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Motivation

O

» Ab-initio approach, extending the Self-consistent Green’s function theory to semimagic nuclei.
The Z profonsand N neutronsinteract through Chiral Effective Field Theory (YEFT) potentials

Practically, xXEFT forces are preprocessed via the similarity renormalization group, in
order to quench the coupling between low and high momenta in the Hamiltonian

SCGGEF avails of an efficient approximation scheme for the nuclear wavefunction, entailing a
polynomial scaling in the size M of the space of single-particle excitations M* with a >4

» Correlation-expansion methods: expansion of the exact nuclear wavefunction into the space
of particle-hole excitations built through the correlator 9 on a given reference state:
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and the reference state ®;' is the ground state of Hy, a solvable Hamiltonian, splitting
the original one into H = H, + H; where H;contains the 2-, 3-, ... -body interactions

Remank: In open-shell nuclei, the ground state is almost degenerate with respect to the
excitation of pairs of nucleons in the lowest-lying single-particle energy levels
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Motivation

e

> The salient feature of the self-consistent Gorkov-Green’s function approach consists in the

Breaking of the symmetry associated with particle-number: Uz(1) X Uy(1)
> V.Soma et al. Phys. Rev. C 84,064317 (2011)

Applications:

#Ca and 7*Ni: binding energy

#Ca and *Ca: neutron addition and removal spectral distribution

Cl, ¥Cl and #Cl: ground and excited state energies, spectroscopic factors

18 < Z < 24 isotopic chains: binding energy, two neutron shell gaps, one and two-
proton/neutron separation energy, charge radius

Cr, »2Cr and >*Cr: charge density distribution

Lepton scattering in “’Ar and “*Ti: neutron spectral function, charge density distr.

O, Ca and Ni isotopes: binding energy, two-neutron separation energy, charge radius
C ¥Car ¥Car°ICar *>Car K and *°Sc’ low-lying excited states

» ADC(2) with 2N forces » ADC(2) with 2N+3N forces
Phys. Rev. C 87,011303 (2013) Phys. Rev. C 89,061301 (2014) Eur. Phys. J A 57,135 (2021)
Phys. Rev. C 89, 024323 (2014) Phys. Rev. C 100, 062501 (2019) ArXiv:2302.08382
Phys. Rev. C105, 044330 (2022) Phys. Rev. Lett. 128, 022502 (2022) ArXiv:2310.19547

Excited-state energies, reduced EM multipole transition probabilities, y-emission/absorption
cross-sections... of even-even open-shell nuclei: ~ Gorkov’s polarization propagator
» Breaking of angular momentum symmetry: §U(2) ~s Scalesi’s talk on Wednesday
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Theoretical framework

@O000000

Operators are conveniently expressed in terms of second-quantization operators, carrying
total angular momentum N isospin z-projection

» asingle-particle index ~» p= (n,£,3,m,q)
principal quantum number total angular momentum z-projection

» aNambuindex =~ ¢g=1,2

The single-particle space J is split into two blocks, characterized by the sign of the total

angular momentum projection along the z axis, j,. The partitions are mapped one another by
means of time-reversal, corresponding to the involution in s.p. space: b+~ b

1
~ b . * 2

where = (n,l,j,—m,q) and N = (—1)6_9_"“ suchthat Mpny = —1 and M7, =N = 1

» Hence, involuted creation ap = M@ and aj = mpa; annihilation operators are introduced,

The two partitions of the s.p. space constitute the Nambu space (2-dimens.)
» The second-quantization operators are rearranged into two rank-one tensors,

m=() | | A=(d @)

involution in
Nambu space:

and A’ = (A])T, obeying the canonical anticommutation rules
/ / ’ - 1if g = 2
(4 ) =iy (A} =y (A s -
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Theoretical framework
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» The system is described by the grand-canonical potential (2, replacing the Hamiltonian, H:

where

H=T+V>N AN V=T+U - ppZ —pN+V" - U

EEU EQI

I = tab aTClb : —
; a with  t4 = (a[T'|b) is the kinetic energy operator

1
VA= (a1y2 Vabed alabaaae  ith  Daped = [(ab|VN|ed) — (ab|V?N|de)]

ab
cd
is the partially antisymmetrized two-body potential energy operator
1
and 07 = =S uld afan + 0 aaa + ulf ofal + 2} aaa)
ab

is a one-body auxiliary potential, explicitly breaking particle number symmetry /(1)

B Pawdigm: expansion scheme around a single reference state that builds the correlated state

on top of a Bogoliubov vacuum that incorporates static pairing correlations

PHYSICAL SYMMETRY (GROUP CORRELATIONS

Particle number Uz(1)xUn(1)| Pairing / superfluidity

Rotations in 3D space SU(2) Quadrupole deformation

Gianluca Stellin
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Theoretical framework
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» The Gorkov-Green’s function in Nambu space and timerepresentation is defined as
iGap(t,1') = (Vo|T{Au(t) © Ay () }|¥o)
Since the grand-canonical pot. is time-independent, the FT of the one-body prop. becomes

+oo
Gp(w) = f d(t —t') et G (t — )

— o0

Carrying out the integration, the Lehmann representation can be recast as

Xa X
Ggg . a b _I_ a b
A P T R SP e Y
where EJI(C’"“L)i = 1y, £ (Q — Qo) with u = p, n are the separation energiesbetween
the g.s. of the A-body system and the excited state & of the A 4+ 1-body system.
+
B w2 L (WEP [HIWRE) — (W3R [HWER) F iy (30 2] 930) = (2 4 1)
n)=x
B (WP HIE) - (VP HIDGR) F [ (T[N BFP) — (N £1)
whereas the residues of the poles are proportional to the spectroscopic amplitudes
“Th = (Tsl43]T0) = (Txas|To) “Xb = (Pol 44| W) = (Yolay| V)
Y3 = (03| A2 Do) = (Wlal |Wo) “Xi = (Wo| 43| Wx) = (Tola] | W)
The spectroscopic amplitudes are not independent. (—1)9 [Fx9]* = T

Physical observables that can be evaluated from G (t,t') see the Appendix !
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» Binding energy of even-even isotopic chains:

Theoretical framework

O00@000

the 18 < Z < 24 nuclei

E [MeV]

Full symbols: experimental data _
Empty symbols: extrapolated data
Symbols + line: theory -

systems: the first 1/27and 3/2" levels

> Energies of the excited states of odd-even

3F (a)

E172% - 321 [MeV)

Cl

[ -#- Exp.
‘1E m  Exp. (this work)

| U T P T ST R N . -

14 16 18 20 22 24 26 28 30 :

[ Eur. Phys. ] A57,135 (2021) |
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E(12Y - 32 [MeV)

(]

LA L

—A— NNLO_,

~@— NN+3N(Inl)
1 1 1 1 1 1 1 1

1
18 20 22 24 26 28 30 32 34

[ Phys. Rev. C 104,044331 (2021) ]
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Theoretical framework
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» The construction of the Gorkov response functions recalls the Dyson case:
RIS (4040 =GR (11,47 1") — G (1) GEf (,t")
where the two-body propagator is a rank-four tensor (16 elements) in Nambu space,
i2Gapea(t,t', 17, 1") = (Wo| T{AL(t) © Ap(t) © AL © AL (")} o)
with the convention by J. Schirmer, Pays. Rev. A 26,5, 2395-2416 (1982)
Switching to the two-time limit the Gorkov polarization propagator is obtained:

999" 9" (4 = 1 99'9"g" (4 41 g1 g
HaCdb (t,t) g ,}lm-l_ Rade (t,t’t ,t )
£t
$1 _sp!t
It has 10 anomalous and 6 normal components: ‘11117, 1212’,2121",“1221’, 2112" and ‘2222’
Explicitiy;

1yt 7

e (1, ') = —i(wdr{ A3 Af (1) AL () AL (1) b
vt r{ag@ale” @) Hug)wdr{ A @)al” ¢ feg)
Analogously, the Fourier Transform of the polarization propagator yields

rrrrr 7 +OO . / 7
megs s W)= [ d(e- e)ema Y ¢~ ¢)
and fulfills the following symmetry property under complex conjugation:

o N B R T,
328" (w) = (~1)79 90" (LY (—u)
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Theoretical framework
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» The Lehmann representation of the Gorkov polarization propagator gives

17 117 rr_rrr _rer

M50 (W) =0l * (@) + gl *(w)

The two contributions contain the same information and are related by complex conjugation

I+ () = (~17 9 i (—w))”
where the Lh.s. (r.h.s.) is analytical in the upper (lower) part of the complex plane for w,

ST kygg" k +g""' g’ TN kng kT* 9"q’
+99 979 _ ac__ Xdb 9999 _
acdb ((.d) Z B s acdb (&)) ]; w + (Qk _ QO)/h - ,“7

the poles, for U(1)-SB states, approx. coincide with the energy of the excited states of the A-body

system with respect to the g.s. energy Fj ~ Q; — Qg and the transition matrix elements, fulfilling

~(-1r* e — (T

Xab
have been defined and orthogonality between the A-body states has been exploited. Explicitly
"Xie = (Uo| A AL?|U) = (Wolalas|Uy,) FY32 = (U | AFAL?[Wo) = (Tklalaz|To)
“Xoe = (Rol A AT?|Wk) = (Polapac|¥s) “The = (Vel 4, AL |Wo) = (Wi|avac|¥o)
“Xie = (Wol A3ALT W) = (olasal|T) "The = (Tl AL Wo) = (Ty|ajal| o)
“Xbe = (Lol AFATH W) = (Vola]al|Ts)

FTIL = (W AL AT W) = (W |apal|Wo)
as in the one-body GF case, the anomalous elements vanish between U(1)-conserving states

Gianluca Stellin

LXXIX ESNT Workshop «Nuclear ab initio spectroscopy» - 24th May 2024 9/41



Theoretical framework
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» For a general one-body operator that med1ates the transition between two the A-body states

(Up|O1Wo) = > (alO[b)(¥playaa| o)
ab

B Example: reduced electric (R=FE) and magnetic (R=M) multipole transition
probabilities between states with angular momentum J, and J,

B(Jy — J,,Rl) = QJHS‘YSW W, [Q%m (R)| o) |?

