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Many-body Green’s functions

Chapter 1 Basics of Green’s function theory

1.2 Propagators
The idea at the heart of Green’s function approach is that the A-body Schrödinger equa-
tion (1.1) can be rewritten in terms of one-, two-, ..., A-body objects named propagators or
Green’s functions4 (GFs). Such objects are defined as follows. Starting from the ground-
state of the interacting system, |ΨA

0 ⟩, the so-called ‘2-point’, or ‘1-body’, Green’s function
is introduced as5

i gαβ(tα, tβ) = i g2−pt
αβ (tα, tβ) ≡ ⟨ΨA

0 |T [aα(tα)a†
β(tβ)]|ΨA

0 ⟩ , (1.3a)

where T denotes the time-ordering operator and aα(tα) and a†
α(tα) represent respectively

annihilation and creation operators in Heisenberg picture. Similarly, higher-body GFs
can be introduced, e.g.,

i g4−pt
αγβδ(tα, tγ, tβ, tδ) ≡ ⟨ΨA

0 |T [aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)]|ΨA
0 ⟩ , (1.3b)

i g6−pt
αγϵβδη(tα, tγ, tϵ, tβ, tδ, tη) ≡ ⟨ΨA

0 |T [aϵ(tϵ)aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)a†
η(tη)]|ΨA

0 ⟩ , (1.3c)

and so on. It is often convenient to consider propagators in the energy representation,
which is obtained via Fourier transform from the time representation introduced above.
For time-translationally invariant systems (i.e., the ones considered here), m-point GFs
depend only on m − 1 time differences or, equivalently, m − 1 independent frequencies.
Hence, Fourier transforms to the energy representation are well-defined only when the
total energy is conserved and read as

2πδ(ωα + ωγ + . . . − ωβ − ωδ − . . .) × gm−pt
αγ...,βδ...(ωα,ωγ, . . . ,ωβ,ωδ, . . .)

=
∫

dtα

∫
dtγ . . .

∫
dtβ

∫
dtδ . . . ei(ωαtα+ωγtγ+...) e−i(ωβtβ+ωδtδ+...)

× gm−pt
αγ...,βδ...(tα, tγ, . . . , tβ, tδ, . . .) . (1.4)

For the 1-body GF this simplifies to

g2−pt
αβ (ω,ω) ≡ gαβ(ω) =

∫
dταβ eiωταβ gαβ(ταβ) . (1.5)

where ταβ ≡ (tα − tβ).
Moving from a wave-function to a propagator representation has benefits and draw-

backs. One of the main advantages is that, instead of the full A-body wave function,
one manipulates simpler (in practice, one- and two-body) objects from which most of
the observables of interest can be (exactly) computed. In this sense, GFs can be seen
as generalised (fully correlated) density matrices (see Sect. 1.4). Another useful property
relates to the physical interpretation of the one-body GF, which can be thought of as
describing the propagation of a particle or a hole in the correlated many-body system (as
evinced from its definition in Eq. (1.3a)). As a result, g contains information about the
systems with A ± 1 particles. This is explicitly exploited to derive the Lehmann represen-
tation of the propagator, which gives access to the spectra of the A±1-body systems (see
Sect. 1.5). The main drawback is that, because the one-body GF already contains a lot of
information on the system’s properties, its computation is typically more expensive6 than

4In the present document the synonymous terms propagator and Green’s function are used indifferently.
The term correlation function can also be found in the literature to indicate the same object.

5Throughout the document natural units c = ! = 1 are used.
6At the same level of approximation of the theory.
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Chapter 1
Basics of Green’s function theory
1.1 Many-body Schrödinger equation
In the ab initio approach, nuclear systems are described as a collection of A non-relativistic
interacting nucleons. The properties of such systems are determined by solving the A-
body Schrödinger eigenvalue equation

H|ΨA
k ⟩ = EA

k |ΨA
k ⟩ (1.1)

and/or its time-dependent counterpart, depending on whether one is interested in just the
(static) properties of a given system or also in its possible reactions with (or transitions
to) other systems. In the present document the focus will be on the time-independent
problem, i.e., on the determination of A-body energies EA

k and A-body eigenstates |ΨA
k ⟩

that result from Eq. (1.1), together with all observables of interest that can be computed
from them. The A-body Hamiltonian entering Eq. (1.1) is generally written in the second-
quantised form

H =
∑

α

tαβ a†
αaβ + 1

4
∑

αγ
βδ

vαγβδ a†
αa†

γaδaβ + 1
36

∑

αγϵ
βδη

wαγϵβδη a†
αa†

γa†
ϵaηaδaβ + . . .

