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Ab Initio Nuclear Structure Toolbox

H |�ni = En |�ni

 Chiral EFT Inputs

Interactions & Currents


NN, 3N, YN, YNN,...

Pre-Conditioning

Similarity RG Transform


Basis Optimization

Many-Body Solution

Diagonalization & Decoupling  
NCSM, IM-SRG, IM-NCSM,...

Post-Processing

 Model-Space Extrapolation 
Uncertainty Quantification



variation of all truncation 
parameters gives access to 

systematic UQ

in ab initio methods 
uncertainties result in a 

controlled way from 
truncations

Uncertainty Quantification

 chiral EFT uncertainties 

• assess convergence of observables in dependence of chiral truncation order


• convergence affected by regulator scheme and scale, degrees of freedom


• additional uncertainties from fit to experimental data


many-body uncertainties


• assess convergence of observables with model-space truncation


• convergence affected by basis choice, truncation scheme, Hamiltonian
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all theory calculations are affected by 
systematic uncertainties (some also by 

statistical uncertainties)



No-Core Shell Model



Barrett, Vary, Navrátil, Maris, Nogga, Roth,... 

No-Core Shell Model
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 idea: solve eigenvalue problem of Hamiltonian represented in model space 
of HO Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ

H |�ni = En |�ni
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no-core shell model is 
universal and powerful ab initio approach for  

light nuclei (up to A≈25) 
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NCSM Convergence: Energies

Natural Orbitals
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Harmonic Oscillator

Nmax=2
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Hartree-Fock
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16O

 natural-orbital basis eliminates frequency dependence 
and accelerates convergence of NCSM 
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NCSM Convergence: Radii

Natural Orbitals
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Harmonic Oscillator
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 MBPT natural-orbital basis eliminates frequency dependence 
and accelerates convergence of NCSM 



Tichai, Müller, Vobig, Roth; PRC 99, 034321 (2019)
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Oxygen Isotopes
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chiral NN+3N

Λ3N=400 MeV

α=0.08 fm4

ħΩ=20 MeV

emax=12

 excellent convergence with 
natural-orbital basis for all 
oxygen isotopes



Tichai, Müller, Vobig, Roth; PRC 99, 034321 (2019)
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Oxygen Isotopes
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chiral NN+3N

Λ3N=400 MeV

α=0.08 fm4

ħΩ=20 MeV

emax=12

⦁ NAT-NCSM, explicit 3N

⦁ NAT-NCSM, NO2B

 excellent convergence with 
natural-orbital basis for all 
oxygen isotopes


 very good agreement with 
experimental systematics and 
dripline 


 NO2B instead of explicit 3N 
causes ~1% overbinding

all this got us  
to mass ~25


...

going further with 

the NCSM ?



In-Medium NCSM



Barrett, Vary, Navrátil, Maris, Nogga, Roth,... 

No-Core Shell Model
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no-core shell model is 
universal and powerful ab initio approach for  

light nuclei (up to A≈25) 

 solve eigenvalue problem of Hamiltonian represented in model space of HO 
Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ

H |�ni = En |�ni
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No-Core Shell Model
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no-core shell model is 
universal and powerful ab initio approach for  

light nuclei (up to A≈25) 

 solve eigenvalue problem of Hamiltonian represented in model space of HO 
Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

exact  
diagonalization

extreme  
decoupling



In-Medium SRG
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decouple reference state from  
excitations by a unitary transformation of  

Hamiltonian and other operators

 use IM-SRG to decouple single-determinant reference state for particle-hole 
excitations, 0p0h matrix-element gives ground-state energy

d

ds
H(s) =
⇥
�(s), H(s)
⇤

Tsukiyama, Bogner, Schwenk, Hergert,…
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Multi-Reference In-Medium SRG
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decouple reference state from  
excitations by a unitary transformation of  