Mo M m
where 9/, (R) are the transition operators with angular momentum £ and projection m

(Up[2m (R)|[Po) = D _(a|2m (R)[D)(¥,|[4z T ® A3]7.[P0)

ab
which are expressed in terms of the angular-momentum-coupled transition matrix elements
(AT @ A43]L, = lal @ ]l = Y (adbllma — mym)(—1)"ala,
Mg Mp

and the matrix elements between the s.p. states and the EM mult. transition oper. are given by
(@f2em(B)D) = [ &1 (alr 'Y (6. 0)p(x) )
(@l2em (D)) = [ &r (ali(r) - To'¥7(6.8))

where p(r) =ed(r—1r') and j{r)= QLfmi[é(r — I")?’ — 6'5(1‘ —1")] (pointlike charge distrib.)
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Perturbation theory

@O00000000O0

> Let us consider the perturbative expansion of Gorkov’s polarization propagator in terms
of Q7 = V*N — U, with the implied second-quantization operators the interaction picture:

IIQ]929394(t,t4“,tF+,tf)

acdb

J. Schirmer, Phys.
Rev. A 26,5, 2395-
2416 (1982)

where

(P)
- —z':; (%’)l;—, /_ :o dt ... f_ :o dtlz%lT{QI(tl)...Qf(tl)AIgl(t)Afgz(t’)AJ}?(t’*)A}is(t*‘)}|<1>0)C
+ i{z (%)m%/mdtl...fm dtm@olT{QI(tl)...Qf(tm)AIgl(t)A}fS(m}@O)c

m=0 —o0 —o0

X LXZ:O (%z)" % /::O dt4 Lt:o din/@T{Q[(h) . "QI(tn)AIgQ(t’)AJ}Z4(t’+)}<I)0>C:|\‘

unperturbed reference state connected contributions only!

> Time ordered products in (P) are evaluated by means of Wick’s theorem, converting
them into fully-contracted normal-ordered products of second-quantization operators.

B Coveal: contractions

between two creation
and annihilation ope-
rators do not vanish!

B Example: conventions for

non-canonical contrac-
tions, valid for all but
Bogoliubov contributions

Gianluca Stellin

CONTR. Tt Tt t t
{iiis Aelf ey ey Azl ¢ Qe £ Qe
Ay 15 . (0) 12 =0 20 . ~(0) 21 . ~(0) 22 . ~(0) 22
e, f INTERNAL Zifef 7 1G s ey Z?ef ; iGre W
= EE e =¥ e = exe €= e
& FRTEETAL iGg}) i —inF?;) 12 niGSp(l) 94 iGS}) 21 iGg}) 11 _inr? i ]
f INTERNAL [ f fef fef fef fef fef
e INTERNAL | -G 2 ig® 12 ig® 2 g0 g2 GO 2
f EXTERNAL e & e e e € € e e € e—e

e, [ EXTERNAL|
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Perturbation theory

000000000

> Graphical interpretation of fully-contracted Wick’s-theorem contributions in terms of Feynman
diagrams for the polarization propagator in time representation. The conventions below hold:

B One-body vetices: four inequivalent types B Twe-bedy ventex: two notations
e e ] e P
. L 1o » e = )( )»
s 11 = 1 = — = = 2! pgra =
ley = Wy = N lef = 2'uef B r
— — (ii)
f f f .
s L Al?-rlkosov ~  Bloch-Brandow
Feynman diagrams of order [=n+m are graphs with m (n) one-body (two-body) Hiigenholtz
vertices linked one another by 2n+m+2 unperturbed one-body propagators. In B Euternal single-particle indices
the latter, the orientation of the arrows depend on the Nambu indices. v
B Unperturbed one-body propagators: o a i P
2anomalous: 21" & ‘12 = W g 1212
and Znormal: ‘11" & “22’ N
b t, 1 1 a c|la cjac|ac
a,t a,t a’t dbldb|db|ldb
, 1 9 aclac|lac|laeE
v A dbldb|ldbldb
A
Cf(.’(;)) (f f,) - Ci‘b) l(f?d) G( ) 1 (t t,) B 2 1 aclaclac|la c
Y A o v db|db|ldb|db
9 9 gec|l@e|lBic|ae
b, t b, ¢ 5 4 dbldb|ldb|db
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Perturbation theory
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» A dressing of order pin a Fenman diagram of order 1> p is a sub-graph with conn. vertices
which can be isolated by cutting two propagation lines. Examples for the one-body prop. :

> > ——————— ‘HQ’—R

(a) (b)

To spec1fy the topology of a graph, the orientation of all propagation lines must be specified.
A Feynman diagram devoid of arrows in the propagation lines is called unoriented.

» The application of Wick’s theorem to the term (P) of the perturbation expansion gives rise
to contributions which can be classified according to their topology into 5 categories:

Exaumple: a c s ¢ & ¢
1111 /
Hacdb( ) U
A Y
E DiSJOiT_Lt diagrams i P Dls]omht dzag;ams B Disjoint diagrams of
Of dlrect typ@ ' Of exc a’nge yp@ m Bogoliubov typ@
— e e
d b d b d b

i (i) i
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Perturbation theory
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Composite diagrams contain at least one vertex that can be O SR A TR
. . A A 4 \ 4 y A
reabsorbed as a dressing in one unperturbed one-body
propagators. Otherwise, the diagram is of skeleton type. F™ fa T T
A A A A Y A\ A

Conjoint diagrams ———» *

A
> Emample: Héi(lﬂl) (t, t,) d b d b d b d

proper particle-hole vertex a e a e a c a
A v A  / y y y
: ” ; A v Y A Y L/ A
[G) @) @) )] - §
mq mo ms My | s iy I¥eie
r;!}lll I‘;l:ue 5 I‘;j]}l?l " I‘]tﬂ:le
A A A Y A\ A
A \ A \ 4 A A J A
d b d b d b d
ms me my ms @ ¢ @ ¢ @ ¢ @
; - - - A v A Y A y A
« 2111 w2211 2121 2112
[ ( Thi ) ] l ( Toi ) ] : [ ( T ) ] ; [ ( o ) ] A A A Y A A A
Iw;,‘ll‘,!lZ 1\;)11122 lw:ﬂll'.]'.’l l-;ﬂll'l'..‘.'..‘
i mg fi Mo T [ S 7 M2 A A Y A Y v Y
o - - A v A v A L A
322 ; 1212 ] 2121 = 2221
ph ph ph ph
( d b d b d b d
- - - - - - - a Cc a [+ a [+ a
A A L A y A
B mis r qMmi4 B 1 15 i 9 mie \i  J Y A Yy A \i
2212 2122 * 1222 x 2222
( r;’h )] : ( r:)ln ) ) ( rph ) . ( rPh ) 2122 [+ 2212 2221 r*222
ph ph ph ph
4 A A A A A A/
(\.-) A A/ A Y A A A
T d b d b d b d
Disconnected diagrams (iv)
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Perturbation theory
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» Gorkov’s polarization propagator has proven to fulfill the following self-consistent equations

3t gttt . three-time pol.
gt p9g”9"g B99'9"'g
Hggdfg ! ( t’t+7tl+=t!) = II acdb (tv t+vtl+vtll +II acdb (t1t+ L t Z Z/ dsy propagator
il ki 919'2 ef
disj. direct pol. propagator 4 ¥ 9594 gh 4
o o oo d;s]g Eggohubov pol. propagator . N §
241
/ dSQ / d53 / d84 HDfedb (SQ, 51, t+, t) P* 91?2?1394 (81, 892,83, 84) HggthlgB (t tH_ , 84, 83)
where disjoint direct three-time pol. propagator \
[* 91920891 52*5}92(3 s2)
£*99° (¢, ") = %gz vacef519+uceaf592)f AGI (¢, 1,8, 4G (¢, 1) = Tonegon (51:82,83,84) = 5G§;94(53,s4)
proper self-energy, in terms of the two-body propagator proper particle-hole vertex

> Where the two and three-time polarization propagator of direct and Bogoliubov types are
special limits of the four-time polarization propagator (o< RI192939% (¢, 19, t3,t4) ):

[ 00 1 A 4 71 S Y 4

HDiidf ! (t13t27t37t4) — —iGCng (tlvt4)Gbcg (t2’t3) Hngdbg ! (t13t2=t3ﬂt4) - Z( 1)9 +g”’Gg 4 (t4,t3)G (t17t2)

In energy representation, Gorkov’s Bethe—Salpeter equations (GBSE) become

el o rrr r_rrr /! e 7
D B Z Z dQ1 T dQy _p
HQ‘Q g g ( ) 11 99 9 g ( ) H 99 g .9 I g2019 g (w+91 wwﬂl)
acdb acdb acdb (2 ) fedb 2 2
efgh 9'19'2 —00 4

1—1* g;?;isgzl(w 291 o, b — QQZ)HZghg‘*%(ZQQ,w—ZQg) .

In contrast with Gorkov’s equations, in energy repr. it remains an integral equation!
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Perturbation theory
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> For the analysis of the proper particle-hole vertex, the perturbative expansion of the
proper self-energy is instrumental. In order to perform the functional derivation, the
self-energy must be expressed in terms of fully-dressed one-body propagators (GGFs).

B Convention for one-body propagators dressed to all orders in perturbation theory:

a,t a,t T a,t
A A Y Y
Gl ¢) = G2, t) = G2(t,t) = G2t t) =
A Y A Y
b, t' bt b, t’ N d

Reswnumalion: the perturbative contributions to the self-energy (SE) of different orders are
grouped according to their skeleton structure, then summed again, thus giving rise to a

self-consistent expansion. o V. Soma et al. Phys. Rev. C 84,064317 (2011)
C. Barbieri et al. Phys. Rev. C 105,044330 (2022)

E’gf(sl, So) = 22}1](31, So) + Ezf[z](sl, S9) + 22}3](31, S2) + ...

Skeleton contributions do not contain any proper self-energy insertion of lower order.
At order ], the latter are the lowest-order members of each grouping, f[l] (s1,s2).The

composite ones are obtained by dressing the GGFs with a self-energy insertion.

Remavik: The contributions of each self-consistent grouping can be diagrammatically represented
by a sum of skeleton graphs, with the unperturbed GGFs replaced by the fully-dressed ones.
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Perturbation theory
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‘Ceading enden (self-consistent proper SE) 4 one-body Vertces + 4 two-body vertices W1th a tadpole

v Y

D = @ 2= @ i = x @E“m: X €
vy
rog Y f f ;of

Remank: first-order self-consistent one-body contributions independent on the dressed GGFs!

(52*9192 (81, 82)
Performing the functional derivative Tn’f;, " (51,82, 53,50) = 509;94(53 5 one obtains
g

the self-consistent expansion of the proper particle-hole vertex:

1 2 3
;hef L (81,82, 83,84) = I‘;hi} h(81,32,83>84)+1‘;h£} h(81,52,83,84)+F;h£3}gh(81,82,83,84)4----

B Diagrammatically, the self-consistent expansion of Iy, }i Zhg *%* contains conjoint skeleton

polarization propagator diagrams with dressed GGFs and amputated external legs.

B Disjoint polarization propagator diagrams with stripped legs are relevant only for the im-
proper particle-hole vertex, in which the functional derivative is performed on the full SE.