≡ T + V + W + . . . , (1.2)

where tαβ represent the matrix elements of the kinetic energy operator1, while vαγβδ and
wαγϵβδη denote matrix elements of generic2 two- and three-body operators respectively.
Greek indices α, β, γ, . . . label a basis in the one-body Hilbert space H1, whereas a†

α and
aα denote the associated creation and annihilation operators. In practice, interactions
between 4 or more nucleons have been shown to contribute only marginally to nuclear
observables and are discarded in the large majority of nuclear structure calculations3. For
the remainder of this chapter the Hamiltonian (1.2) is thus truncated at the three-body
level.

1Since nuclei are self-bound objects, one is in fact interested in the translationally invariant, internal
Hamiltonian Hrel ≡ H − Hcm, where Hcm denotes the centre-of-mass kinetic energy. In practice one
thus replaces T with the relative kinetic energy Trel ≡ T − Hcm, which is rewritten as a sum of a
one- and a two-body operators. The most appropriate way of expressing the latter two-body operator
in the case of particle-number breaking theories (as the one presented in Chapter 2) is discussed in
Ref. [87].

2The formalism presented in Chapters 1 and 2 is independent of the choice of many-body operators,
i.e. is Hamiltonian-agnostic. In Chapter 4, the specific models of nuclear interactions used in actual
calculations will be specified (see Sect. 3.2).

3On a fundamental level, four-body interactions are estimated to be sub-leading in the current formu-
lations of the χ-EFT power counting [13]. In addition, exploratory calculations with the explicit
inclusion of the leading four-body operators have demonstrated that they yield negligibly small con-
tributions [46].

7

Chapter 1
Basics of Green’s function theory
1.1 Many-body Schrödinger equation
In the ab initio approach, nuclear systems are described as a collection of A non-relativistic
interacting nucleons. The properties of such systems are determined by solving the A-
body Schrödinger eigenvalue equation

H|ΨA
k ⟩ = EA

k |ΨA
k ⟩ (1.1)

and/or its time-dependent counterpart, depending on whether one is interested in just the
(static) properties of a given system or also in its possible reactions with (or transitions
to) other systems. In the present document the focus will be on the time-independent
problem, i.e., on the determination of A-body energies EA

k and A-body eigenstates |ΨA
k ⟩

that result from Eq. (1.1), together with all observables of interest that can be computed
from them. The A-body Hamiltonian entering Eq. (1.1) is generally written in the second-
quantised form

H =
∑

α

tαβ a†
αaβ + 1

4
∑

αγ
βδ

vαγβδ a†
αa†

γaδaβ + 1
36

∑

αγϵ
βδη

wαγϵβδη a†
αa†

γa†
ϵaηaδaβ + . . .

≡ T + V + W + . . . , (1.2)

where tαβ represent the matrix elements of the kinetic energy operator1, while vαγβδ and
wαγϵβδη denote matrix elements of generic2 two- and three-body operators respectively.
Greek indices α, β, γ, . . . label a basis in the one-body Hilbert space H1, whereas a†

α and
aα denote the associated creation and annihilation operators. In practice, interactions
between 4 or more nucleons have been shown to contribute only marginally to nuclear
observables and are discarded in the large majority of nuclear structure calculations3. For
the remainder of this chapter the Hamiltonian (1.2) is thus truncated at the three-body
level.

1Since nuclei are self-bound objects, one is in fact interested in the translationally invariant, internal
Hamiltonian Hrel ≡ H − Hcm, where Hcm denotes the centre-of-mass kinetic energy. In practice one
thus replaces T with the relative kinetic energy Trel ≡ T − Hcm, which is rewritten as a sum of a
one- and a two-body operators. The most appropriate way of expressing the latter two-body operator
in the case of particle-number breaking theories (as the one presented in Chapter 2) is discussed in
Ref. [87].

2The formalism presented in Chapters 1 and 2 is independent of the choice of many-body operators,
i.e. is Hamiltonian-agnostic. In Chapter 4, the specific models of nuclear interactions used in actual
calculations will be specified (see Sect. 3.2).

3On a fundamental level, four-body interactions are estimated to be sub-leading in the current formu-
lations of the χ-EFT power counting [13]. In addition, exploratory calculations with the explicit
inclusion of the leading four-body operators have demonstrated that they yield negligibly small con-
tributions [46].

7

Observables: exp. values

8

⌃(!) = ⌃(1) +⌃dyn(!)