Hamiltonian and other operators

 idea: use multi-reference formulation of IM-SRG to decouple reference 
space for rest of model space, i.e., block diagonalize A-body Hamiltonian
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d

ds
H(s) =
⇥
�(s), H(s)
⇤

Hergert, Gebrerufael, Vobig, Mongelli, Roth,…



Multi-Reference In-Medium SRG

 Hamiltonian and generator in normal order with respect to multi-determinant 
reference state, omit residual three-body piece
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use SRG flow equations for 
multi-reference normal-ordered 

Hamiltonian to decouple reference 
space

 define generator to suppress off-diagonal contributions that couple reference 
state to ph excitations

�(s) =
⇥
H(s), Hd(s)
⇤
=
⇥
Hod(s), Hd(s)

⇤

H(s) = E(s) +
X

�j
ƒ �j (s) Ã

�
j +

1

4

X

�jk�
��jk�(s) Ã

�j
k� +
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36

X

�jk�mn
W�jk
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d

ds
H(s) =
⇥
�(s), H(s)
⇤

[Kutzelnigg & Mukherjee, 1997]
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In-Medium NCSM 

• use in-medium evolved Hamiltonian for a 
subsequent NCSM calculation


• access to ground and excited states and full 
suite of observables

• IM-SRG evolution of multi-reference normal-
ordered Hamiltonian and other operators


• decoupling of particle-hole excitations, i.e., 
pre-diagonalization in many-body space

• ground-state from NCSM at small Nmax as 
reference state for multi-reference IM-SRG


• access to all open-shell nuclei and 
systematically improvable

NCSM 
reference state

MR-IM-SRG 
decoupling

NCSM 
many-body solution



Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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In-Medium NCSM: Flow Evolution
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chiral NN+3N

Λ3N=400 MeV

α=0.08 fm4

ħΩ=20 MeV

emax=12


Nmax=0 reference

HF basis

E(s)

Hamilton 
matrix in 
Nmax=2 
space

NCSM, Nmax extrapolated



Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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In-Medium NCSM: Flow Evolution

Hamilton 
matrix in 
Nmax=2 
space
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Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)

In-Medium NCSM: Flow Evolution
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HF basis

Nmax=0 reference state 
Nmax=0,2,4,6,8


 NCSM convergence is 
drastically improved


 Nmax=0 eigenvalues 
deviated from E(s)



Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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In-Medium NCSM: Flow Evolution
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HF basis

Nmax=0 reference state 
Nmax=0,2,4,6,8


 NCSM convergence is 
drastically improved


 Nmax=0 eigenvalues 
deviated from E(s)


 large-s behaviour can 
be improved by slight 
modification of 
generator



Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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IM-NCSM: Oxygen Isotopes
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HF basis

Nmax=0 reference

◆ IM-NCSM

⦁ NAT-NCSM, explicit 3N

⦁ NAT-NCSM, NO2B

 excellent agreement with 
direct NCSM


 IM-SRG evolution limited to 
J=0 reference states and thus 
even-mass isotopes


 odd-mass nuclei via simple 
particle attachment or 
removal in final NCSM run
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IM-NCSM: Oxygen Isotopes
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HF basis

Nmax=0 reference

▲ IM-NCSM attached

▼ IM-NCSM removed

◆ IM-NCSM

⦁ NAT-NCSM, explicit 3N

⦁ NAT-NCSM, NO2B

 excellent agreement with 
direct NCSM


 IM-SRG evolution limited to 
J=0 reference states and thus 
even-mass isotopes


 odd-mass nuclei via simple 
particle attachment or 
removal in final NCSM run



In-Medium NCSM: Uncertainties

 IM-SRG evolution induces additional uncertainties due to the truncation of all 
normal-ordered operators at the two-body level...


...NO2B, IM-SRG(2), IM-SRG(M2)


 explicit inclusion of normal-ordered three-body terms is prohibitive in large 
model spaces (for now)


 probe accuracy of NO2B approximation through variation of flow parameter & 
reference space truncation


 uncertainty quantification protocol: perform IM-NCSM calculation for...


• different reference space truncations: Nmaxref = 0, 2, 4


• different flow parameters: ssat , ssat/2


• different model-space truncations: Nmax = 0, 2, 4, 6,...