Order zero terms do not contribute, as they . 0] e _
’ $1,82,53,84) =0
do not belong to the self-energy: Ph efgh (51,52, 53, 54)
Qulleek: in self-consistent approx. for 'y, g}gg 29394 the dressed GGFs can be conveniently

implemented in the optimized reference state (OpRS) scheme AAS Barbieri's talk on Thursday
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Perturbation theory
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verteX

. g
» The explicit calculation of the first-order contributions to I';, g}ggghg?’g“ yields: "v,.}"
. 1111 1 Y
Y e (51,52,83,84) = 50(s1 — 52)0(52 — 83)0(83 — 54)Ven v
vy » ph  ¢fgh 2 fg f h
()
Sy 1 1212 1 B e g
I P oron(51752:83,84) = S0(s1 = 52)0(s2 — 53)0(s3 = 54)Vferg e
1122 1 4.'.:»
€ g * [1] - o 2
S = —4(s1 — 82)0(s9 — 53)0(s3 — ce T "
‘:.:; ph efgh(51:82733754) 2J51 52) (52 33) (53 84)vgefh ! }i
Y . 1] 2211 B 15 5 5 _ °. 7
F h ph  cfgh 81,82, 53, 84) - § (81 - 32) (32 - 83) (83 - 34)Uhfég '\_..1'
& g 17 2121 1 B 4 4
-.‘ '.- :)h[ ] efgh(s:h S92, 83, 54) — 55(81 — 82)(5(82 — 83)5(83 — S4)'Uh§fé f ' ' h
,.‘.‘-,, 2222 |
R 1 _
F i ;h[ | efgh(81,82, 53,54) = 55(81 — 52)0(s2 — 53)0(53 — 54)Vfgen

¥
for the normal components of I's, . . The anomalous components vanish at first-order:
p Pl efgh p

1112 1121 1211 2111
* (1] _ p* (1] _ p~* (1] _ p* [1]
th efgh(51732783354) - th efgh(31732733734) - th efgh(81332783734) — th el

i 2212 1 2221
(t1,t2,t3,ta) =T efgh(t1>t2:t37t4) = F;h[ | efgh(tlvt27t3’t4) - F;h[ | efgh

1221 2112
* [1] _ > [l
ph efgh(sl’ 52,53, 84) = Ph ¢cfgh

the first-order self-consistent contributions correspond to the random phase approximation!

(81,82,83,84) =0
F* 1] 1222 * [1] 2122

ph efgh (t1:i2:t37t4) =0

(81&325 53, 54) =0
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Perturbation theory
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verteX

The explicit calculation of the second-order contributions to I'%, 91929894

ph ofgh yields:
4 1] 1111 i ) ) .
ph[ ] efgh(31,82,83,84) =g Z vﬁfuquheng,}](sQ, Sl)G,t%(SQ,Sl)(s(SQ — 83)0(81 — 84) ) | f
pquv ‘. <
+4—%\h‘ @hfup'i_)qt;egG}l?é(SQ, S]_)Gii(SQ, 31)5(81 — 83)6(32 = 84) ’O‘
pquv 4 3
—|—i Z Vg fugUh Gll(sl 82)G11 (82,51)0(s9 — s3)0(s1 — 54) h 9
2h = qfug~hvep™pg\°1, uv\52)
4 o] 1112 i ) ) & f
ph[ | efgh $1, 82,83, 54) = ) Z Upfgulqueh, G (52, 51) G (52, 51)0(s2 — 53)8(51 — 4) .

. pquv
« [2] 1121

1 <
Iy (51,82,83,84) = —= Y g fupPhagen G (52, 51) G (52, 51)8(52 — 53)6(s1 — 54) '
ph  gfgp\712 92593 F GfupPhqet T pg ) uv\°2» : :
F* [2] 155 i Pq - . E

Z —_— —-—
ph efgh(81’32’83’84) = ﬁ Z vﬁfuﬁvqgeﬂGﬁé(SQ,Sl)G,h%(SQ, 81)5(51 — 83)5(32 — 84)

pquv .
: Ug fup? : '.
4R > UgfapUypenGan(s1,52)Grn (51, 52)6(s2 — 53)0(51 — 54) h g
pquv
)
_% z ﬁqfﬁﬁﬁgﬁeﬁGgg(Sm Sl)Gii(Sl,Sz)g(sl — 33)5(32 _ 54)
pbquv

. 2] 1211

i L
ph efgh(81’82’83’54) — _ﬁ Z UpvfquheuG?)}I(SQ:SI)GE;(SL 82)(5(5‘2 — 53)5(51 — 54)

4 py
pquv ) _
_% Z @ﬁhfuﬁqvegGﬁ(lg(S% Sl)Gll ?

uv(523 51)5(81 - 83)5(52 = 34) ;
pquv h g
. 2] 1212

i L
ph  ofgn\O1r°2:93) sa) = DY) Z Uﬁﬂfquveﬁggé(“"?aSl)Gi};(S%SI)‘S(@ —53)0(81 — 84)
pquY
Gianluca Stellin
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Perturbation theory

000000000

191 ;
;h[Q] efgh(sl’ 89, 83, 84) = —% Z ﬁgvfp?theuG;glJclz(‘g?v Sl)Gt})(Sl, 82)(5(82 — 33)5(81 — 54)
pquv
i - 12 21 e T
& Z Vg fpPhuegGpg (525 81) Gy (52, 51)0(82 — 83)8(s1 — 84) ’ _
pqu ‘ ’
1222 ; <: :>
Pph[z] oy h(Sl, 82,83, 34) % Z @ﬁ@fﬁ@qgeﬁGié(SZ, Sl)Ggi(Sg, 81)6(81 — 83)6(82 — 84)
Pquv - "~
i o 21 22 -
~55 Z vﬁgf_ﬁvq@eﬁqu(Sz, $1)G5e (81, 82)0(s2 — $3)0(s1 — s4) :
pquv 3 5
2111 '
;h[Q] 6fgh(81’ S92, 53, 84) = —% Z @hfupﬁqéf)gGéé(SQa Sl)G,][L%(SQ, 81)(5(82 — 53)5(31 — 34) ~
pPquUY e f

i

~57 Z T fugUhaopGpg (52, 51)G (52, 51)8(s2 — 53)8(s1 — s4) ",QP"
pquv ¢ )
% {2] 2112 1 ‘ ‘

(81,82, 83,84) = % Y Upruglyenn Gra(52,51)Gon (1, 52)8(52 — 53)(s1 — s4)

ph efgh — _
pquv h g
[ L
~ Y afguluenpCpg(51,52) Gt (52,51)0(s1 — 53)6(s2 — sa)
pquv

* 2 22 ¢ = = 12 12 e i

th efgh(sl’ 52,53, 54) = _ﬁ Z ”UgfupUhéfr;quq(Sz, Sl)Guv(SQ, 81)5(82 — 83)5(81 — 84) ‘ -

pquv _ 4

i G2 (s, 51)6 5 >®’4

ph efgh(sl’ 52,53, 54) Z Vg fup (51,32) wv(82,81)0(81 — 83)0(s2 — 54) § 3
pquv 5 g

i _ _
~57 Y UarungevpGap (51, 82)Gn (52, 51)8(s1 — 53)0(s2 — 54)

pPquv
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Perturbation theory

000000000 e

o1 2211 i -
;h[ ] efgh(Sh S92, 83, 34) = _ﬁ z Uﬁéu,g?}qh@fojé(Slj Sz)qufu(Sl, 32)6(81 — 83)5(82 — 84) - fT
pquv
i B B " -
— UheupUgnfgCon(52, 51)Gan (52, 51)8(s2 — 53)6(s1 — 54) » »
pquv . ,
_ﬁ Z 'quguvyhprm(Sl; Sz)Ggi(Sg, 81)5(81 — 83)5(82 — 84) “
pquv ‘ s
2212 i
b o (51:52,53,80) = =2 3 Tpequlaun Gy (51, 52) G (51, 52)8(s1 = 53)8(s2 — 54) -
g h _
pquv h g
r* @ e (s1,82,83,84) = L Z TaeupUnas FGor (81, 82)GE2 (51, 82)0(s1 — §3)0(82 — 84)
ph efgh 1) 21 3? 4 — h geup hq'ﬁf pq 17 2 uv 1: 2 1 3 2 4 e f
pquv . )
. 4 :
o1 2222 i L : <
F;h[ | efgh,(sl’ 52,83, 84) = on Z; UpeuhVqg fG L(51,82)GL2(51,52)0(s1 — 53)0(52 — 54) m
pquv " N
+LZ’£_J----’!_)——‘G22(S 59)G22 (59,51)0(s1 — 53)0(52 — 54)
4h geup qvfh, qp 1,22 pu\225 21 1 3 2 4 ..‘4.. ‘.
pquv : _
i _ _ ; .
+or > VgearVguipGan(s1, 52)Gon (52, 51)0(s2 — $3)6(s1 — s4) 7 g
pquv
The explicit calculation of the third-order contributions to I'}, Z}Zzg 394 yields:
1111
;h[g] efgh(81’82’83’84 Z Z / dtl ’quusﬁvhfw'ﬁkegnGz)lp(SQatl)GinLl;(tlaSQ)Gt}c(tlasl)
pquv knsw ©

Gll (81,t1)5(31 — 83)5(82 — 84) e

Automated calculation techniques recommended: wek in pregress!
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AIWT code
[ Jololo]eole]olelelee)

A code implementing Wick’s theorem in the term (P) of the expansion formula for Gorkov’s
polarization propagator has been developed in Mathematica and Jupyter up to third order.

» At order [ = m+n with m (n) one-body (two-body) vertices there are 4n+2m-3!! contributions

Key: encode fully-contracted contributions into 2-dim. arrays of integers (= rectang. matrices)

W Example. third order

VE()  Ult) Ults)  yong)  vaNg)  Ut) t
AZL(t)  AP() ALY Abos(t)

I SN S S ST S ) ) ! ) I

Dqgsr e f gh Pgsr  tuwvw e f b d O
1234 56 78 1234 5678 910 c RD.

2N 2N 2N 1 2 3 4 Oth

U(ty) U(tz) Ul(ts) VR (ty) V=R (t2) V= (t3) 5 6 7 8 j L
| ! | | | | 9 10 11 12 gnd
et ey ety —_—— — = rd
ef gh 1] pqgsrT tuwo k'l nm 13 14 15 16 )
12 34 56 1234 5678 91011 12

A one and two-body vertices A external legs

the s.-p. indices of 2nd-quantization operators contracted together are stored in the same row.

All contrib. are generated by means of transp. from the canonical sequence (1st elem. of Acomb )

1l &umple'thjrdorder Acomb[[1]] = {{1,2},{3,4},{5,6},{7,8},{9,10},{11,12},{13,14},{15,16}}

a*(tl)aT(tl)as(tl)ar(tl) (t2)aT(tz)aw(tz)av(tz) N Acomb[[d_111 = {{1,4},{5,16},{6,8},
T T . T: 5 {11,12%},{9,13},{2,14},{3,7},{10,15}}
(ts)az (ta)an(ts)am(ta.)a (t)ab(t Jal(t)al(t)
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AIWT code
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er to separate the Wick’s-theorem

contributions according to the diagram category and type they are associated with.

