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Transforming the Hamiltonian

excitations relative 

to reference state:

normal-ordering
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Multi-Reference Case

• reference state: arbitrary  

• normal-ordered operators depend on up to irreducible n-
body density matrices of the reference state
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correlations
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Decoupling in A-Body Space

goal: decouple reference state  
from excitations
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Operators

truncated at two-body level -

matrix is never constructed  

explicitly!
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Decoupling
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Decoupling

off-diagonal couplings    
are rapidly driven to zero
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non-perturbative    
resummation of MBPT series      

(correlations)
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Decoupling

• absorb correlations into RG-improved Hamiltonian


• reference state is ansatz for transformed, less correlated 
eigenstate:
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)

Correlated Reference States

𝜀 IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Correlated Reference States

𝜀 MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

IMSRG

reference

new contractions 
(two-body and higher 
densities), but scaling  
remains unchanged
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MR-IMSRG References States

• number-projected Hartree-Fock Bogoliubov vacua:


• small-scale (e.g., 0ℏΩ, 2ℏΩ ) No-Core Shell Model:


• Generator Coordinate Method (w/projections):


• clustered states, Density Matrix Renormalization Group, 
etc.
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as long as  has  
, we can use IMSRG 

evolution for spherical 
tensors

|Φ⟩
Jπ = 0+
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

Could add

 self-consistency.

* mean field or explicitly 
correlated
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

• IMSRG for closed and open-shell nuclei: IM-HF and   
IM-PHFB

• HH, Phys. Scripta, Phys. Scripta 92, 023002 (2017)


• HH, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tuskiyama, Phys. 
Rept. 621, 165 (2016)


• Valence-Space IMSRG (VS-IMSRG)                 

• S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Nucl. Part. Sci. 

69, 165 (2019)


• In-Medium No Core Shell Model (IM-NCSM)                                         

• E. Gebrerufael, K. Vobig, HH, R. Roth, PRL 118, 152503 (2017)


• Valence-Space DMRG (VS-DMRG)

• A. Tichai et al., PLB 845, 138139 (2023)


• In-Medium Generator Coordinate Method (IM-GCM)                                               

• J. M. Yao, J. Engel, L. J. Wang, C. F. Jiao, HH PRC 98, 054311 (2018)


• J. M. Yao et al., PRL 124, 232501 (2020) 

more hybrid methods  
in development (NCSMC,               

SA-NCSM, DMRG, …)
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

EOM 
extract


observables

Could add

 self-consistency.

* mean field or explicitly 
correlated



Equation-of-Motion IMSRG for

Closed-Shell Nuclei
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Equation-of-Motion Method

• Schrödinger equation for excited states:





• Apply (MR-)IMSRG unitary:





• Introduce transformed operators and use :





• Rewrite as Equation of Motion:





• No approximations so far…

HQ†
k |Ψ0⟩ = EkQ†

k |Ψ0⟩

U(s)HU†(s)U(s)Q†
k U†(s)U(s) |Ψ0⟩ = EkU(s)Q†

k U†(s)U(s) |Ψ0⟩

U(s) |Ψ0⟩ = |Φ0⟩

H(s)Q†
k (s) |Φ0⟩ = EkQ†

k (s) |Φ0⟩

[H(s), Q†
k (s)] |Φ0⟩ = ωkQ†

k (s) |Φ0⟩

N. M. Parzuchowski et al., PRC95, 044304 (2017) 
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Equation-of-Motion Method

• write EoM as (generalized) eigenvalue problem





• ansatz for excitation operator,  e.g., for closed-shell nuclei, 





• only excitations included - ground-state correlations have 
been built into Hamiltonian 


• RPA reduces to TDA, etc.