O = h A

0 |O| A

0 i

| A

0 i = ⌦0|�i

EA

0 =
h�|H⌦0|�i
h�|⌦0|�i

H| i = E| i

He↵| e↵i = E| e↵i

Hbr| bri = Ebr| bri

| broki ' | i

{| e↵i, E ⇡ Ebrok}

{| e↵i, E = Erest}

{| resti, Erest} ' {| i, E}

H �! He↵

R(q) =
X

p

a†p ap�q

d� ⇠
X

f

�(! + Ei � Ef ) |h f |R(q)| ii|2

p
miss

= p� q

Emiss =
p2

2m
� ! = EA

0 � EA�1
n

d� ⇠
X

n

�(Emiss � EA

0 + EA�1
n

)
��h A�1

n
|apmiss

| A

0 i
��2

= Spmiss
(Emiss)

18

⌃(2)
↵�

(!) =
1

2

Z
d!0

2⇡

d!00

2⇡

d!000

2⇡

X

��✏�µ�

v̄↵✏�� v̄�µ�� G��(!
0)G�µ(!

00)G�✏(!
000) �(! � !0 � !00 + !000)

=
1

2

Z
d!0

2⇡

d!00

2⇡

X

��✏�µ�

v̄↵✏�� v̄�µ�� G��(!
0)G�µ(!

00)G�✏(!
0 + !00 � !)

= �1

2

Z
d!0

2⇡i

d!00

2⇡i

X

��✏�µ�,n1n2n3,k1k2k3

v̄↵✏�� v̄�µ��

(
Un1
�

Un1⇤

�

!0 � E+
n1 + i⌘

+
V k1⇤
�

V k1
�

!0 � E�

k1
� i⌘

)

⇥
(

Un2
�

Un2⇤
µ

!00 � E+
n2 + i⌘

+
V k2⇤

�
V k2
µ

!00 � E�

k2
� i⌘

) (
Un3
�

Un3⇤
✏

!0 + !00 � ! � E+
n3 + i⌘

+
V k3⇤

�
V k3
✏

!0 + !00 � ! � E�

k3
� i⌘

)

=
1

2

X

��✏�µ�,n1n2n3,k1k2k3

v̄↵✏�� v̄�µ��

(
Un1
�

Un1⇤

�
Un2
�

Un2⇤
µ

V k3⇤

�
V k3
✏

! � (E+
n1 + E+

n2 � E�

k3
) + i⌘

+
V k1⇤
�

V k1
�

V k2⇤

�
V k2
µ

Un3
�

Un3⇤
✏

! � (E+
n3 � E�

k1
� E�

k2
)� i⌘

)

✏i + ✏j = ✏a + ✏b (134)

↵D = 2↵

Z
dE

R(E)

E
(135)

��(E) = 4⇡2↵ER(E) (136)

R(E) =
X

⌫

|h A

⌫
|D̂ | A

0 i|2 �(E⌫ � E) (137)

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (138)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(139)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (140)

i g↵�(t↵, t�) ⌘ h A

0 |T [a↵(t↵)a
†

�
(t�)]| A

0 i (141)

(142)

Martin-Schwinger equations

Chapter 1 Basics of Green’s function theory

where the one-body basis that diagonalises H0, i.e., where H0 = ∑
γ ε

0
γa†

γaγ, has been in-
troduced. These time derivatives are then applied to the definitions of g0 and g, Eqs. (1.8)
and (1.3a), to derive corresponding equations of motion in time domain. By combining
the two and Fourier-transforming to energy domain, the following equation of motion for
the one-body GF is eventually obtained

gαβ(ω) = g0 αβ(ω) −
∑

γδ

g0 αγ(ω) uγδ gδβ(ω)

−1
2

∑

γϵ
δµ

g0 αγ(ω) vγϵ,δµ

∫ dω1
2π

∫ dω2
2π g4−pt

δµ,βϵ(ω1,ω2;ω,ω1 + ω2 − ω)

+ 1
12

∑

γϵθ
δµλ

g0 αϵ(ω) wγϵθ,δµλ

∫ dω1
2π

∫ dω2
2π

∫ dω3
2π

∫ dω4
2π

× g6−pt
δµλ,γβθ(ω1,ω2,ω3;ω4,ω,ω1 + ω2 + ω3 − ω4 − ω) . (1.11)

This represents the first equation of a set in which each equation couples the X-body
propagator to (X + k)-body propagators, with k ∈ {1, · · · , rH − 1}, rH being the rank of
the highest-body operator in the Hamiltonian. Other equations in the set can be obtained
by applying Eqs. (1.9) and (1.10) to the definitions of higher-body GFs. These coupled
equations known as the Martin-Schwinger hierarchy [88].