...maximum difference to next-smaller control parameters gives estimate for 
many-body uncertainty

23



Applications with  
Nonlocal NN+3N Interactions
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Family of Non-Local NN+3N Interactions
�Chiral expansion of nuclear forces
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)
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• NN+3N interactions with same chiral 
orders and regulator scheme and scale 


• up to N3LO with different cutoff values


• low-energy constants fit to A=2,3 data 
and 16O ground-state energy


T. Hüther et al., PLB 808, 135651 (2020)



26

Medium-Mass Nuclei
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Λ=450 MeV Λ=500 MeV Λ=550 MeV

IM-SRG(M2), natural orbitals, ħΩ=20 MeV, α=0.04 fm4, emax=12, E3max=16

error bands show interaction + many-body uncertainties

Hüther et al.; PLB 808, 135651 (2020)  
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Oxygen Isotopic Chain
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IM-NCSM, natural orbitals, ħΩ=20 MeV, α=0.04 fm4, emax=12, E3max=14, Nref=2

error bands show interaction + many-body uncertainties

Hüther et al.; PLB 808, 135651 (2020)  
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p-Shell Spectra
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NCSM/IM-NCSM, Λ=500 MeV,  ħΩ=20 MeV

error bands show interaction uncertainties

Hüther et al.; PLB 808, 135651 (2020)  



Applications: Neon Isotopes



Ground-State Energies

30

 amazing reproduction 
of experimental 
energies for all 
isotopes


 uncertainties under 
control

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="tdogRbT+wdU56Bm36GrVvnyPEWE=">AAACOXicbVA9SwNBEJ3z2/gVtbRZDYKFhLsgaiMINlaiYFRIYtjbm9PFvQ9258RwXO2vsdXCX2JpJ7b+ATfJFUYdWHjz3gxv5/mpkoZc980ZG5+YnJqema3MzS8sLlWXVy5MkmmBTZGoRF/53KCSMTZJksKrVCOPfIWX/t1RX7+8R21kEp9TL8VOxG9iGUrByVLd6vpJN28TPlAe8YeiuC4bjWFRsAPmbje61ZpbdwfF/gKvBDUo67S77EA7SEQWYUxCcWNanptSJ+eapFBYVNqZwZSLO36DLQtjHqHp5INbCrZpmYCFibYvJjZgf27kPDKmF/l2MuJ0a35rffI/rZVRuN/JZZxmhLEYGoWZYpSwfjAskBoFqZ4FXGhp/8rELddckI1v1EXj/cgVeRqERskAh+6Vis3M+53QX3DRqHu7de9sp3ZYL9ObgTXYgC3wYA8O4RhOoQkCHuEJnuHFeXXenQ/nczg65pQ7qzBSztc3rX6syw==</latexit>

Nref
max = 0,2

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="QRb0m+VckdJKRpZZOqIZb9nDYa4=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ii5vWrNrbvDYn+BV4IalNXorTrQCRKRRRiTUNyYtuem1M25JikUFpVOZjDl4o7fYNvCmEdouvnwkoJtWyZgYaLti4kN2Z8bOY+M6Ue+nYw43Zrf2oD8T2tnFB52cxmnGWEsRkZhphglbBALC6RGQapvARda2r8yccs1F2TDG3fReD92RZ4GoVEywJF7pWIz834n9Be0duveft0736sd18v05mADtmAHPDiAYziFBjRBwCM8wTO8OK/Ou/PhfI5GJ5xyZx3Gyvn6BqnxrFk=</latexit>