• approximations make -dependent

⟨Φ0 | [δQ(s), [H(s), Q†
k (s)]] |Φ0⟩ = ωk⟨Φ0 | [δQ(s), Q†

k (s)] |Φ0⟩

Q†
k (s) = ∑

ai
(Qk)a

i
(s) : Aa

i : +
1
4 ∑

abij
(Qk)ab

ij
(s) : Aab

ij : + …

ωk(s)s

N. M. Parzuchowski et al., PRC95, 044304 (2017) 

cf. talk by 
R. Roth
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Excitation Spectra

N. M. PARZUCHOWSKI, T. D. MORRIS, AND S. K. BOGNER PHYSICAL REVIEW C 95, 044304 (2017)

FIG. 11. Low-lying states of 22O at h̄ω = 28.0 MeV and emax =
11 for several values of the Lawson parameter β, using the N3LO
(500 MeV) NN interaction of EM [44], softened by free-space SRG
evolution to λ = 3.0 fm−1. The c.m. frequency h̄ω̃ = 17.28 MeV.

calculated in the standard EOM-IMSRG(2,2) approximation,
while the right-hand column shows a slightly different approx-
imation that we call EOM-IMSRG(2,2*).

The latter is based on the observation that, in terms of
low-order MBPT content, the IMSRG(2) differs from CCSD
by undercounting a class of fourth-order quadruple-excitation

contributions to the correlation energy by a factor of 1/2
[56,57]. This difference explains the empirical observation that
IMSRG(2) ground-state energies tend to fall in between CCSD
and CCSD(T) calculations for a wide range of single-reference
systems, as the undercounting mimics the partial cancellation
that occurs between repulsive quadruple-excitation contribu-
tions and the attractive triples corrections. In Ref. [57], the
IMSRG(2*) approximation was developed where a class of
terms which are neglected in the the strict NO2B truncation
are restored, bringing the counting of the quadruple-excitation
diagrams into full agreement with CCSD. In the present work,
the EOM-IMSRG(2,2*) utilizes the IMSRG(2*) ground-state-
decoupled Hamiltonian as input for the EOM calculation. The
spectra calculated using either Hamiltonian are rather similar,
with qualitative agreement between the EOM-IMSRG and
EOM-CC methods for all investigated quantum numbers.

On a technical note, c.m. frequencies ω̃ are calculated
independently for the IMSRG(2) and IMSRG(2*) methods,
and corresponding Lawson terms are constructed. The Lawson
term is constructed in the CCSD calculations using the
frequencies calculated in the IMSRG(2*) formalism, which
we expect to be a good approximation given the similar
perturbative content of both methods. The relevant frequencies
are given in Table I. The removal of spurious center-of-mass
excitations is consistent in all three approaches.

Figure 13 displays a similar comparison for a “harder”
interaction at λ = 3.0 fm−1. Differences between the EOM-
IMSRG(2,2*) and CCSD are more notable here, but qualitative

FIG. 12. Selected excitation spectra of 22O at h̄ω = 20.0 MeV and emax = 11 using the N3LO (500 MeV) NN interaction of EM [44],
softened by free-space SRG evolution to λ = 2.0 fm−1. (a) The excitation energies calculated with the intrinsic Hamiltonian, and (b) the result
of adding a Lawson center-of-mass term H = Hint + βHc.m.(ω̃), with β = 5.0. Different colors indicate different J $.

044304-12

N. M. Parzuchowski et al., PRC95, 044304 (2017) 

22O, EM(500) + 3N(400), λ = 2.0 fm−1, ℏω = 20 MeV, eMax = 11

β = 0 β = 5
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Transitions

converged 
VS-IMSRG, EOM-IMSRG 

results consistent  
with NCSM

N. M. Parzuchowski, S. R. Stroberg et al., PRC96, 034324 (2017) 

EM(500)+3N(400)
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Transitions

• non-zero B(E2) from Shell model: VS-IMSRG induces 
effective neutron charge


• B(E2) much too small: effect of intermediate 3p3h, … 
states that are truncated in IMSRG evolution