ORDER l=m+n — 0 1 2 3
CATEGORY (0,0) | (1,0) (0,1) | (2,0) (1,1) (0,2) | (3,0) (2,1) (1,2) (0,3)
TYPE
SKELETON 0 24 0 0 1,728 0 0 0 311,040
CONJOINT
COMPOSITE 0 0 0 0 768 2,304 0 19,200 193,536 718,848
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DISJOINT . . BEE R R ¢ ‘. :
DIRECT LEFT or RIGHT-DR. 0 16 24 160 576 1,636 | 1,920 11,520 61,440 228,096
LEFT and RIGHT-DR. 0 0 0 80 192 288 | 1920 7,680 26,112 55,296
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DISJOINT . . ‘ . . 1 2@ | | m
BocoLiugov | PIAG. or ANTIDIAG.-DR. 0 16 24 160 576 1,536 | 1,920 11,520 61,440 228,096
DiAG. and ANTIDIAG.-DR. 0 0 0 80 192 288 | 1920 7,680 26,112 55,296
RELEVANT 2 32 72 480 2,304 7,680 | 7,680 57,600 368,640 1,596,672
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DISJOINT o - S — w4 s 5 G
EXCHANGE ABOVE or BELOW-DR. 0 16 24 160 576 1,536 | 1,920 11,520 61,440 228,096
ABOVE and BELOW-DR. 0 0 0 80 192 288 | 1920 7,680 26,112 55,296
DISCONNECTED 0 12 9 330 708 891 | 7,380 27,150 84,348 146,961
TOTAL 3 60 105 | 1,050 3,780 10,395|18,900 103,950 540,540 2,027,025

Gianluca Stellin

At third order, there are 2,690,415 fully-contracted terms in total!
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AIWT code
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= Fillration Process G

nUIDIA

CUDA

» The equivalent Wick's- theorem contrib. are identified and their multiplicity is stored, thanks to:
~» the exchange symmetry of identical one and two-body vertices (external s.-p. index permutations)

“A» the partial antisymmetry of the two-body vertex, (internal s.-p. index permutations)

ORDER l=m+n — 0 1 . 3
CATEGORY (0,0) | (1,0) (0,1) | (2,0) (1,1) (0,2) | (3,0) (2,1) (L,2) (0,3)
TYPE
SKELETON 0 0 6 0 0 60 0 0 0 924
CONJOINT
COMPOSITE 0 0 0 0 192 96 0 3,840 7,200 2,880
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DISJOINT ) . — . ‘ .
DIRECT LEFT or RIGHT-DR. 0 16 8 128 176 76 | 1,024 2,704 2,720 1,032
LEFT and RIGHT-DR. 0 0 0 64 64 16 |1,024 1,920 1,312 304
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DISJOINT . ] . _ Ean. . _ .
BOGOLIUBOV DIAG. or ANTIDIAG.-DR. 0 16 8 128 176 76 11,024 2,704 2,720 1,032
DiAG. and ANTIDIAG.-DR. 0 0 0 64 64 16 |1,024 1,920 1,312 304
RELEVANT 2 32 22 384 672 340 | 4,096 13,088 15,264 6,476
NON-DRESSED | 0 0 0 0 0 0 0 0 0
DisJOINT , o ‘ ‘
EXCHANGE ABOVE or BELOW-DR. 0 16 8 128 176 76 11,024 2,704 2,720 1,032
ABOVE and BELOW-DR. 0 0 0 64 64 16 | 1,024 1,920 1,312 304
DISCONNECTED 0 12 6 282 288 99 |[4,308 7,788 5,604 1,524
TOTAL 3 60 36 858 1200 531 [10,452 25,500 24,900 9,336

Gianluca Stellin
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AIWT code
o]o] Jololelelelelele)

» The equivalent Wick’s-theorem contrib. are identified and their multiplicity is stored, thanks to:
~» the exchange symmetry of identical one and two-body vertices (external s.-p. index permutations)

An> the partial antisymmetry of the two-body vertex, (internal s.-p. index permutations)

ORDER l=m+n — 0 1 2 3
(m,n) - . . | ,
CATEGORY (0,0) | (1,0) (0,1) | (2,0) (1,1) (0,2) | (3,0) (2,1) (1,2) (0,3)
TYPE
SKELETON 0 0 6 0 0 60 0 0 0 924
CONJOINT
COMPOSITE 0 0 0 0 192 96 0 3,840 7,200 2,880
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DIsSJOINT , ‘
DIRECT LEFT or RIGHT-DR. 0 16 8 128 176 76 | 1,024 2,704 2,720 1,032
LEFT and RIGHT-DR. 0 0 0 64 64 16 [1,024 1,920 1,312 304
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DISJOINT . . . , — .
Bob o6y DIAG. or ANTIDIAG.-DR. 0 16 8 128 176 76 (1,024 2,704 2,720 1,032
DiAG. and ANTIDIAG.-DR. 0 0 0 64 64 16 1,024 1,920 1,312 304
RELEVANT 2 32 22 384 672 340 | 4,096 13,088 15,264 6,476
NON-DRESSED 1 0 0 0 0 0 0 0 0 0
DI1SJOINT ,
e ABOVE or BELOW-DR. 0 16 8 128 176 76 | 1,024 2,704 2,720 1,032
ABOVE and BELOW-DR. 0 0 0 64 64 16 (1,024 1,920 1,312 304
DISCONNECTED 0 12 6 282 288 99 |4,308 7,783 5,604 1,524
TOTAL 3 60 36 858 1200 531 [10,452 25,500 24,900 9,336

At third order, there are 70,188 inequivalent fully-contracted terms in total!
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AIWT code
OO00O0000O

V s—
.\-/

» The inequivalent Wick's-theorem contributions are converted into analytical expressions. The latter are
in one-to-one correspondence with the amplitudes of the Feyrnman graphsin time representation.

The procedure entails:
v" the conversion of contractions into one-body Gorkov-Green’s functions;
V' the writing of the summation and integration signs;

v the writing of multiplication factors (interaction matrix elements, multiplicity, ...)
v" the determination of the sign;

CONTR. ot t f
oty ot oSO alay wa) oles
\L \l' ~L wl' ~Jr ORD. convention .fOI’ e, f INTERNAL ‘ iG(E(}) 2 iGS,) 2 iGE(}) H iGS}) 22
1 — — — 92 oth the conversion
. e =a,c EXT. iG(”) 12 ,L.G(U) 21 2.G(U) 11 2'6'(0) 22
1 - - 2 3 15t of canonical f INTERNAL | = ef ef ef ™Y
1 — 2 3§ 4 20 contractions for e=bdexr. | G2 —icW* G ® g
1 2 & 4 5 8¢ Wick’s-theorem fINERNAL | Fosf  fSF fef Jof
. . . . i i e INTERNAL ; ; : :
convention for the encoding of the time in- Eontrll.blll)tlons of pg— ey el R ey el
i ’ i ogoliubov type -
dices of one.body Gorkov-Green'’s functions. & yp AL | GO P GO gw B o
@ Quipul: amplitudes of conjoint-composite Feynman F=tbaBgl. | gwg e  emeE  Eme
diagrams of Gorkov’s polarization propagator at third & GusoRt = N N N

order with (m,n) = (1,2) and Nambu component ‘1111’

For[u=1, us 1800, u++,
If [GGFNambu[u, 1, 17 = 1 && GGFNambufu, 1, 2] == 1 &% GGFNambuf[u, 2, 1] = 1 && GGFNambufu, 2, 2] == 1 && GGFNambufu, 3, 1] = 1 &% GGFNambufu, 3, 2] == 1 &&
GGFNambufu, 4, 1] = 1 & GGFNambuf[u, 4, 2] == 1 && GGFNambufu, 5, 1] == 1 && GGFNambufu, 5, 2] == 1 && GGFNambufu, 6, 1] == 1 && GGFNambufu, 6, 2] == 1 &&

GGFNambu[u, 7, 1] =1 & GGFNambufu, 7, 2] =1 , Print[u, " ", GGFFeynmanAmplitudefu], "\n"]]]
1 — 11 += [ [+ (@) (0) (@) ) ) (8)
M Y ey e Tonrn Teapw ue'FJ at, J u1t3J dty 69 M (t,,14) 6,01 (ts,tg) 6/ gt (L, 1) 6 g kg, 1) 6/, (s, 1) 6t (ty,ts) 60,1 (ts,ts)
2h°° = - - -
1 Y : = = 11 [ = [ s 9 @) () @) (8)
376 o BZuqrsLuvaef Yoars Veuvw uef‘ dt, J “-ﬂtzj dts 6/ o (ta,ta) 6% gt (ta,ta) 6/ pet? (ta,ta) 6% gt (tayty) 6/ el (tr,t2) 6/t (s, ta) 6@ et (ts,ts)
n3# g ; &
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AIWT code
o]olole] lolelelelele)

falion of Wick» theoresn

The inequivalent W1Ck s-theorem contributions are converted into anal ytical expressions. The latter are
in one-to-one correspondence with the amplitudes of the feynman graphsin time representation.

s
Jjupyter

Quitput:
amplitudes of
conjoint-composite
Feynman diagra-
ms of Gorkov’s
polarization pro-
pagator at third
order with (m,n)
= (1,2) and Nam-
bu component
‘1117

Gianluca Stellin

Amplitude of third-order conjoint composite diagrams contributing to Il

with a one-body and two two-body interaction vertices

Conventions

The fully-contracted terms processed henceforth correspond to fully-contracted conjoint composite contributions generated by the application of Wick's
theorem to the following matrix element (cf. expansion formula of Gorkov's polarization propagator),

nh!hhx

acdb [third order= +3’( fd“ ,[dh fdh(‘de[V(h )V("" )U(l;,)A,f,'(r)A,b 0 )Alfg‘(H)AIIK"(’)]|¢ﬂ)cnnn

. e e » e i LI ...