In order to decouple the set of equations one introduces two new types of objects.
First, one expresses n-point GFs as a sum of (properly antisymmetrised) n independent
propagators plus terms containing interaction vertices Γn−pt, i.e., one-particle irreducible
vertex functions that contain all interaction effects [70]. For instance, the 4-point GF is
written as

g4−pt
αγ,βδ(ωα,ωγ;ωβ,ωδ) = i

[
2πδ(ωα − ωβ)gαβ(ωα)gγδ(ωγ) − 2πδ(ωγ − ωβ)gαδ(ωα)gγβ(ωγ)

]

+(i)2 ∑

θµ
νλ

gαθ(ωα)gγµ(ωγ)Γ4−pt
θµ,νλ(ωα,ωγ;ωβ,ωδ)

× gνβ(ωβ)gλδ(ωδ) , (1.12)

and similarly for g6−pt (which includes both Γ4−pt and Γ6−pt) [89]. Second, one introduces
an auxiliary one-body object, the one-particle irreducible self-energy Σ⋆, which encodes
all interactions contributing to the one-body GFs, as follows

Σ⋆
γδ(ω) = ũγδ

−(i)2

2
∑

µ
νλ

∑

ξθ
ϵ

vγµ,νλ

∫ dω1
2π

∫ dω2
2π gνξ(ω1)gλθ(ω2)

× Γ4−pt
ξθ,δϵ(ω1,ω2;ω,ω1 + ω2 − ω)gϵµ(ω1 + ω2 − ω)

+(i)4

12
∑

µφ
λνχ

∑

θξη
ϵσ

wµγφ,λνχ

∫ dω1
2π

∫ dω2
2π

∫ dω3
2π

∫ dω4
2π gλθ(ω1)gνξ(ω2)gχη(ω3)

× Γ6−pt
θξη,ϵδσ(ω1,ω2,ω3;ω4,ω,ω1 + ω2 + ω3 − ω4 − ω)

× gϵµ(ω4)gσφ(ω1 + ω2 + ω3 − ω4 − ω) . (1.13)

Combining Eqs. (1.11), (1.12), its analogous for g6−pt and (1.13) finally leads to a closed
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× Γ6−pt
θξη,ϵδσ(ω1,ω2,ω3;ω4,ω,ω1 + ω2 + ω3 − ω4 − ω)

× gϵµ(ω4)gσφ(ω1 + ω2 + ω3 − ω4 − ω) . (1.13)

Combining Eqs. (1.11), (1.12), its analogous for g6−pt and (1.13) finally leads to a closed

10

Decouple via Σ

2



Many-body Green’s functions

Chapter 1 Basics of Green’s function theory

1.2 Propagators
The idea at the heart of Green’s function approach is that the A-body Schrödinger equa-
tion (1.1) can be rewritten in terms of one-, two-, ..., A-body objects named propagators or
Green’s functions4 (GFs). Such objects are defined as follows. Starting from the ground-
state of the interacting system, |ΨA

0 ⟩, the so-called ‘2-point’, or ‘1-body’, Green’s function
is introduced as5

i gαβ(tα, tβ) = i g2−pt
αβ (tα, tβ) ≡ ⟨ΨA

0 |T [aα(tα)a†
β(tβ)]|ΨA

0 ⟩ , (1.3a)

where T denotes the time-ordering operator and aα(tα) and a†
α(tα) represent respectively

annihilation and creation operators in Heisenberg picture. Similarly, higher-body GFs
can be introduced, e.g.,

i g4−pt
αγβδ(tα, tγ, tβ, tδ) ≡ ⟨ΨA

0 |T [aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)]|ΨA
0 ⟩ , (1.3b)

i g6−pt
αγϵβδη(tα, tγ, tϵ, tβ, tδ, tη) ≡ ⟨ΨA

0 |T [aϵ(tϵ)aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)a†
η(tη)]|ΨA

0 ⟩ , (1.3c)

and so on. It is often convenient to consider propagators in the energy representation,
which is obtained via Fourier transform from the time representation introduced above.
For time-translationally invariant systems (i.e., the ones considered here), m-point GFs
depend only on m − 1 time differences or, equivalently, m − 1 independent frequencies.
Hence, Fourier transforms to the energy representation are well-defined only when the
total energy is conserved and read as

2πδ(ωα + ωγ + . . . − ωβ − ωδ − . . .) × gm−pt
αγ...,βδ...(ωα,ωγ, . . . ,ωβ,ωδ, . . .)