N. M. Parzuchowski, S. R. Stroberg et al., PRC96, 034324 (2017) EM(500)+3N(400)
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Transitions

• B(E2) much too small: missing collectivity due to intermediate 
3p3h, … states that are truncated in IMSRG evolution (static 
correlation)

N. M. Parzuchowski, S. R. Stroberg et al., PRC 96, 034324 (2017) 
S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Part. Nucl. Sci. 69, 307 (2019) 

S. R. Stroberg et al. PRC 105, 034333 (2022)

N. M. PARZUCHOWSKI et al. PHYSICAL REVIEW C 96, 034324 (2017)

FIG. 6. Convergence of the first 2+ excitation energy and B(E2)
(in e2 fm4) to ground state of 14C. VS- and EOM-IMSRG methods
[columns (b) and (c) respectively] are compared with NCSM [column
(a)] and experiment [78].

converged values. Hence the utility of the IMSRG:
For light nuclei such as 14C, convergence is obtainable
without extrapolation, and for heavier nuclei, we expect to
be able to identify convergence trends clearly enough to make
extrapolation procedures relatively painless compared to the
prohibitively large uncertainties one would incur when exact
methods such as NCSM are used. Of course, the effect of the
additional NO2B approximation must be fully investigated.

As a final test in the p shell, we analyze the isobaric
neighbor nucleus 14N. Here the EOM-IMSRG requires the use
of a charge-exchange formalism, i.e., ladder operators which
exchange one neutron for a proton. Figure 7 displays the 01

+

FIG. 7. Convergence of 01
+ excitation energy, B(M1) (in µ2

N ) to
ground state, and magnetic dipole moment of 14N. VS- and EOM-
IMSRG methods [columns (b) and (c) respectively] are compared
with NCSM [column (a)] and experiment [77,83].

FIG. 8. Results of EOM-IMSRG(2,2) and VS-IMSRG(2) calcu-
lations of the 21

+ excitation energy (a), and the B(E2; 21
+ → 01

+)
value (b) for several closed-shell nuclei in the sd and pf shells. Due
to experimental values that vary by several orders of magnitude, the
B(E2) values are scaled such that experiment is unity. Computations
are performed at h̄ω = 20 MeV and emax = 12. Experimental results
are taken from [78].

excitation energy for 14N, the ground-state magnetic dipole
moment, and the M1 transition strengths B(M1; 01

+ → 11
+)

and B(M1; 12
+ → 01

+). The agreement among methods is
moderate, with the exception of the transition B(M1; 01

+ →
11

+) to the ground state. We note that this relatively weak
transition, which is an analog of the Gamow-Teller β decay
of 14C, was found to result from a subtle cancellation between
various contributions [62,84], so that small errors on an
absolute scale appear large on a relative scale. Regardless,
the disagreement between VS-IMSRG and EOM-IMSRG will
be investigated in the future.

D. sd and f p shell systems

Ultimately, the power of IMSRG approaches to excited
states and effective operators will be the ability to describe
these properties in medium- to heavy-mass regions where
exact methods are not computationally tractable. In this section
we investigate the quality of these calculations for several
medium-mass nuclei, again using the electric quadrupole and
magnetic dipole operators as case studies.

1. Electric quadrupole observables

Figure 8 displays the first 2+ excitation energies and
B(E2; 21

+ → 01
+) strengths for several nuclei in the sd and

pf shells. We find excellent convergence properties, as we did
in the p shell, and we see reasonable agreement with experi-
ment for the excitation energies. However, transition strengths
are generally underpredicted by an order of magnitude. These
results are strikingly consistent between the two methods. A
tentative explanation for the diminished strength in 22O and
48Ca is provided by the lack of valence protons. In order to
describe the transition in these nuclei, valence neutrons must be
dressed consistently as quasineutrons possessing an effective
charge.