19 Framed|19,RoundingRadius->10)
26 Framed|20,RoundingRadius->10)
21 Framed|21,RoundingRadius->18]
s
1"
"

[ “GGFFeynmanAmplitude|[19] ]
|
[
' Framed|22,RoundingRadius->16
[
[

" “"GGFFeynmanAmplitude|[28]]
* “GGFFeynmanAmplitude|[21]]
“GGFFeynmanAmplitude|[22]]
"GGFFeynmanAmplitude|[23] ]
“GGFFeynmanAmplitude[[24])

23 Framed|23,RoundingRadius->10
24 Framed|24,RoundingRadius->16

out[83]:

@ 213 !f ypqrs T&uwvtuw vp.,r, u”“J x dt!; . dt!f » dt‘

G pcz'l(t‘sts) GO sq“(tdjtl) [ r:u(tlntl) G udu(t:llt.l! G ueu(tlntz) G afn(tS:tZ) G° bvu(tlst.ﬂ
1 - PR P
@ 4_’3:\_‘!1 :L‘pqrs :)_‘KI.IV.vtuv- qurs uc’llj x dt!, ' dtlJ » dt4

Gln pqu'{tlstl) G.n ﬁtll(t‘!t!) G‘e rell(tdltl) G‘e awlzltﬁltl' Gre bull(tl »t3) G‘e vd
S o e
@ an Lef Lpars Zluv-vmvw qurs u, g J-a dtl. dtSJ - dt,
Glapq;‘l(tl;ti) G‘“ st“(tljt!) Glc re“'rtlrtz) Gt‘e lwu(t5|t3) G'o bu“'tljt]:' G.e e

1 ~ SAF e T "
@rahsyﬂgw,ym“v‘mvm”u” [ 7dt [ Tdty[ | Tdt

G b pqz'l(tl)tl) G’e s(ll't41t3) Glo rell(tlltz) Gl‘o auu(tS)tS} GK‘ ud“'(tljti} G'O bvlzttlatl) G s

( ) o " 11 r
5) 3 2Zef Zoars ZewveVeovw Voars Yo v J . Aty dty] dt,

Hits,ty) 6%t (ta,1ts)
u(t?ltl)

Hity,ts) 6%¢qg

fc“ (t2,1ts)

4

Entree [107]: 1 Forlu =1, u <= 1800, u++, If [GGFNambu[[u, 1, 1]] == 1 && ﬁrGFMnIImL u, 1, 2]] == 1 && GGFNambu|[[u, 2, 1]] == 1
2 GGFNambu[[u, 3, 1]] == 1 && GGFNambu[[u, 3, 2]] == 1 & GGFNambu[ [u, 4, 1] == 1 && GGFNambu | Iu, 4, 2]] == 1 &&
3 GGFNambu[[u, 7, 1]] == 1 && GGFNambu[[u, 7, 2]] == 1, Print["“Framed[",u, ",RoundingRadius- >1.9]\ \ "GGFFeynmanAm
] | »
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Example: fully-contracted second-order Bogoliubov contribution toII}2%: (¢, ') with (m,n)=(0,2)

CembBog[[1]] = 411,2},13,9},15.6},17,31},{4,10},{8,12}};
GGFMult[[1]] = 8;
B Recasting of the contractions into unperturbed one-body Gorkov-Green’s functions
(GGFs) and determination of the phase factor:

Converting the integers in CombBog[[1]] into letters in a string and following the conventions on the
second-quantization operators in the matrix elements in the term (P) of the expansion formula, one finds:

[pgsatuwdrbuc] — [pgsrtuwvabdc]
aj(tal(t)osieadal@altan (@) al(t)afe il (e n)
'?r(tl)ab(t,lgv(tz)aa(tl F__>' & . {H

.aa(t)ab(t’)ad(t’)a;(:t) .

the number of transpositions necessary to restore the canonical sequence of 2nd-quantiza
-tion operators is 12. Two additional sign-changing operations are performed, in order to
obey the conventions for the conversion of contractions into one-body GGFs: factor (—1) .

(_1)T(_i)2m+n+1im+2n+2 —> iS(_l)l‘l = —

B Introducing the rest of the necessary symbols and the multiplicity factor
in geFMult[[1]], the Feynman amplitude is finally found:

+oo +oo
4h2 Z d v qrsfumw/ dt1/ dty GLO) (1, t1)G) (¢, 1)

pqrs tuvw

G P (o, t)GD) Pt 12)GD P (11, 8)GQ (14, 1) a¢ e
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AIWT code
o]olololole] lolelele)

Exaumple: perturbative expansion of I 5 ¢ 1)

a,t B

a,t c;t

M

» Zeroth order:
o

Moo ™ (1:8) = =i Gog ™ (6:44) G P (¢4, )
d,t' b, t' !

(0a)

d,t' b, t
(Ob)

» First order:
B left-dressed direct diagrams

1111 (Ob
Hacdb( )(t’t)

a c a c a c a & @ c a
d b d b d b d b d b d
(1'aa) (1'ab) (1'ac) (1'ad) (1'ae) (1'af)
a € a C a (5
Y Y
Y Y
Anomalous loop! d . d b S
(1’ai) (l aj) (1"ak)
1111 (1'ak) N o_ 1 (0) 11 (0) 12 +
Hacdb (t,t ) = = 2% E :”qurs dthap (t,t1 Gsr (tlat1
pgrs

&hpew. right-dressed direct diagrams

Gianluca Stellin
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i GO,y a0 P 1+, 1)

i.e. the LO disjoint direct and Bogoliubov diagrams!

(1'ag) (1’ah)

d b
(1’al)
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» First order: ‘ ‘
B antidiagonally-dressed Bogoliubov diagrams y \</ y \{f
/) } b
(1" aa) (1” 1b) (l” ac) (1" ad)
[ a a C a c
d b d b
(1”«) (1”‘ ) (1’2 ) (' "') (1"ak) (1"al)
a C a C
B conjoint skeleton diagrams
kdi G ) (0) 11
Hacdb ! - Z qurs / dty qu (t’7 tl) d b d b
qus () 11 (1a) (1b) (1e)
G M (b, 1) G M (1, £7) G (1, #)
@ C @ C Q@ C
Ellipaiy: diagonally-dressed Bogoliubov diagrams X
d b d b d b
(1d) (1le) (1f)
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AIWT code

O0000000e00
1111 ;7
&(Mlpw perturbat1on expansion of Hacdb(f t')
» Second order: Y .
B conjoint THTY, joint skelet
Keleton Ellipaiy: conjoint skeleton
ciia rams diagrams containing
& anoma-lous propagators
Equivalent propagators!
d b
: - - (2b) 2
i A t’)——i dt ’ 260 W (1, 1)) M (2 t’*)G(O)(HC()tt GO (g, t GO 4)GO (¢, )
acdb ’ = 2h2 qurs'utuvw 1 25 L] sd 1 vq 2501 bu s U1 re 1
pqrs
tuvw

| conjoint composite diagrams

%\ M LA

o b d b
(2'b) 2’c 2 u e) (2 g) (2'h)

(2’ '1)
% Ellipais: conjoint composite diagrams

containing anomalous propagators

Qthen contibutions: disjoint direct
and Bogoliubov diagrams

d b d b d b

(2) @) (2'k) 2
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AIWT code
O000O00O000eO

/4 4?
Example: perturbation expansion of I} (2, 1)
» Third order: B conjoint skeleton diagrams
d b d b d b d b d b d b d b
(3a) (3b) (3¢) (3d) (31) (3i) (3k)
Ellipais: con-
joint skeleton
diagrams with
anomalous
d b d b propagators
d b d b d b d b (31) (3m)
(3e) (3f) (3g) (3h)

o0 “+o00 o0
- . : : @) oy _ 1 S
B antidiagonally-dressed disjoint Bogoliubov diagrams Mo (&) = 53 DD D ToarsDrwvwThimn f_ - dty /_ o dts /_ - dt

pgrs tuvw kimn

- \ o s GOty t) G Mt ta) - G, 1) G (140G T (#12)
\\ ' Ly \ / \ ,é G (b, 1) G M (2, 1) G (23, 17)
V(D 0 \ L \ 7
Q{}"\ QK \ ‘:fb \ + s Ellipain: antidiagonally-dr. disjoint
A a i 1 Bogoliubov diagrams containin
o 4 4\ 7\ & ag &
N L ! L FES one-body vertices and more than

one anomalous propagator

(3" ba) (3’”1)!)) (3’”!»:') (3" bd)
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AIWT code
O0O0O0O0O0O0000e

Exaumple: perturbation expansion of H;g ;lll: (t,1)

» Third order: B antidiagonally-dressed disjoint Bogoliubov diagrams
a\‘ AC Cl\\ c a\ c
*\ | \ y '}
G ¢ il
/J\\ / \. ;
(3" be) (3""bf) (3" bg) (3"""bh) ” 1 ’

(3" bi) (3" bj) (3" bk) (3"'bl)

“+ oo —I—oo
1111 (3"'bm 1 S & 8
-+ L. Hacdb ( )(t,t’) = 8? Z Z Z VUpgrs Vtuou Uklmnf dtl/

pgrs tuvw klmn

+co
" p f dtgGre O (b2, t7)G2L O (81, 8] )G12, O (b3, £2) G212 O (81, 1)

—00

G2 O (t3,1)Ghr D(ts, )G (13, 8)G2 O 1, 1)

Equivalent vertices Remank: Fquivalent vertices
& two anomalous loops! can be also of one-body type I

(3" bn)
Qthern contuibuliens: conjoint
composite, disjoint direct and further
disjoint Bogoliubov diagrams

Ellipsis: antidiagonally-dr. disjoint Bogoliubov

d b : .. .
diagrams containing one-body vertices and

(3" bm) more than one anomalous propagator
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ADC scheme
| 10]0]0]0]0]0]0)

Glanting-peint: the one-body transition operator D = E D,sala,
J. Schirmer, Phys. Rev. A 26,5, 2395-2416 (1982) rs
for particle-number conserving operators, such as EM trans. oper. D,.; = D, or D??

Thanks to the complex-con;. property, one may consider only 1‘[(‘;6%939492 (w)

1111
» Defining the transition function as 1'(w Z DZ I g (w)Dav
abed

Lehmann’s repr. permits to write  T'(w) = TT(wl — A)T
where Ajp = (V;|Q — Q|Vs)/h = secular matriz and Ty = (Vi|D|Vo) = vector of transition ampl.

Construction of the ADC ansatz, similar to the one for the self energy (Zg%yn) T)

T(w)=F(wl-K-C)'F
where K = matriz of diff. betw. the eigenvalues associated with Qy: Kij i = 0indj1(ws — wj)/h
As for the self-energy, the matrices admit an order by order expansion

Cc=Cc® 4@ 4 F=rF0_ @ L@ 4
The geometric series gives.. )
T()ADCFTw]l K) 12{ (wl — K —1}F

Matching procedure with the standard pert. expansion y1elds the expressions for p, cand K
T(w) = T(w)? + T(w)P + T(w)@ +...
The ADC splits the problem of determing T into two tasks: the construction of the modified
transition ampl. F and the diagonalization proc. for the modified. interaction matrix, C + K.
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ADC scheme
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» In the ADC scheme for the polarization propagator in energy representation, time in-
tegrations are carried out by considering the m+n+2! possible orderings of the time
indices of the m one-body vertices and n two-body vertices at order [=m+n.