=
∫

dtα

∫
dtγ . . .

∫
dtβ

∫
dtδ . . . ei(ωαtα+ωγtγ+...) e−i(ωβtβ+ωδtδ+...)

× gm−pt
αγ...,βδ...(tα, tγ, . . . , tβ, tδ, . . .) . (1.4)

For the 1-body GF this simplifies to

g2−pt
αβ (ω,ω) ≡ gαβ(ω) =

∫
dταβ eiωταβ gαβ(ταβ) . (1.5)

where ταβ ≡ (tα − tβ).
Moving from a wave-function to a propagator representation has benefits and draw-

backs. One of the main advantages is that, instead of the full A-body wave function,
one manipulates simpler (in practice, one- and two-body) objects from which most of
the observables of interest can be (exactly) computed. In this sense, GFs can be seen
as generalised (fully correlated) density matrices (see Sect. 1.4). Another useful property
relates to the physical interpretation of the one-body GF, which can be thought of as
describing the propagation of a particle or a hole in the correlated many-body system (as
evinced from its definition in Eq. (1.3a)). As a result, g contains information about the
systems with A ± 1 particles. This is explicitly exploited to derive the Lehmann represen-
tation of the propagator, which gives access to the spectra of the A±1-body systems (see
Sect. 1.5). The main drawback is that, because the one-body GF already contains a lot of
information on the system’s properties, its computation is typically more expensive6 than

4In the present document the synonymous terms propagator and Green’s function are used indifferently.
The term correlation function can also be found in the literature to indicate the same object.

5Throughout the document natural units c = ! = 1 are used.
6At the same level of approximation of the theory.
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Chapter 1
Basics of Green’s function theory
1.1 Many-body Schrödinger equation
In the ab initio approach, nuclear systems are described as a collection of A non-relativistic
interacting nucleons. The properties of such systems are determined by solving the A-
body Schrödinger eigenvalue equation

H|ΨA
k ⟩ = EA

k |ΨA
k ⟩ (1.1)

and/or its time-dependent counterpart, depending on whether one is interested in just the
(static) properties of a given system or also in its possible reactions with (or transitions
to) other systems. In the present document the focus will be on the time-independent
problem, i.e., on the determination of A-body energies EA

k and A-body eigenstates |ΨA
k ⟩

that result from Eq. (1.1), together with all observables of interest that can be computed
from them. The A-body Hamiltonian entering Eq. (1.1) is generally written in the second-
quantised form

H =
∑

α

tαβ a†
αaβ + 1

4
∑

αγ
βδ

vαγβδ a†
αa†

γaδaβ + 1
36

∑

αγϵ
βδη

wαγϵβδη a†
αa†

γa†
ϵaηaδaβ + . . .

≡ T + V + W + . . . , (1.2)

where tαβ represent the matrix elements of the kinetic energy operator1, while vαγβδ and
wαγϵβδη denote matrix elements of generic2 two- and three-body operators respectively.
Greek indices α, β, γ, . . . label a basis in the one-body Hilbert space H1, whereas a†

α and
aα denote the associated creation and annihilation operators. In practice, interactions
between 4 or more nucleons have been shown to contribute only marginally to nuclear
observables and are discarded in the large majority of nuclear structure calculations3. For
the remainder of this chapter the Hamiltonian (1.2) is thus truncated at the three-body
level.

1Since nuclei are self-bound objects, one is in fact interested in the translationally invariant, internal
Hamiltonian Hrel ≡ H − Hcm, where Hcm denotes the centre-of-mass kinetic energy. In practice one
thus replaces T with the relative kinetic energy Trel ≡ T − Hcm, which is rewritten as a sum of a
one- and a two-body operators. The most appropriate way of expressing the latter two-body operator
in the case of particle-number breaking theories (as the one presented in Chapter 2) is discussed in
Ref. [87].

2The formalism presented in Chapters 1 and 2 is independent of the choice of many-body operators,
i.e. is Hamiltonian-agnostic. In Chapter 4, the specific models of nuclear interactions used in actual
calculations will be specified (see Sect. 3.2).

3On a fundamental level, four-body interactions are estimated to be sub-leading in the current formu-
lations of the χ-EFT power counting [13]. In addition, exploratory calculations with the explicit
inclusion of the leading four-body operators have demonstrated that they yield negligibly small con-
tributions [46].
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(142)1.4 Ground-state observables

equation for the one-body GF

gαβ(ω) = g0 αβ(ω) +
∑

γδ

g0 αγ(ω) Σ⋆
γδ(ω) gδβ(ω) , (1.14)

the well-known Dyson equation.

