_H s . . ’
> | 80 40
> -20F N
@ -40 | 30
-60 - . . ! L L 60
20 100 110 120 130 140 o 20
Mass number, A & <
60 - ] , "’£ 40 10§
< 40} ; b | 230 S
= i o £
5 20 20
o 0 ——1.]L—- . IL_ 1o 10
> |
r% '20 B i 0 -20
o -40 i
] 1 | i 1 ] -10 -30
-60 35 40 45 50 55 140 160 180 200 220 240
Charge number, Z Q20 [b]
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2D fission outcomes —

236U

60 | | I I 1 1 - - "
= 40} === (a) increasing absorption strength
> 20+ [
E 0 — slslk ] "_._‘_IJ_.._I[Il.ILI_LIT_.Jl_IIII_I sl 50 20
>
> 20 I | .
@ -40 | : i 7 30
-60 L L ! 1 ! } ] 1 60
90 100 110 1201 130 140 20
1 50
Mass number. & >
60 ' "’E 40 10§
S 40 + (b)- Or?*. 30 o 2
= hLJJL,. L ] ’
s, _____ll__..l_l_l J]] il . 10
>
r5»(3-20 l___|.__l . 0 =20
x -40 .
60 . . . .
- 20 i = definitely not the 200
Charge number, Z correct results! Q20 [b]
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What now?

Testing behaviour with Gaussian overlaps

[
o

Energy [MeV]
- ] ]
o o o

-
o

. __/.\j B Original PES
SME states:

Full HFB basis
(original overlaps)

0 50 100 150 200
Qg0 [b]

250
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What now?

Testing behaviour with Gaussian overlaps

) w
a o

h
o

Energy [MeV]
o

-
o

N o s a1 |

Qg [b]

0 50 100 160 200 250

N(q,q') = exp (—M)

202
B Original PES

SME states:

O Full HFB basis
(original overlaps)

GOA overlaps with
width 20% = 20
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) ) w
o a o

Energy [MeV]
o o

What now?

Testing behaviour with Gaussian overlaps

202

L , N(q,q’)%eXp(—M)

| u

4 =

correspondence with

50

100

Qg [b]

PES improves when
overlaps are decreased?

Original PES

SME states:

Full HFB basis
(original overlaps)

GOA overlaps with
width 20% = 20
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What now?

Testing behaviour with Gaussian overlaps

0 50 100 150 200 250
Qzg [b]

(g—q')?

N(q,q') = exp (— 52

Original PES

SME states:

GOA overlaps with
width 267 = 20

GOA overlaps with
width 20% = 10

GOA overlaps with
width 20% =6

)
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What now?

Testing behaviour with Gaussian overlaps

. \2
Nia.q) = exp (_ < zag) )

B Original PES
SME states:

GOA overlaps with
width 267 = 20

& oal Hypothesis: m COAoverlaps with
: width 26 = 10

02} The full set of states from the PES is too

. Iin_early dependent to be_ used as the GOA overlaps with

0 basis of generator states in the TDGCM W idth 202 — 6
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Effects of reducing basis size

1D symmetric fission path of 23U

25| . u Original PES in HFB basis
(128 states)

SME states:

Doubled mesh after saddle
“1s2s” (85 states)

0 50 100 150 200 250
Qg [b]
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Effects of reducing basis size

1D symmetric fission path of 23U

0 50 100 150 200 250
Qg [b]

B Original PES in HFB basis
(128 states)

SME states:

Doubled mesh after saddle
“1s2s” (85 states)

n Manually selected mesh
(53 states)

O Manually selected mesh
(38 states)
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Effects of reducing basis size

1D symmetric fission path of 23U

logsol[f(a,t)[]

Doubled mesh after saddle
“1s2s” (85 states)

EHFB [MEV]

0 50 100 150 200 250
Q0 [b]
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Effects of reducing basis size

1D symmetric fission path of 23U

S
E
o
ke
Manually selected mesh
(38 states)
>
Q
Z
[ua]
T
L

0 50 100 150 200 250
Q0 [b]
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What have we learned?

A significantly smaller set of HFB basis states with low overlaps
leads to a much better representation in the SME basis,
producing more realistic nuclear dynamics in one dimension.
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What have we learned?

significantly smaller set of HFB basis states

* Manual selection only useful as a proof of concept

* Requires a method to produce a fission path (1D PES) with
uniform, low overlaps between adjacent points*

*P. Carpentier, N. Pillet, D. Lacroix, N. Dubray, D. Regnier,
Physical Review Letters 133, 152501 (2024)
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What have we learned?

significantly smaller set of HFB basis states

one dimension. |-

* Manual selection only useful as a proof of concept

* Requires a method to produce a fission path (1D PES) with
uniform, low overlaps between adjacent points*

« How can this process be generalised to two dimensions? f-----------

*P. Carpentier, N. Pillet, D. Lacroix, N. Dubray, D. Regnier,
Physical Review Letters 133, 152501 (2024)
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Summary

dynamics from exact
TDGCM formalism
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dynamics from exact
TDGCM formalism
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Summary

new SME approach to
obtain scission flux
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dynamics from exact
TDGCM formalism
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Summary

new SME approach to
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Future research

accurate fission yields

generation of : :
sparse 2D PESs Extensions:
t @) ° * Restoration of broken
:> :> symmetries (VAP)
@  Generalisation to
O @ higher dimensions
> Py 3,«-«.\‘
“W‘; k

RLLL AL il At el et L R AL R
Coownd ol vonnd voomd o ol o vond o ol vand

+, U-235(NF) - 0.0253 (e}) [J5.2021],
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Feel free to email me:

Q uestions? ngee_wein.lau@I2it.in2p3.fr

/[(’H,(qaclf)—iﬁN(q,q’)%)ﬂqfi)] dq = 0

4
i ‘ // > ¢
( (a) |
_____ 1|II_||_H1J.L,I|.LI|.,LI,_J|_|L|_,. |
T (A — 1 (m), —\ pH1(n) . 100 150
Heo(q) =) ~ [h&(q) P | | | - Qe [
n=0 " 110 120 130 140
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