Time-ordered or Goldstone diagrams are obtained by multiplying each Feynman graph by
1=0(t—t)+6( —1t)

1 = 0(t—t)0(t, —t)+60(t—t)0(t —t1) +0(t —t)0(t; — t)
+ Ot —t)0(ty —t') + 0t —t)0(t —t1) + 0(t' —t1)0(t1 — t)

(t—
(t
1 = 6(t' =)0t —t)0(ta —1t) +6(t2 —t1)0(t' —t2)0(t — t')
+ Ot —t1)0(ta —tO(t — t2) + 0(t1 — t2)0(t' —t1)0(t — ')
+ Ot — )0t -t —ta) + ..

In practice: each Feynman diagram in H;rccgﬂl)g?’g‘lg '(¢,t") corresponds to:

1 Goldstone graph at leading order

3 Goldstone graphs at first order
12 Goldstone graphs at second order
60 Goldstone graphs at third order

360 Goldstone graphs at fourth order
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ADC scheme
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» In the evaluatien part of the AIWT code, the time-ordered Feynman (= Goldstone) am-
plitudes are Fourier-transformed. The m+n time integrations are performed, exploiting

the Fourier representation of the Dirac deltas and the theta functions. The ensuing exp-
ressions are given in terms of spectroscopic amplitudes.

).

Jupyter
o

Example: code for the am-
plitudes of disjoint-direct
Goldstone diagrams con-
tributing to IIT 272" (¢,¢') at
third order with (m,n) =
(2,1)

Gianluca Stellin

Entrée [191]:

LXXIX ESNT Workshop «Nuclear ab initio spectroscopy» - 24th May 2024

For[r = 1, r <= NcMax, r++,
For(j = 1, j <= 6, j++,
For[i =1, i <= 2, i++,

If[GGFSParticle([r, j, i]] == 1 && GGFNambu[([r, j 1, SPLIndex[(1]] = "p"];
If|[GGFSParticle(|r, ], i]] == 1 && GGFNambu[[r, j 2, SPLIndex[[1]] = DverBar["p"]}
If [GGFSParticle([r, ], i]] == 2 && GGFNambu[[r, j 1, SPLIndex[[2]] = "q"];
If[GGFSParticle[[r, ), i]] == 2 && GGFNambu[[r, j 2, SPLIndex[[2]] = DverBar[ g1
If[GGFSParticle([r, j, i]] == 3 && GGFNambu[[r, j 1, SPLIndex| IBWI =
If[GGFSParticle[[r, j, i]] == 3 && GGFNambu[[r, j 2, SPLIndex 1] = uvernar “s*113
If[GGFSParticlel[r, j, i]] == 4 && GGFNambul[[r, j = 1, SPLIndex[[4]] = "r"];
If[GGFSParticle([r, j, i]] == 4 && GGFNambu[[r, j ] == 2, SPLIndex[[4]] = OverBar["r"]];
If[GGFSParticle[[r, j, 1]] == 5 &% GGFNambu[[r, j, i]] == 1, SPLIndex[[5]] = "e"];
If[GGFSParticle([r, j, i]] == 5 && GGFNambu[[r, j, i]] == 2, SPLIndex[[5]] = OverBar["e"]];
If[GGFSParticle[[r, j, i]] == 6 && GGFNambu[[r, j, i]] == 1, SPLIndex[[6]] = “f"];
If[GGFSParticle([r, j, i]] == 6 && GGFNambu[[r, j, i]] == 2, SPLIndex[[6]] = OverBar["f"]];
If[GGFSParticle((r, j, i]] == 7 && GGFNambu[[r, j, i]] == 1, SPLIndex[[7]] = "g"];
If|[GGFSParticle([r, ), i]] == 7 && GGFNambu[[r, j, i]] == 2, SPLIndex[[7]] = DverBar["g”]];
If[GGFSParticle[[r, j, i]] == 8 && GGFNambu[[r, j, i]] == 1, SPLIndex[[8]] = "h"];
If[GGFSParticle([r, ], i]] == 8 && GGFNambu[[r, j, i]] == 2, SPLIndex[[8]] = OverBar["h"]];
1
1i
Pref = StringForm[" "“, (-1)“AmplSign[[r]] 3 (-I)"4/A"3 (1/-I)"4 GGFMult[[r]]/96 UMult[[NuIdx]]]
Vindl = StringForm[" 1 "2 "3 "4 ",SPLIndex[[1]], SPLIndex[[2]], SPLIndex[[4]], SPLIndex[[3]]];
Uinsl = Superscript(Superscript|Subscript[“u",Subscript(-+ SPLIndexl\S]l SPLIndex|[[6]]]],UNambu| [NuIdx,1]]],UNal
Uins2 = Superscript|Superscript|Subscript["u",Subscript|[+,SPLIndex[[7]] SPLIndex[[8]]]],UNambu| [NuIdx,1]]],UNal
Symbl = Subscript|[”7",Subscript|-,Subscript(k,1]Subscript(k,2]|Subscriptik,3]]]
Subscript["}",Subscript[+,Subscript|k,4]|Subscript|k,5]|Subscript(k,6]]]
Subscript["}",Subscript[+,pqrs]] Subscript["j",Subscript[-,efgh!];
Symb2 = Subscript|OverBar["v"],Subscript[+,vindl]] Uinsl Uins2;

TimeIntegralSolutionsl = Solve|Coefficient|GGFTotalPolynomiall[r]], Subscript(t,TimeClassOrdPlus[[T, 2]]]] ==
coefficient|GGFTotalPolynomial|[r]], Subscript[t,TimeClassordPlus[[T, 3]]]] ==
Coefficient|[GGFTotalPolynomial[[r]], Subscript(t,TimeClassOrdPlus[[T, 4]1]1] == 8, {¢, », }];

{¢, ¥, 1} = TimeIntegralSolutionsl // Values // Flatten;

TimeIntegralSolutions2 = Solve|Coefficient|GGFTotalPolynomial|(r]], Subscript(t,TimeClassOrdPlus([(T, 1]]]] ==

{f} = TimelntegralSolutlunsz // Values // Flatten;

GGFGoldstoneAmplitude[(r]] = StringForm[" "1'°2'°3°-"4°."5"."6"-'7"", Pref, Symbl,Symb2,

GGFAmplitude|[r, J] GGFAmplitude[{r, 2]]1/(r + I Superscript(n,"(®)"]), GGFAmplitude[[r, 3]] GGFAmplitude]|
GGFAmplitude|[r, 5]]/(;y + I Superscript[n,”(2)"]), GGFAmplitude[[r, 6]1]/(: + I Superscript(n,”(3)"])];

Clear(f];

Clear(¢];

Clear(y];

Clear[:];

Clear|[TimeIntegralSolutionsl];

Clear|TimeIntegralSolutions2];

H
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Amplitude of third-order left-and-right-dressed disjoint direct
diagrams contributing to M,cqp

with one two-body and two one-body interaction vertices

Conventions

The fully-contracted terms processed henceforth correspond to fully-contracted left-and-right-dressed disjoint direct contributions generated by the application of Wick’s
QMIPMLI amp litu- theorem to the following matrix element (cf. expansion formula of Gorkov's polarization propagator),
deS Of diSjO l'nt_ dl— Mueaw %9 | fcondorder = (f)’ g 3 [at, fd t, fdt, (@o] T{T(ty) Ulty) U(ts) A (t) A2 (1) A" 9 (1) A 193 (1)] By

rect Goldstone di-
agrams of

where the one-body and the two-body potential insertions, V(t;) U(t;) and U(t;), take the form
Vits) = f Toqrs Tpars 0" (t1) 00" (1) as(ty) a,(ty),
Ult) =35 [Uer™ 3" (T2) ar (t2) +Uer e (T2) a5 (t2) +Uer™ 3e' (T2) 3 (T2) +Uer™ B¢ (L2) 3f (t2) ],

H+ 2221 ¢t
acdb ] Ults) =35, [ugn™ 3" (t3) an (ts) +up™ ag (t3) 3" (t3) +ug'?ag' (t3) a5’ (ts) +ug® ag (t3) an (t3) .

at third order

lth ( m’ n) _ in[152]:= For[u=1, us 24, u++, Printfu, " ", GGFGoldstoneAmplitude[u]]]
(2) 1) and tlme 1 = LL Zk L ZE = @1 2 Xp2k1 x1K2 z 2k fq“‘l ‘ P XglkA gblka ?rzka ‘ b 7,2 ' 2k 2%
8n’ 1 kg k3Z—kg kg kg<pars_efgh e f

ordering ’

Results with T =4, corresponding to {1,2,3,4,5}

gh g, —Ok f @ B=2Qg=0y, -0 . . .
. . 0~y k5+lfjl B s L qpt &
n % » E

2k 1ky = 2ky = 1k 1k, 2k3 = 2kg = 2k ke = ik
1 -3 Y ik sidrg: Tave Bt Y S i e il S il N X6 74 . ~Ypthe Tythe
3/ kg ky k3L kgkgk qrsZ_efgh PArs “ef “gh [T w B+2 OO -0 - h-20g+Q), +9Y ~wh-2 =0y -0
t>t1 >t2>t3>t, 8h 1 Ky ky—kgks kg ¢! _k;‘kgﬁnn =a‘k5 e iHT = ‘Q‘k! ks oL o aAk3 7O
2ky , 1ky ¢ 2ky = 1k 1k3 ., 2kg 7 2k3 = 2K, ks - 2k . 1kg T 2K
T T T TP g Ykl ) S )
8 13 Lkykyk3L kg ks kgL parséefgh PATS “ef Tgh  _2gp-mp -0y ; & 2-2 Dg-Tgc, -0 e - B-2 Qg =0y, L, meh-20p-my, -y ST
-—-—-2—-3--,11r] —-—-3-—~5+ﬁq -——-3--9-+11f s L
h & B b3
2k, 1ky 5 2kp 2 1k k3, 1ky 7 2k3 = 2K ks o 1k kg 7 2K
a - I y Z ZW Ze .. 21 u22XP 1x 152 ¥, lxq 1'_\_‘h 3)(g Lo B vaSXhls ",_,Flsyczs
1 1 37 &y ky k3 kgksk rs/ wfgh PATS “ef "ghT g o g & 7+2 0g-0gey -0 T am2ag-9, -9 T -ur-20g+8,.-a
Non-identical one-body s 13k Kty . g By ety ety
: 21
2k 1ky = 2k; = 1k 1k, 1k3 = 2kg = 2k: kg = 2k T 2k
vertices of type Ug and T ST 20 S IO W Lol . . . . i 2,25 7,25 ke 7 2
. . 8n 1ka ks 4k5KEqurs fgh PArs “ef gh -2 g0y + 0y . whe20p-0y 4 -0, o ~w k2090t L, A R T T .
292 . m ltl 11 lt — 1 -—L_ +in ———3F4in’ - ——3 2.4 ip -————2—%4in
w22 multiplicity = B h C »
ef 2k ., 1kp = 2k = 1k 1y ., 1k3 T 2kg = 2k o -
. 1 Zk T Zv Ze _ 21 uzle’ 1 xs1 2 %22 7M1 -t x 13 T 2 2 vakEXkaS ,rblkﬁyhlks
8nd 1kak3Z kgks ke/ pars/ efgh PArS "8F 8N onp0 Lo wA+2 Rg-0kq-0k L ~uR-209° My e, L, CuB-20g-0, s .,
> 74—3-_ +1n —ﬁ} +1in ——L‘ +1n i &)
2k, 1ky = 2k - 1k k3, 2K 7 23 5 2K kg = kg = 2k
7 =5 % T P et Coal U Wl e, M S X025 Xq2"S e UL i
Tar3lkgkk ks k Zv rszefh pars “z¥ “gh R4y~ : T Twha20g-0p -0y —wh-20g+0y, 0 T wh 2040, 40
8h 1 kg k3 £kg ks kgZpq 8 N 2}3+1” *e‘ks k§+m. B '?e‘k. ke L gptr a_"llk‘”in"'
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Quipul: amplitu-
des of disjoint-di-
rect Goldstone di-
agrams of

Hjn_c?i%Ql (t? t’)
at third order
with (m,n)
(2,1) and time
ordering

ISt >t >t >t

Identical one-body vertices
of type ugy: multipl. = 2!