Perturbative expansion
The Dyson equation can be alternatively derived as an expansion of the exact GF in terms
of the g0 and H1. This is formally achieved in interaction picture by introducing a time-
evolution operator connecting the non-interacting state |ΦA

0 ⟩ to the correlated state |ΨA
0 ⟩

and by subsequently expanding this operator in powers of H1. One eventually obtains
the expression

gαβ(tα − tβ) = −i
∞∑

n=0
(−i)n 1

n!

∫
dt1 . . .

∫
dtn

×⟨ΦA
0 |T [H1(t1) . . . H1(tn)aI

α(tα)aI
β

†(tβ)]|ΦA
0 ⟩c , (1.15)

whose n = 0 contribution coincides with the definition of g0, Eq. (1.8). The time-ordered
expectation value is then evaluated using Wick’s theorem, with the subscript ”c” spec-
ifying that only connected terms contribute to g. After Fourier-transforming to energy
domain, by inspecting the full expansion, one finds that all interaction terms can be recast
into the irreducible self-energy introduced in Eq. (1.13) and that the full series can be
written in the form

gαβ(ω) = g0 αβ(ω)
+

∑

γδ

g0 αγ(ω) Σ⋆
γδ(ω) g0 δβ(ω)

+
∑

γδϵξ

g0 αγ(ω) Σ⋆
γδ(ω) g0 δϵ(ω) Σ⋆

ϵξ(ω) g0 ξβ(ω)

+ . . . . (1.16)

Finally, one realises that the sum of all terms after the first self-energy insertion in fact co-
incides with the full propagator itself, which leads to the standard Dyson equation (1.14).

In general, just like for the many-body Schrödinger equation, the full Dyson equation
can not be solved exactly. Approximations are typically introduced at the level of the
self-energy, either algebraically or making use of diagrammatic techniques9. The main
approximation strategies are briefly discussed in Sec. 1.6.

1.4 Ground-state observables
In general, X-body GFs give access to all X-body observables in the ground state of
the A-body system. To see that, it is convenient to first introduce many-body density

9The use of Wick’s theorem naturally leads to the introduction of Feynman diagrams in the case of
the perturbative expansion of the self-energy [70] (see also Ref. [90] for a pedagogical introduction
to diagrammatic techniques). Equivalently, a a diagrammatic representation can be introduced for
the equation-of-motion approach (see Ref. [89] for a diagrammatic treatment with the inclusion of
three-body forces).
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors

SF+
µ

⌘ TrH1

⇥
S+
µ

⇤
=

X

a2H1

��Ua

µ

��2 (71a)

SF�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (71b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through

S(z) ⌘
X
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µ
�(z � E+

µ
) +

X

⌫2HA�1

S�

⌫
�(z � E�

⌫
)

where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Källén-Lehmann representation

One-body propagator displays spectral representation (Källén-Lehmann)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.
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spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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⇤
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X
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|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors

SF
+
µ

⌘ TrH1

⇥
S+
µ

⇤
=

X

a2H1

��Ua

µ

��2 (45a)

SF
�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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+
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⇥
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⇤
=

X
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��Ua

µ

��2 (45a)

SF
�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through

S(z) ⌘
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�(z � E
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µ
) +
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�(z � E
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)

where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.

}

⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Exact self-energy can be decomposed as

Static self-energy

Dynamic self-energy

Dynamic (energy-dependent) self-energy displays a spectral representation
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2. Expand M, N, C & D in perturbation   ➝  Combine them to construct ADC at order n, i.e. ADC(n)

3. Determine M, N, C & D by matching ADC(n) to the perturbative expansion at order n

Non-diagonal energy matrices

A+1 configurations A-1 configurations
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Algebraic Diagrammatic Construction

Convergence of ADC expansion

Spectral strength distributionBinding energy Charge radius
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5

[Duguet et al. 2017]



Application: spectroscopy of Ca & neighbours

Footprint of too large N=20 gap
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Symmetry-breaking Green’s functions - 1. Particle number

Open-shell nuclei degenerate w.r.t. particle-hole excitations  ➝  Reopen gap via symmetry breaking

kXR avKK2i`v #`2�FBM;

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b
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○ Symmetry-breaking solution allows to lift the degeneracy