Nref
max = 0

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>

Nref
max = 2
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 excellent description 
of radii, slight 
underestimation for 
light isotopes


 stable results in N2LO 
and N3LO

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="tdogRbT+wdU56Bm36GrVvnyPEWE=">AAACOXicbVA9SwNBEJ3z2/gVtbRZDYKFhLsgaiMINlaiYFRIYtjbm9PFvQ9258RwXO2vsdXCX2JpJ7b+ATfJFUYdWHjz3gxv5/mpkoZc980ZG5+YnJqema3MzS8sLlWXVy5MkmmBTZGoRF/53KCSMTZJksKrVCOPfIWX/t1RX7+8R21kEp9TL8VOxG9iGUrByVLd6vpJN28TPlAe8YeiuC4bjWFRsAPmbje61ZpbdwfF/gKvBDUo67S77EA7SEQWYUxCcWNanptSJ+eapFBYVNqZwZSLO36DLQtjHqHp5INbCrZpmYCFibYvJjZgf27kPDKmF/l2MuJ0a35rffI/rZVRuN/JZZxmhLEYGoWZYpSwfjAskBoFqZ4FXGhp/8rELddckI1v1EXj/cgVeRqERskAh+6Vis3M+53QX3DRqHu7de9sp3ZYL9ObgTXYgC3wYA8O4RhOoQkCHuEJnuHFeXXenQ/nczg65pQ7qzBSztc3rX6syw==</latexit>

Nref
max = 0,2

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="QRb0m+VckdJKRpZZOqIZb9nDYa4=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ii5vWrNrbvDYn+BV4IalNXorTrQCRKRRRiTUNyYtuem1M25JikUFpVOZjDl4o7fYNvCmEdouvnwkoJtWyZgYaLti4kN2Z8bOY+M6Ue+nYw43Zrf2oD8T2tnFB52cxmnGWEsRkZhphglbBALC6RGQapvARda2r8yccs1F2TDG3fReD92RZ4GoVEywJF7pWIz834n9Be0duveft0736sd18v05mADtmAHPDiAYziFBjRBwCM8wTO8OK/Ou/PhfI5GJ5xyZx3Gyvn6BqnxrFk=</latexit>

Nref
max = 0

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>

Nref
max = 2
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 excellent description 
of excitation spectra

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>

Nref
max = 2



Neon Isotopes: Systematics
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Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

error bands:

interaction + 
many-body 
uncertainties

Fig. 8.42.: Same as Fig. (8.40) for even neon isotopes.

130

Fig. 8.42.: Same as Fig. (8.40) for even neon isotopes.
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<latexit sha1_base64="VX9HWA7/fwaWTCTsYmKQtYUr5UI=">AAACOnicbVA9SwNBEJ3z2/gVtbRZDIKFhDsRtREEGyuJYKKQxLC3N6eLex/szonhuN5fY6uFf8TWTmz9AW6SK4w6sPDmvRnezvNTJQ257pszMTk1PTM7N19ZWFxaXqmurrVMkmmBTZGoRF/53KCSMTZJksKrVCOPfIWX/t3JQL+8R21kEl9QP8VuxG9iGUrByVK96uZZL+8QPlAe8YeiuC4bjWFRsCO2u8PcXrXm1t1hsb/AK0ENymr0Vh3oBInIIoxJKG5M23NT6uZckxQKi0onM5hyccdvsG1hzCM03Xx4TMG2LBOwMNH2xcSG7M+NnEfG9CPfTkacbs1vbUD+p7UzCg+7uYzTjDAWI6MwU4wSNkiGBVKjINW3gAst7V+ZuOWaC7L5jbtovB+7Ik+D0CgZ4Mi9UrGZeb8T+gtau3Vvv+6d79WO62V6c7ABm7ANHhzAMZxCA5og4BGe4BlenFfn3flwPkejE065sw5j5Xx9AxYOrPU=</latexit>