ADC scheme
OO000@000

Amplitude of third-order left-and-right-dressed disjoint direct
diagrams contributing to II,

with a two-body and two one-

body interaction vertices

Conventions

The fully-contracted terms processed henceforth correspond to fully-contracted left-and-right-dressed disjoint direct contributions
generated by the application of Wick's theorem to the following matrix element (cf. expansion formula of Gorkov's polarization

propagator),

Results with T = 4, corresponding to {1,2,3,4,5}

Entrée [ ]: 1

Entrée [226]: 1 Framed|1,RoundingRadius->10]"
2 Framed[2,RoundingRadius->10]"
3 Framed|3,RoundingRadius->16]"
4 Framed|4,RoundingRadius->10]"
5 Framed[5,RoundingRadius->10]"
6 Framed[6,RoundingRadius->10]"
7 Framed|7,RoundingRadius->10]"
& Framed[8,RoundingRadius->10]"
9 Framed[9,RoundingRadius->10]"
10 Framed[16,RoundingRadius->10]"
11 Framed[11,RoundingRadius->10]"
12 Framed[12,RoundingRadius->10]"
13 Framed[13,RoundingRadius->16]"
14 Framed[14,RoundingRadius->10]"
15 Framed[15,RoundingRadius->10]"
16 Framed[16,RoundingRadius->10]"
17 Framed[17,RoundingRadius->10]"
18 Framed[18,RoundingRadius->10]"

Gianluca Stellin

"GGFGoldstoneAmplitude|
"GGFGoldstoneAmplitude|
"GGFGoldstoneAmplitude |
"GGFGoldstoneAmplitude|
"GGFGoldstoneAmplitude|
"GGFGoldstoneAmplitude |
"GGFGoldstoneAmplitude |
"GGFGoldstoneAmplitude|
"GGFGoldstoneAmplitude |
"GGFGoldstoneAmplitude
"GGFGoldstoneAmplitude
"GGFGoldstoneAmplitude
"GGFGoldstoneAmplitude
"GGFGoldstoneAmplitude
"GGFGoldstoneAmplitude
"GGFGoldstoneAmplitude
"GGFGoldstoneAmplitude|
"GGFGoldstoneAmplitude|[18]]

(111
[2]]
(311
[4]]
[5]]
[6]]
(711
[8]]
[91]
[[10
[[11
[[12
[[13
[[14
[[15
[[16
17

1
2
3
4
5
6
¥
8
9
[1e]]
[11]]
[12]]
[13]]
[14])
[15]]
[16]]
[17]]
[

For[u = 1, u <= NcMax, u++, Print["Framed[",u,",RoundingRadius->10]\" \"GGFGoldstoneAmplitude[[",u,"]]"]]

0ut[226] : _1 5 - v T Zpls‘l ¥, 1k2 Zq"" -:.1“1 B sz, 1.blluzrjk3 _,!1k4 ) z'xks xdzk; i Thlks .I.(z"e
@8,:;20#\ ‘—Nraiuluzx,znwsks pars e f eh _ 2606y, Oy vin® @200 By Pug LR w-.z..‘,,:,‘-ks-.kﬁ LR e e T i

@ i i 5 5 5 5 ; g g H. »zpzxz ;‘lx, Fat Y k2 N PR 129 chk‘ ) 16t g g2¥s . Ttk -L-hzks
g2 TP IE Aqlgky Thakskg PO ed gh L ) @n12% ks kg g o oh200 Ry Bhy L g 2 PN2000 0y Ly

@ Zetgh Zpars 2 b v My Mg R Za Tt B xe™ ‘;,r:ksr . ke sl Tethe 7,26
g 53 TUIEh TRATS Sy kg ky “hkgkgkg PATS Tef  Tgh ) --'u,;-x, cin® Wh200Ou O L gy cmh200egedy n® “oh200- O T 3

@' l—z. ) PSR ) X v u Wy u ,_Ipzk‘ Y 1k gt g 152 - 2524 11 g7 gl . Z:I"s.’(hzh5 . Yelke 1 246
g1 ST RIS Sk lo kg Takske PATR ef gh oty e e R I L *LC PR

: = . r

> @ . i}_ s s 5 y g By B, _zpzkg L zﬂl'—l l-!:lkl B lr“’ Ytk xdzkl -st'u Xa“slfzhs i 1 1ke -L»CZ"E
83 TIPS A gk Thykskg PATS gh e T B TR L L Vi P T L i e

@ ! S . 5 v u Mg M, 7"J12kl Tsth2 qum T i Mg !:zknr , Zans}"m ) Ty 1,2
g p3 TUTEN CRAS Sy ko ky “kakskg PATS Tef  Tph gy, g n® eM20pOu O Loy _eh-20egedly 2 _ceh-20g0 kg S5

b "
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» Example of a first-order diagram contributing to IL" %' (w) (t > t’), corresponding to

corresponding to the time ordering t¢; >t > t' in time representation.

1 oo
hoop Mgy (8:t) = et Uﬁqfsf dty G 21 (t1,61)G gy by (' 1)

— 00

GO M 1y, GO 2 (4, 11)60(t — )0ty — ) + ...

> Performing the FT, this Goldstone graph translates into the
following contribution to the first order transition function:

a c t
1& # #1102 (0 1 (0)2 by p(0)1

T(l)(w) = ...+ S? sj Sj Dy, Upgrs

abed pqrs ki ko W10 + Wka,0 + Wks.o + Wky. o

ks kg
d b t’ kQX((IO) 1 k2Tl()O) 1 kSXgO) 1k, T&O) 1
W — Wiy g — Wkyp T+ in

> Due to the SB in Vo, the connection of the ‘energies’ in the denominators

Dgp+ ...

wkmo = wkm o wo
with the single-particle excitation energies is less transparent:
Wy , Why , Wky» Wk, = Eigenvalues of (2 for states with an odd number of nucleons on average

~» largest exp. contrib. = A + 1 states
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(}
» Example of a second-order Goldstone graph contributing to I (w) (6> t),

corresponding to the time ordering ¢, >t >t >t; In time representation, it gives:

; i +oo +o0o
w B MG = = 53 Gt / dty f dty GOV (1, 1,)
—00 —00

pqrs tuwv

GO M (t1,1) G M (t2,10) G (11, 12) Gy (8, 1)

vp rt

GO )00t — £1)0(t — t')0(ta — ) + ...

--------------------------------------------------------------

The presence of the sole normal propagators guarantees that
Why, Wk, , Wk, = States with odd number of nucleons

(largest exp. contrib. = A — 1 state)

Wk, , Wky, Wky; = states with odd number of nucleons

(largest exp. contrib. = A + 1 state)
> In energy repr. this Goldstone graph translates into the fol-
lowing contribution to the second order transition function:

T(Q) (w) = eu—1 y: y: y: y: y: chﬂpqrs@tuvw

abed pgrs tuwv ky ko ka ks
ks ke

legO) 1 le(qO) 1 kngO) 1 k2TgO) 1

Wki 0 + Wks o 5+ Wks o + Wk o

k5 (0) 1 k‘3 Téo) 1 k4X1(‘,O) 1 k4T£O) 1 ks

Xv X
W — (wlﬁ,o T Why o T Wy o T Why g + Whs o T+ wk’s,o)/h Whso T Wky o T Whs o T Whe g
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OO0O00000e

Example of a third-order Goldstone graph contributing to T} ' (w)  (t > t)),
corresponding to the time ordering t > ¢5 > ¢; > t' > t5 In time representation, it gives:

1111 1 +oo +o0 +o0
H;_cdb (ta t,) = sesT ﬁ y: y: y: @ﬁqrs@tﬁvtﬁ@klmﬁ/ dtl / dtz/ dtg
— 00 —00 —00

pqrs tuvw klmn

LG (k1) G P (k1) GO 2 (1, 12) G P (ta, 1) GG 2 (t, 8s)

t,t3) GO 2 1) — t2)0(t, — t')0(ts — t1)0(t — t3) + ...

bm

» In energy repr. this Goldstone graph translates into the fol-
lowing contribution to the third order transition function:

T a) = suom— hlg D222 > D Dictpas

abed pqrs tuwv klmn ki ko ks ke
ks kq k7 kg

ksX?(P) 2 ksxgﬂ) 1 k5>—<](€0) 1 ksX%O) 2

Vtavw Vklma :
W + (wk2,o — Wks o — Wkgo — wk?,o)/h - 7*77’

k3 Tng) 2 k:4 ’I‘S"O) 1 k3 Tgo) 1 k’4 TSB) 2 k7X£LO) 1 kg X%()O) 1 k7>2l(0) 1 k‘g X’I(’g) 2
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Conclusion

@)

> Motivated by the successes of SCGGF theory in the prediction of physical observables
from the one-body propagator, we are extending the approach to quantities accessible
from the polarization propagator, such as the excitation spectrum of even-even semi-
magic nuclei and reduced EM multipole transition probabilities. In particular, we have

v’ briefly recapitulated the state-of-the-art of Gorkov’s SCGF theory;

v" defined the polarization propagator in Gorkov’s formalism, in time and energy
representation, together with its symmetry properties;

v derived the self-consistent GBSE obeyed by Gorkov’s polarization propagator, and
displayed the components of the proper particle-hole vertex up to second SC order;

v" introduced the automated implementation of Wick’s theorem (AIWT) code for the
perturbative expansion of the polarization propagator up to third order;

v' displayed examples in diagrammatic form of contributions up to third order in
perturbation theory, generated automatically by the AIWT code;

v shortly illustrated the ADC approach, its application to the irreducible self-energy
and to the polarization propagator, so far exploited in quantum chemistry;

v' shown examples of Goldstone diagrams, corresponding to expressions in energy
repr. generated by the AIWT code, instrumental for the application of the ADC.
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» By adopting realistic interactions, nuclei are described in terms of Z
protonsand N neutrons, with the aim of

understanding how nucleons organise themselves into nuclei (pairing, clustering ...)

providing reliable predictions for nuclear observables (excited states, transitions ...)