034324-8
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Charge-Exchange EOM-IMSRG

• 32Cl via charge-exchange EOM from 32S


• discrepancy between EOM-IMSRG and VS-IMSRG from 
npnh correlations within the valence shell

N. M. PARZUCHOWSKI et al. PHYSICAL REVIEW C 96, 034324 (2017)

FIG. 9. Convergence of the 11
+ excitation energy, B(M1; 11

+ →
01

+) (in µ2
N ) and 21

+ magnetic dipole moment (µN ) of 32S. VS-
IMSRG [column (a)] and EOM-IMSRG [column (b)] methods are
compared with experiment [77,88].

disagreement between the methods for the B(M1) transition
strength, which is three orders of magnitude smaller than the
Weisskopf estimate. As with the M1 transition in 14N, this
is likely due to subtle cancellations, and the apparent error is
amplified.

In addition, we investigate 32Cl, whose ground state can
be thought of as a charge-exchange excitation of 32S, where
a neutron is exchanged for a proton. Experimentally, 32Cl is
observed to have a 1+ ground state with a nearly degenerate
2+ state at 89.9 keV [89]. Both IMSRG methods fail to
properly order these states with the employed interaction,
instead producing a 2+ ground state with a 1+ excited state at
660 and 430 keV for VS- and EOM-IMSRG, respectively.

Figure 10 shows convergence of the energy and magnetic
dipole moment of the 1+ state, as well as predictions for the
M1 transition strength between the 1+ and 2+ states. The
energy is given here as an excitation from the 32S ground state,
as it is calculated in the EOM-IMSRG as an excited state of
32S with a charge-exchange excitation operator. Disagreement
between EOM- and VS-IMSRG is more notable here than for
other nuclei, though both methods show qualitative agreement
with experiment where available. Particularly troubling is
the disagreement in the B(M1) value, which suggests a
large discrepancy in the way higher-order correlations are
incorporated into the 2+ state by the two methods.

To investigate this discrepancy, we attempt to approxi-
mately reconcile the different approximations made. First,
we restrict the VS-IMSRG calculation to allow only one
proton and no neutrons in the 0d3/2 orbit, corresponding to
the 1p1h part of the EOM-IMSRG ladder operator, and we
obtain B(M1) = 1.35µ2

N . Next, we allow two protons and
one neutron in the 0d3/2 orbit, which incorporates all 2p2h
EOM configurations in the sd shell, as well as some 3p3h
configurations, and we obtain B(M1) = 0.41µ2

N . Finally,
we restrict the EOM-IMSRG calculation to only allow sd-
shell configurations, and we obtain a minor suppression of

FIG. 10. Energy and magnetic dipole moment (in µN ) of the 11
+

state, and B(M1) to the 21
+ state (µ2

N ) of 32Cl. VS-IMSRG [column
(a)] and EOM-IMSRG [column (b)] methods are compared with
experiment [77], where available.

B(M1) = 1.08µ2
N . From this, we conclude that the structure

of the 2+ state is sensitive to configuration mixing effects that
are not sufficiently captured with 1p1h and 2p2h excitations
out of 32S.

We have computed the magnetic dipole properties of several
nuclei, seeing reasonable consistency between EOM- and VS-
IMSRG for most observables considered. Limiting ourselves
to closed shell cases only, this corresponds to what is seen
for E2 observables. In order to compare more precisely with
experiment, we should also include the effects of mesonic
currents which occur within the nucleus during the transition.
Work in that direction is underway.