Nref
max = 2,0

<latexit sha1_base64="av8nTg2vlyQRlFPbtDXzUHYrfZM=">AAACLXicbVDLSgNBEOz1bXwliicvg0HwIGE3BPUiBLx4EgWjQhLC7GxvHJx9MNMrCUs+xqse/BoPgnj1N5w8DiZaMFBUdVM95adKGnLdD2dufmFxaXlltbC2vrG5VSxt35ok0wIbIlGJvve5QSVjbJAkhfepRh75Cu/8x/Ohf/eE2sgkvqF+iu2Id2MZSsHJSp3i7mUnbxH2KI94bzBgZ6x2xKqdYtmtuCOwv8SbkDJMcNUpOdAKEpFFGJNQ3Jim56bUzrkmKRQOCq3MYMrFI+9i09KYR2ja+ej+ATuwSsDCRNsXExupvzdyHhnTj3w7GXF6MLPeUPzPa2YUnrZzGacZYSzGQWGmGCVsWAYLpEZBqm8JF1raW5l44JoLspVNp2h8mvpFngahUTLAcXqhYDvzZhv6S26rFe+44l3XyvXKpL0V2IN9OAQPTqAOF3AFDRCQwzO8wKvz5rw7n87XeHTOmezswBSc7x/7l6bL</latexit>

Nmax = 4,2

2+



Applications: Carbon Isotopes



Ground-State Energies

 good reproduction of 
experimental ground-
state energies


 uncertainties under 
control

35

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="tdogRbT+wdU56Bm36GrVvnyPEWE=">AAACOXicbVA9SwNBEJ3z2/gVtbRZDYKFhLsgaiMINlaiYFRIYtjbm9PFvQ9258RwXO2vsdXCX2JpJ7b+ATfJFUYdWHjz3gxv5/mpkoZc980ZG5+YnJqema3MzS8sLlWXVy5MkmmBTZGoRF/53KCSMTZJksKrVCOPfIWX/t1RX7+8R21kEp9TL8VOxG9iGUrByVLd6vpJN28TPlAe8YeiuC4bjWFRsAPmbje61ZpbdwfF/gKvBDUo67S77EA7SEQWYUxCcWNanptSJ+eapFBYVNqZwZSLO36DLQtjHqHp5INbCrZpmYCFibYvJjZgf27kPDKmF/l2MuJ0a35rffI/rZVRuN/JZZxmhLEYGoWZYpSwfjAskBoFqZ4FXGhp/8rELddckI1v1EXj/cgVeRqERskAh+6Vis3M+53QX3DRqHu7de9sp3ZYL9ObgTXYgC3wYA8O4RhOoQkCHuEJnuHFeXXenQ/nczg65pQ7qzBSztc3rX6syw==</latexit>

Nref
max = 0,2

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="QRb0m+VckdJKRpZZOqIZb9nDYa4=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ii5vWrNrbvDYn+BV4IalNXorTrQCRKRRRiTUNyYtuem1M25JikUFpVOZjDl4o7fYNvCmEdouvnwkoJtWyZgYaLti4kN2Z8bOY+M6Ue+nYw43Zrf2oD8T2tnFB52cxmnGWEsRkZhphglbBALC6RGQapvARda2r8yccs1F2TDG3fReD92RZ4GoVEywJF7pWIz834n9Be0duveft0736sd18v05mADtmAHPDiAYziFBjRBwCM8wTO8OK/Ou/PhfI5GJ5xyZx3Gyvn6BqnxrFk=</latexit>

Nref
max = 0

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>

Nref
max = 2



Charge Radii
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 slight overprediction 
of 12C and slight 
underprediction of 
14C charge radius


 stable results in 
N2LO and N3LO

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="tdogRbT+wdU56Bm36GrVvnyPEWE=">AAACOXicbVA9SwNBEJ3z2/gVtbRZDYKFhLsgaiMINlaiYFRIYtjbm9PFvQ9258RwXO2vsdXCX2JpJ7b+ATfJFUYdWHjz3gxv5/mpkoZc980ZG5+YnJqema3MzS8sLlWXVy5MkmmBTZGoRF/53KCSMTZJksKrVCOPfIWX/t1RX7+8R21kEp9TL8VOxG9iGUrByVLd6vpJN28TPlAe8YeiuC4bjWFRsAPmbje61ZpbdwfF/gKvBDUo67S77EA7SEQWYUxCcWNanptSJ+eapFBYVNqZwZSLO36DLQtjHqHp5INbCrZpmYCFibYvJjZgf27kPDKmF/l2MuJ0a35rffI/rZVRuN/JZZxmhLEYGoWZYpSwfjAskBoFqZ4FXGhp/8rELddckI1v1EXj/cgVeRqERskAh+6Vis3M+53QX3DRqHu7de9sp3ZYL9ObgTXYgC3wYA8O4RhOoQkCHuEJnuHFeXXenQ/nczg65pQ7qzBSztc3rX6syw==</latexit>