Tool: the A-body Schrédinger equation  H¥j, = Ef T;)

where ¥ is the A-body wavefunction, associated with the energy eigenvalue E iy

» In H, realistic interactions are drawn from Chiral Effective Field Theory, which provides

a direct link with low-enerqy QCD and its symmetries
a systematic framework to construct many-body interactions
a theoretical error, stemming from the truncation of the expansion in powers of Q/A,

where AX is the chiral-symmetry-breaking scale Q is the ‘small momentum’ or pion mass

In practice, ChEFT forces are preprocessed via the similarity renormalization group, in
order to quench the coupling between low and high momenta in the Hamiltonian

15 k' (fm™) k2 (fm™) k' (fm™) k' (fm™) k¢ (fm?)
0 024B681002468100246810024681002 46 810

1
o(fm)  [S. Bogner et al. 2010]
A A =3 A =201fm A=15fm" A =1.0fm" 1
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Main approaches:

Appendix
®@O000

Mtreactulre

Magic nuclei: MBPT, SCGF, IMSRG, CI, CC ...

Semi-magic nuclei: MR-IMSRG, BMBPT, SCGGF, BCC, ...
Doubly open-shell nuclei: MR-IMSRG, BMBPT, SCGGF*, CC, ...

Passepartout: FCI, NCSM, NLEFT, LQCD (A <4), PGCM-PT ...

Gianluca Stellin
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We adopt the formalism of Nambu-covariant perturbation theory (NCPT) M. Drissi et al, arXiv:2107.09763

Pupese: extension of the SCGF approach to tackle the near-degeneracy of the ground states of singly
open-shell nuclei with respect to creation/annihilation of pairs of nucleons with opposite j,

» Duplication of the Hilbert space associated to a single-nucleon — #° = J4 @
where B C /] isabasisand B ¢ ! itsdualand |b), |b).€ B (b], (b] € B

Second quantization operators:  ap, a; and az, a% _
. . ~ — _1)E—3—m

where the involution o . ¥ _ b= (?’L, £, 7, —m, q) e (* 2
(s.p. space) is defined: @ = g ag =May  with b= (n,?,j,m,q) where 0 =1 =1

— y Loy Sy TG - = —1

...which are grouped into Nambu vectors: el
B, = af B =g,
B(b,Q) = MpQy, = Ap B®2) = nbag = a%

» The canonical anticommutation rules ...and [ = 1,2 are Nambu indices.

{BuBof=9u {BunB"}=0. (B*.B,) =g, {Br,B"} =g
define the elements of the metric tensor: %5 = 9798 = Sapbioi,

97 = 0,300,5,0.7a + 021,10 Gap = 04501,1, 101,75 + 021Ma]  ga® = Gang™® = Gurdi,y,
9*P A ga g are antidiagonal in both the Nambu and the s.p. space!
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Appendix
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transferred into a degeneracy wrt the operations of the symmetry group Ugz(1) x Un(1)

W22+ 2,N) = QMNZ,N) = EZ**(Z+2,N) - E{ZN)= E}Z,N)
— BYHZ -2 N)w ... m 0,
0G(Z,N+2)~ Q) (Z,N) = EA27zN+2) — EAZN)~ EAZN)
— EAZN-2)m...~ 2,
the constituents can be added or removed almost at the same energy cost, irrespective of A.
m Obsewatien: The choice of U corresponds to selecting a superfluid unperturbed g.s. acting
as reference for the application of Wick’s theorem. The exact eigenstates of () preserve A:
H|¥y) = Eg |¥5) QUE) = (B — ppZ — paN)|05) = Q07

Considering the superposition of the g.s. of the nuclear systems with even number of constituents

evern

(W58 = Z cn|U5) one replaces (o) = [Wd)  with  [WSB)

where the coefficients of the expansion in the Fock space minimize:
Q0 = (¥5°[Q1%5°) 2 2

subject to three constraints: even

SB|w,SBy __ 2 __
Z = (V5P| 2| WP N = (USB|N|wSB) (WP WG") = ) leal® =1
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fradion o} operal
B Heisenberys pictune: time evolution of Nambu second-quantization operators follows
Ay(t) = Aqp(t) = gIU/M A o—iQU/R
Al(®) = [Aqs(t)]] = /ATt

As in standard Heisenberg’s picture, the states are time-independent:

(Wo) = [Wo(?)) = [¥o(to)) VY t,lo
B Taleraction picture: time evolution of Nambu second-quantization operators follows
A—Ib(t) — eiQUt/ﬁAbe—iQUt/h
A b(t)]T — eiQUt/hAze—iQUt/h

States evolve as in the standard interaction picture:
W) = /e )
B Field pictwie: time evolution of Nambu second-quantization operators follows
App(t) = eW/hAL—i/n
[AF b( )] — th/hAT —iQt/h
where Q¢ = O + ¢ contains the ext. field ¢(f) and the states evolve as
Upo) = MU, 0)| o)

and UZ(t,0) is Schrodinger’s time evolution operator wrt the grand canonical potential {2y + Q?
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» Gorkov’s spectral functions:

1
Sh(w) = ——Im Gap(w) = Y *xa "x}0(w — wi)
k

with w >0

_ 1
S.(w) = +—Tm Gop(w) = %: Ao BT (w + wi)

with w < 0

B From the normal components, one nucleon
removal and addition amplitudes are extracted:

Sab(@) = Sap(w)
Sep(w) = S5, (w)
» One and two-neutron separation energies:

Sn(N,Z)=|E(N,Z)| - |[E(N - 1,Z2)|
Son(N,Z) = |E(N,Z)| - |E(N -2, %)
» One and two-proton separation energies:
S»(N,Z) = |[E(N, Z)| - |E(N, Z - 1)
Sop(N, Z) = |E(N, Z)| - | E(N, Z - 2)

where E(N,Z) ~» g.s. energy

Gianluca Stellin
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Sp(N,Z) and Sap(N, Z)
[ Eur. Phys. ] A57,135 (2021) ]

[MeV]
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» The one-body Gorkov-Green’s functions obey the following generalization of Dyson’s equation:

/ +OO
Ggg (1) = G(O) g’ (5, 1= Z Z/ dt1/ dis G( ) 991 (t,t )Z*fclgz(t t2)Gfb (tg,t)

91 g2 ef
where the proper self-energy can be split into a two-body part and a contrib. from the aux. potential

TRa92 (¢, 1) = BL900 (8,1)) — ud 26 (ty — 1)

and the G (O) 99’ (t,t') are the unperturbed propagators.

Since Uacts as a mean field, the Hartree Fock- Bo ohubov (HFB) one-body propagators, solution of
the problem 2y = Qyrp can be exploited for G’ (t,t ) as well as an input for Ggg (, (i ) at the
r.h.s. of the self-consistent equation. The numencal Ggg (t,t")are obtained though BcDorcodes

B in practice: energy-independent self-consistent equations for G g(w) are solved.

Exaumples: proper self-energy to first self-consistent order

= o 7/ _ S 'Z —
S Mt t) = —50(t— ) ZvequG”(thti) Sop T t) = —56(t — o) ZvﬁqéfG”(tlv”)
+ f1 —fg) ZvequG22 ) = Per) = £t —to)= vaqep(;” (£, t1)
= §(ty — ta) Goo(tr, t]
225}] Pty t2) = ——5 (t1 — t2) Z”equGﬂ(tht'f) i !~ o) Z’quep (b, 8)
prq
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It is an approximation scheme deveoped for the polarization propagator [J.Schirmer, Pays. Rev. A 26,
5,2395-2416 (1982) | and the one-body propagator [J. Schirmer, Phys. Rev. A 28, 3,1237-1259 (1983) | in SCGF
theory. At present, only the extension to Gorkov’s one-body propagators is operational.

Melivation: the ADC scheme permits to rewrite Gorkov’s equations (in energy repr.) as an
energy-independent eigenvalue problem, preserving the analytic structure of the self-energy.
~» V.Soma et al. Phys. Rev. C 84, 064317 (2011)

» Splitting of the proper self-energy into a static and a dynamic part:
;,b(w) — _U, + 2*(stat) + 2*(dyn)

whose structure is
Ezgdyn) (w) = E:{(den) + 5 (dyn)

KM, FM] *N, N}
_Z w— Qg /h+in i w~+ Qi /h —in

> It is sufficient to consider only X" (dy W =M o(lw — E)NIJr

The ADC scheme postulates Zagdyn) t=C a(wl — W — P)_lCz

where the matrices C, and P in Nambu and k-space are expanded oder by order
C, = C(l) 4 C(Q) Lo P= P(l) + P(z) + ... W = Matrix of the unperturbed eigenvalues (QU)

By exploiting the geometmc series, the ADC ansatz can be rewritten as
Eag)dyn) + ADC T — W -1 Z { (.d]]. o W)_ } Cg

Matching procedure with the std pert. expans1on yields the expressions for C,, P and W

Ezgdyﬂ) -l-(w) = Zzgdyn’l) + + 2*(dyn 2) + 4.
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> In SCGF theory, dressed RPA including some 2p-2h excitations is adopted for EM
properties of semimagic nuclei with Z = 8, 20, 28 in Dyson GF theory.

» Giant dipole resonances are studied, with different parameters of the HO
s.p. basis and different implementations of the ADC scheme

....... HF b) — DysADC3 RPA
40} 1 == s Ahrens (1975)
3 | --+ ADC(2) 10} e+« Ishkhanov (2002) ||
| ' —  ADC(@3) |1
- 1
— 30} I | = 30} 16
e
s .. HE 160 £ O
25 bl = 99 Nar=13, hw=20 MeV
— =0 —~— 2Ur
I/ .)l) ::. .| :/'
<Jh| af =)
2
15 1 ©  10f
10t 0 T teaaas .,
(] S— — 100510 15 20 25 30 35 40 45 50 55 60 65 70
:- .- 9 _):. P .;- . '. .- '...- <) J Z Z) ) ‘) ) D) D »)
0 5 10 15 20 25 30 35 40 45 350 55 E.\' [MeV]

Ey [MeV]
[ Phys. Rev. C 99, 054327 (2019) |
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