Singly open-shells Doubly open-shells

To be developed and implementedDeveloped and implemented

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b

⦿ Solution: multi-determinantal or symmetry-breaking reference state 

Doubly open-shell nuclei

Pairing correlations
↕ 

Superfluidity
↕

Breaking of U(1)

Quadrupole correlations
↕

Deformation
↕

Breaking of SU(2)

○ Symmetry-breaking solution allows to lift the degeneracy

Singly open-shells Doubly open-shells

To be developed and implementedDeveloped and implemented

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b

⦿ Solution: multi-determinantal or symmetry-breaking reference state 

Doubly open-shell nuclei

Pairing correlations
↕ 

Superfluidity
↕

Breaking of U(1)

Quadrupole correlations
↕

Deformation
↕

Breaking of SU(2)

○ Symmetry-breaking solution allows to lift the degeneracy

Singly open-shells Doubly open-shells

To be developed and implementedDeveloped and implemented
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Pairing correlations  ➪

Degeneracy associated to creating/annihilating pairs
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Hamiltonian  ➝  Grand-canonical potential

G.s. wave function in equilibrium with a reservoir of Cooper pairs
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Symmetry-breaking wave function
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α(t)āβ(t′)] |Ψ0⟩ , UkXR9/V

r?2`2 T [· · · ] /2MQi2b i?2 mbm�H iBK2 Q`/2`BM; QT2`�iQ` �M/ i?2 bmT2`b+`BTib ǵ1Ƕ Uǵ2ǶV �`2
i?2 L�K#m BM/B+2b `272``BM; iQ +`2�iBQM �M/ �MMB?BH�iBQM Q7 MQ`K�H U�MQK�HQmbV bBM;H2
T�`iB+H2 2t+Bi�iBQMbX

L�K#mǶb K�i`Bt 7Q`K�HBbK
:Q`FQpǶb T`QT�;�iQ`b +�M #2 +QMp2MB2MiHv ;`QmT2/ BMiQ � K�i`Bt `2T`2b2Mi�iBQM- BMi`Q@
/m+2/ #v L�K#m (Rk9)X 6B`bi QM2 /2}M2b i?2 irQ@+QKTQM2Mi p2+iQ`N

Aα(t) ≡
(

aα(t)
ā†
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Notice that the latter relationship can be also obtained from the
conjugate of Eq. (61) by using properties of Gorkov amplitudes
and self-energies. Equations (61) or (62) and their solutions are
independent of auxiliary potential U , which canceled out. This
leaves proper self-energy contributions only, which eventually
act as energy-dependent potentials. The self-energies depend,
in turn, on amplitudes U k and Vk such that Eqs. (61) or (62)
must be solved iteratively. At each iteration the chemical
potential µ must be fixed such that Eq. (18) is fulfilled, which
translates into the necessity for amplitude V to satisfy

N =
∑

a

ρaa =
∑

a,k

∣∣Vk
a

∣∣2
, (63)

where ρab is the (normal) one-body density matrix (54a).
As demonstrated in Appendix A, the spectroscopic am-

plitudes solution of Eq. (61) or (62) fulfill normalization
conditions

∑

a

∣∣Xk
a

∣∣2 = 1 +
∑

ab

Xk†
a

∂#ab(ω)
∂ω

∣∣∣∣
+ωk

Xk
b, (64a)

∑

a

∣∣Yk
a

∣∣2 = 1 +
∑

ab

Yk†
a

∂#ab(ω)
∂ω

∣∣∣∣
−ωk

Yk
b, (64b)

where only the proper self-energy appears because of the
energy independence of the auxiliary potential.

B. First-order self-energies

In Fig. 1, first-order diagrams contributing to normal and
anomalous self-energies are displayed. Diagrammatic rules
appropriate to the computation of Gorkov’s propagators and
for the evaluation of self-energy diagrams are discussed in
Appendix B, while the % derivability of the presently used
truncation scheme is addressed in Sec. VI.

The four first-order self-energies diagrams are computed in
Eqs. (B8), (B10), (B12), and (B13) and read

#
11 (1)
ab = +

∑

cd

V̄acbd ρdc ≡ +&ab = +&
†
ab, (65a)

#
22 (1)
ab = −

∑

cd

V̄b̄dāc ρ∗
cd = −&∗

āb̄
, (65b)

#
12 (1)
ab = 1

2

∑

cd

V̄ab̄cd̄ ρ̃cd ≡ +h̃ab, (65c)

#
21 (1)
ab = 1

2

∑

cd

V̄ ∗
bācd̄

ρ̃∗
cd = +h̃

†
ab, (65d)

where the normal (ρab) and anomalous (ρ̃ab) density matrices
have been defined in Eqs. (54).