E. Electric octupole transitions

The electric octupole transition offers an additional test of
the EOM-IMSRG. (The VS-IMSRG is not currently able to
decouple multishell valence spaces, and consequently cannot
treat parity-changing operators.) We investigate the transition
strengths from the first 3− state to ground state for the doubly
magic nuclei 16O and 40Ca. Figure 11 shows the convergence of
this calculation for 16O. This is an interesting case study, as the
31

− excitation energy has been shown to correlate with the 16O
charge radius and thus depends on saturation properties of the
interaction [87]. For this reason, we compare calculations with
the NN+3N (400) interaction to those using N2LOsat, which
is fit to the 16O charge radius [87]. We see an improvement
of the excitation energy when using N2LOsat, moving from
9.03 MeV with the NN+3N (400) interaction to 6.90 MeV, in
significantly better agreement with the experimental value at
6.13 MeV. Both interactions underpredict the B(E3) value for
the transition to the ground state, with the saturating interaction

034324-10
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a neutron is exchanged for a proton. Experimentally, 32Cl is
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2+ state at 89.9 keV [89]. Both IMSRG methods fail to
properly order these states with the employed interaction,
instead producing a 2+ ground state with a 1+ excited state at
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Figure 10 shows convergence of the energy and magnetic
dipole moment of the 1+ state, as well as predictions for the
M1 transition strength between the 1+ and 2+ states. The
energy is given here as an excitation from the 32S ground state,
as it is calculated in the EOM-IMSRG as an excited state of
32S with a charge-exchange excitation operator. Disagreement
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the disagreement in the B(M1) value, which suggests a
large discrepancy in the way higher-order correlations are
incorporated into the 2+ state by the two methods.
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we restrict the VS-IMSRG calculation to allow only one
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N . From this, we conclude that the structure

of the 2+ state is sensitive to configuration mixing effects that
are not sufficiently captured with 1p1h and 2p2h excitations
out of 32S.

We have computed the magnetic dipole properties of several
nuclei, seeing reasonable consistency between EOM- and VS-
IMSRG for most observables considered. Limiting ourselves
to closed shell cases only, this corresponds to what is seen
for E2 observables. In order to compare more precisely with
experiment, we should also include the effects of mesonic
currents which occur within the nucleus during the transition.
Work in that direction is underway.

E. Electric octupole transitions

The electric octupole transition offers an additional test of
the EOM-IMSRG. (The VS-IMSRG is not currently able to
decouple multishell valence spaces, and consequently cannot
treat parity-changing operators.) We investigate the transition
strengths from the first 3− state to ground state for the doubly
magic nuclei 16O and 40Ca. Figure 11 shows the convergence of
this calculation for 16O. This is an interesting case study, as the
31

− excitation energy has been shown to correlate with the 16O
charge radius and thus depends on saturation properties of the
interaction [87]. For this reason, we compare calculations with
the NN+3N (400) interaction to those using N2LOsat, which
is fit to the 16O charge radius [87]. We see an improvement
of the excitation energy when using N2LOsat, moving from
9.03 MeV with the NN+3N (400) interaction to 6.90 MeV, in
significantly better agreement with the experimental value at
6.13 MeV. Both interactions underpredict the B(E3) value for
the transition to the ground state, with the saturating interaction

034324-10



Multireference EOM-IMSRG



H. Hergert - ESNT Workshop on “Nuclear Ab Initio Spectroscopy”, CEA Saclay, May 23, 2024

Multireference EOM

• generalized eigenvalue problem: 





• ansatz for excitation operator:





• indices run over entire single-particle basis


• basis of excitations is nonorthogonal, overcomplete - 
overlap matrix on RHS is singular


• -body excitation operator, -body Hamiltonian: up to 
 in overlap,  LHS might require up to 

⟨Φ0 | [δQ(s), [H(s), Q†
n(s)]] |Φ0⟩ = ωn(s)⟨Φ0 | [δQ(s), Q†

n(s)] |Φ0⟩

Q†
k (s) = ∑

pq
(Qk)p

q
(s) : Ap

q : +
1
4 ∑

pqrs
(Qk)pq

rs
(s) : Apq

rs : + …

N A
λ(2N−1) λ(A+2N−1)

Parzuchowski, Wirth, Hergert
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Very Early Application

• PNP reference:  included in construction of overlap


• treatment of small/zero overlaps under control? 

• particle-attachment/removal for odd mass


• future: de-normal operators?