Nref
max = 0,2

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="QRb0m+VckdJKRpZZOqIZb9nDYa4=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ii5vWrNrbvDYn+BV4IalNXorTrQCRKRRRiTUNyYtuem1M25JikUFpVOZjDl4o7fYNvCmEdouvnwkoJtWyZgYaLti4kN2Z8bOY+M6Ue+nYw43Zrf2oD8T2tnFB52cxmnGWEsRkZhphglbBALC6RGQapvARda2r8yccs1F2TDG3fReD92RZ4GoVEywJF7pWIz834n9Be0duveft0736sd18v05mADtmAHPDiAYziFBjRBwCM8wTO8OK/Ou/PhfI5GJ5xyZx3Gyvn6BqnxrFk=</latexit>

Nref
max = 0

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>
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 good overall 
description of 
spectra, except 
cluster states  
(not shown) 


 stable results, 
uncertainties 
strongly state 
dependent

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12
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 agreement with 
experiment within 
uncertainties


 exception 16C !

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12
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 IM-SRG evolution of E2 operator generates dominant (induced) two-body 
contribution... what about three-body and beyond?


 not a problem, if reference space contains the relevant static correlations

one-body only

one-body + two-body

one-body only

one-body + two-body



Next Stage: Active-Space IM-CI

 limitations of IM-NCSM setup


• beyond sd-shell, the HO-based Nmax truncation does not make sense


• benefit from optimization of reference space to accommodate specific correlations


 adopt a more general CI strategy for the definition of the reference space


• quantum chemistry: restricted active-space CI methods


• partitioning of single-particle orbits: hole - active - particle


• huge flexibility in model-space design


 perturbative corrections to account for complete particle space


• use second-order MCPT with CI eigenstate as 'unperturbed' reference


• demonstrated successfully with the NCSM-PT
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[Tichai et al., PLB 786, 448 (2018)]



In-Medium CI for  
Collective Excitations



Collective Excitations

 traditional description via RPA-type equations of motion methods


 phonon operator expanded in particle-hole scheme including "backwards" 
terms that imply ground-state correlations


might look old-fashioned, but is a systematic expansion scheme which can be 
used in an ab initio framework


 can we use RPA in connection with IM-SRG evolved Hamiltonians and  
what do we gain... decoupling targets ground state, not high-lying excitations 
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Standard HF-RPA and HF-SRPA
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 SRPA induces unphysical downward shift of resonances


 2p2h correlations are included for excited states, but ground state remains 
at HF level in quasi-boson approximation



SRPA Combined with IM-SRG
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 IM-SRG evolved Hamiltonian shifts resonances up in energy


 decoupling designed to account for all ground-state correlations,  
not so for exited states



SRPA Combined with IM-SRG
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 SRPA with IM-SRG evolved Hamiltonian moves resonances down


 building 2p2h correlations explicitly into excited states, ground state is 
decoupled from the outset 



IM-SRPA versus IM-STDA
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 simple (S)TDA calculation becomes equivalent to (S)RPA


 IM-SRG decoupling suppresses Vpp-hh matrix elements that make up the  
B-matrix, leading to vanishing "backward" amplitudes Y



IM for Collective Excitations
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IM-RPA = IM-TDA = IM-CI(1p1h)
IM-SRPA = IM-STDA = IM-CI(2p2h)

IM-CI(3p3h)
IM-CI(4p4h)

readily generalized to 
open-shell, multi-reference 

systems

combined with Lanczos 
strength-function method for 
efficient access to 1000s of 

excited states

uses standard & 
highly optimized NCSM/CI 

codebase
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Epilogue
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