λ(3)

⇥ (Ã(J1J2)⇤1

ijkl B⇤2
mn + A⇤1

mnB̃
(J1J2)⇤2

ijkl )

+
1

4

X

ijkl

X

J

Z(JJ)0
ijkl �̃J

ijkl

+
�⇤1⇤2

4⇤̂1

X

gJ1J2

ĝ2Ĵ1Ĵ2(�1)(n+a+J1+J2+J3)

8
<

:

b g J3
a n J4
J1 J2 ⇤1

9
=

; �̃g
[(kl)J3b][(cd)J2n]

⇥

�amÃ

(J1J2)⇤1

abcd B̃(J3J4)⇤2

klmn + ⇠amB̃
(J1J2)⇤2

abcd Ã(J3J4)⇤1

klmn

�
(31)

6 Results

Figure 1: Even parity spectra computed with MRCI-IMSRG for open-shell oxygen
isotopes.

7 Technical Stu↵

7.1 IM-SRG decoupling and e↵ective operators

MR-IMSRG does not play nice with the magnus solution method. The Brillouin
minimal decoupling strategy is essentially required for open-shell nuclei, otherwise
oscillating flow patterns will frequently occur. The subsequent MRCI calculation will
still account for couplings between the ground state and excitations, so if we stop
the flow before convergence, we have that to fall back on. However, it’s important
to note that the size-extensivity of the method relies on having a converged IMSRG
calculation. If MR-IMSRG fails to converge, we hope that we can stop it in a place
where couplings between the ground state and exctations are quite small. It is those

12

19O 20O18O

Very Preliminary
Parzuchowski, Wirth, Hergert
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Emulators 

• Data driven (only 
expectation values)


• E.g. Multi-output, Multi-
fidelity Deep Gaussian 
Processes (MM-DGP)

Extended Data Figure 8. The energy surfaces of Ge76

and Se76 in the triaxial deformation parameters (�,�)
plane. The energies (normalized to the global minimum) of
states are obtained from the calculation with projections onto
the right particle numbers N,Z and angular momentum I = 0
using the IMSRG-evolved chiral interaction EM1.8/2.0.
Neighboring contour lines are separated by 1.0 MeV.

Extended Data Figure 9. The configuration dependence
of the NME for 76Ge by the leading-order LR transition
operators. In the panel (a), the NME changes as a function
of the axial deformation parameter � and the neutron-proton
isoscalar pairing amplitude �np of initial (I) and final (F)
nuclei, where �np is a fixed to be 0,4,8,12, and 16,
respectively, while the value of � takes the value of �0.4,
�0.3, · · · , 0.3, 0.4, respectively. In the panel (b), the NME
changes as a function of the quadrupole deformation
parameters (�,�), where � is a fixed to be 0�, 10�, 20�, 30�,
40�, 50�, and 60�, respectively, while the � takes the value of
0.1, 0.2, 0.3 and 0.4, respectively.

Extended Data Figure 10. Comparison of the emulated
NMEs of the MM-DGP with the VS-IMSRG calculations.
The NME of the VS-IMSRG are obtained with eMax = 12 (the
highest fidelity used for the emulator). Blue points are the
training data and red points are predictions for test points.
The root mean square error on the test points is 0.13.

16/16

Drischler, Melendez, Furnstahl, Garcia, and Zhang BUQEYE Guide to Projection-Based Emulators...

stationary condition

�E [ e ] ⌘ 0 = 2 h� e |[H(✓)� eE(✓)]| e i

� � eE(✓)[h e | e i � 1], (3)

and noting that Equation (3) is only fulfilled for
arbitrary variations h� e | if | e i is a solution of the
Schrödinger Equation (1) with eE(✓) = E(✓).

Let us now define the trial wave function we use
in conjunction with the functional (2):

| e i =
nbX

i=1

�i | ii ⌘ X~�, (4a)

X =

h
| 1i | 2i · · · | nbi

i
, (4b)

where the column-vector ~� contains the to-be-
determined coefficients and the row-vector4 X
the (in principle) arbitrary basis states. Here, we
use snapshots of high-fidelity solutions of the
Schrödinger Equation (1) at a set of given parameter
values; i.e., {| ii ⌘ | (✓i)i}

nb
i=1 [2, 48–50]. No

assumption has been made as to how to obtain the
high-fidelity solutions.

Figure 1 motivates the efficacy of snapshot-based
trial functions. Although a given eigenvector | (✓)i
obtained from a high-fidelity solver resides in a
high-dimensional (or even infinite-dimensional)
space, the trajectory traced out by continuous
variations in ✓ remains in a relatively low-
dimensional subspace (as illustrated by the gray
plane). Hence, linear combinations of high-fidelity
eigenvectors spanning this subspace (i.e., the
snapshots) make extremely effective trial wave
functions for variational calculations. In nuclear
physics, snapshot-based emulators already have
accurately approximated ground-state properties,
such as binding energies, charge radii [7, 9, 25], and
transition matrix elements [9, 29], and have been
explored for applications to excited states [51].

Given the trial wave function (4), we determine
the coefficients ~�? that render E [ e = X~�]

4 In a representation of H , the  i corresponding to | ii are the nb columns
of the matrix X in that representation.

Figure 1. Illustration of a projection-based
emulator using only two snapshots | ii ⌘ | (✓i)i
(dark gray points). These snapshots are high-fidelity
solutions of the Schrödinger Equation (1), which
span the subspace of the reduced-order model, as
indicated by the red arrows and the gray plane. The
trajectory of a high-fidelity eigenvector is denoted
by the blue curve. The orange dot depicts an
eigenvector | (✓)i along the trajectory that, when
projected onto the reduced space, corresponds to
the turquoise point; hence, the difference between
the orange and turquoise points represents the error
due to the emulator’s subspace projection (i.e., the
dotted line). Inspired by Figure 2.1 in Reference [2].

stationary under variations |� e i = X |�~�i of
the trial wave function, as opposed to arbitrary
variations. Solving for the optimal ~�? occurs then
in the low-dimensional space spanned by the basis
elements in X (i.e., the red arrows in Figure 1)
rather than in the high-dimensional space in which
| i resides. From the stationarity condition (3), we
obtain the reduced-order model [52]

eH(✓)~�?(✓) = eE(✓) eN ~�?(✓), (5a)

~�†?(✓) eN ~�?(✓) = 1, (5b)

where eH(✓) ⌘ X†H(✓)X is the subspace-
projected Hamiltonian and eN ⌘ X†X the norm
matrix in the snapshot basis. As opposed to H(✓)
in Equation (1), eH(✓) (and likewise eN ) is a nb⇥nb
Hermitian matrix,

eH(✓) =

2

64
h 1|H(✓)| 1i · · · h 1|H(✓)| nbi

... . . . ...
h nb |H(✓)| 1i · · · h nb |H(✓)| nbi

3

75 .

(6)

Frontiers 3

error

J. Melendez et al., JPG 49, 102001 (2022), C. Drischler et al., Front. Phys. 10, 1092931 (2023) 
E. Bonilla et al., PRC 106, 054322 (2022), P. Giuliani et al., Front. Phys. 10, 1054524 (2023) 

J. Pitcher, A. Belley et al., in preparation, A. Belley et al., arXiv:2308.15643 (v2)

• Physics driven  reduced-
order models (ROMs)


• E.g., Galerkin projection 
for bound-state or 
scattering wave functions



Pearson coefficient: 

p =
cov(HDMD, HIMSRG)

σDMD σIMSRG

HDMD(s) vs. HIMSRG(s)
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Emulating IMSRG Flows

Dynamic Mode Decomposition 
emulator “learns” all flowing 
operator coefficients from 
snapshots!

EM(500) N3LO, λ = 2.0 fm−1

E(
s)

[M
eV

]

s [MeV−1]

J. Davison, HH, J. Crawford, S. Bogner, in preparation



• non-invasive ROM 
emulator based on 
Dynamic Mode 
Decomposition


• NNLOGO, NN+3N, 
, 


• O(10M) samples 


• computational 
effort reduced by 
5+ orders of 
magnitude

Δ
emax = 12 E3max = 14
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Emulation for Operators (IMSRG)
J. Davison, HH, J. Crawford, S. Bogner, in preparation
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Low-Rank Structures in IMSRG

• Magnus-IMSRG:  




• SVD reveals that  has a 
low rank

U(s) = eΩ(s)

Ω(s)






EM1.8/2.0

16O
emax = 10






EM1.8/2.0

16O
emax = 10

, , EM1.8/2.016O emax = 10

B. Zhu, dissertation (2023)



Epilogue



• EOM-IMSRG for closed-shell nuclei performs as expected


• e.g., in comparison with EOM-CCSD, VS-IMSRG, …


• MR-EOM-IMSRG implemented for normal ordered 
operators


• challenges: need (at least) irreducible three-body 
densities, overcompleteness of basis, …


• alternative pathways through de-normal ordering?


• future: complement / interface with other approaches


• progress in emulation of IMSRG evolution (applicable to 
SRG evolution?)


• ongoing: identification of exploitable low-rank structures
H. Hergert - ESNT Workshop on “Nuclear Ab Initio Spectroscopy”, CEA Saclay, May 23, 2024

Conclusions & Outlook
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Excited State Decoupling

Can we decouple multiple states simultaneously? Maybe 
entire blocks?
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N. Parzuchowski, S. K. Bogner, T. D. Morris
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Quantum Dots

➡Multi-state decoupling can generate sizable induced 
forces…

Ground state decoupling

Decoupling of excitation blocks

Excited State Calculation in 6-particle Quantum Dots
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N. Parzuchowski, Dissertation, 2018



2-

3-

0+

IMSRG-TDA NNLO-SAT EXPTN3LO+3Nfit

E-
E 0
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Sub-Block Decoupling
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control induced forces by only 
decoupling a 1p-1h (“valence”) 
sub-block
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Koopman Operator Theory
• nonlinear dynamical system:


• 


• flow map  propagates  forward in time


• define a set   of observables or measurement functions 



• define the semi-group of Koopman operators by


• 


•  is linear if  is a linear function space, e.g., 


• Describe nonlinear dynamics through a generally infinite-
dimensional linear operator that acts on measurements!

x ∈ X ⊆ ℝn , Ft : X → X , x(t) = Ft(x(0))

Ft x(0)

𝒢(X)
g : X → ℂ

Kt : 𝒢(X) → 𝒢(X), Ktg(x) = g(Ft(x))

Kt 𝒢(X) L2(ℝ)
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Koopman Operators & IMSRG
• IMSRG flow is a nonlinear “dynamical” system


• Hamiltonian in (NO2B) operator algebra: 





• define  …


• … and write the evolution in Koopman operator form:





• What have we gained compared to other approaches? We 
can construct Koopman operators from “observations”!

H ≡ E0 + ∑
pq

fpq : a†
paq : +

1
4 ∑

pqrs

Γpqrs : a†
pa†

qasar :

h ≡ (E0 ⋯ fpq ⋯ Γpqrs ⋯)T

Ks̄h = ((Us̄HU†
s̄ )0 ⋯ (Us̄HU†

s̄ )pq ⋯ (Us̄HU†
s̄ )pqrs ⋯)

T

Review: S. L. Brunton et al., arXiv:2102.12086
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Progress in Ab Initio Calculations
[ cf. HH, Front. Phys. 8, 379 (2020) ]

 chiral NN+3N forces are largest 
source of uncertainty - but UQ & 

emulators are start of new era