FIG. 1. First-order normal #11 (1) (left) and anomalous #21 (1)

(right) self-energy diagrams. Double lines denote self-consistent
normal (two arrows in the same direction) and anomalous (two
arrows in opposite directions) propagators while dashed lines embody
antisymmetrized matrix elements of the NN interaction.

C. HFB limit

Neglecting higher-order contributions to the self-energy,
Eqs. (61) and (65) combine to give

∑

b

(
Tab + &ab − µ δab h̃ab

h̃
†
ab −T ∗

āb̄
− &∗

āb̄
+ µ δāb̄

) (
U k

b

Vk
b

)

= ωk

(
U k

a

Vk
a

)

, (66)

which is nothing but the HFB eigenvalue problem in the case
where time-reversal invariance is not assumed. In such a limit,
U k and Vk define the unitary Bogoliubov transformation [59]
according to

aa =
∑

k

U k
a βk + V̄k∗

a β
†
k , (67a)

a†
a =

∑

k

U k∗
a β

†
k + V̄k

a βk. (67b)

Moreover, normalization condition (64b) reduces in this case
to the well-known HFB identity

∑

a

∣∣Yk
a

∣∣2 =
∑

a

∣∣U k
a

∣∣2 +
∑

a

∣∣Vk
a

∣∣2 = 1. (68)

Let us now stress that, despite the energy independence of first-
order self-energies, some fragmentation of the single-particle
strength is already accounted for at the HFB level such that
one deals with quasiparticle degrees of freedom. In particular,
one can deduce from Eq. (68) that (generalized) spectroscopic
factors defined in Eq. (51) are already smaller than one. Such
a fragmentation is an established consequence of static pairing
correlations that are explicitly treated at the HFB level through
particle number symmetry breaking.

Finally, let us underline again that, whenever higher orders
are to be included in the calculation, first-order self-energies
(65) are self-consistently modified (in particular, through
the further fragmentation of the quasiparticle strength) such
that they no longer correspond to standard Hartree-Fock and
Bogoliubov potentials, in spite of their energy independence.
They actually correspond to the energy-independent part of
the (dynamically) correlated self-energy.

D. Second-order self-energies

Let us now discuss second-order contributions to normal
and anomalous (irreducible) self-energies.

In Figs. 2 and 3 the four types of normal and anomalous
self-energies are depicted. The evaluation of all second-order
diagrams is performed in Appendix B. Before addressing their

FIG. 2. Second-order normal self-energies #11 (2′) (left) and
#11 (2′′) (right). See Fig. 1 for conventions.
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Notice that the latter relationship can be also obtained from the
conjugate of Eq. (61) by using properties of Gorkov amplitudes
and self-energies. Equations (61) or (62) and their solutions are
independent of auxiliary potential U , which canceled out. This
leaves proper self-energy contributions only, which eventually
act as energy-dependent potentials. The self-energies depend,
in turn, on amplitudes U k and Vk such that Eqs. (61) or (62)
must be solved iteratively. At each iteration the chemical
potential µ must be fixed such that Eq. (18) is fulfilled, which
translates into the necessity for amplitude V to satisfy

N =
∑

a

ρaa =
∑

a,k

∣∣Vk
a

∣∣2
, (63)

where ρab is the (normal) one-body density matrix (54a).
As demonstrated in Appendix A, the spectroscopic am-

plitudes solution of Eq. (61) or (62) fulfill normalization
conditions

∑

a

∣∣Xk
a

∣∣2 = 1 +
∑

ab

Xk†
a

∂#ab(ω)
∂ω

∣∣∣∣
+ωk

Xk
b, (64a)

∑

a

∣∣Yk
a

∣∣2 = 1 +
∑

ab

Yk†
a

∂#ab(ω)
∂ω

∣∣∣∣
−ωk

Yk
b, (64b)

where only the proper self-energy appears because of the
energy independence of the auxiliary potential.

B. First-order self-energies

In Fig. 1, first-order diagrams contributing to normal and
anomalous self-energies are displayed. Diagrammatic rules
appropriate to the computation of Gorkov’s propagators and
for the evaluation of self-energy diagrams are discussed in
Appendix B, while the % derivability of the presently used
truncation scheme is addressed in Sec. VI.

The four first-order self-energies diagrams are computed in
Eqs. (B8), (B10), (B12), and (B13) and read

#
11 (1)
ab = +

∑

cd

V̄acbd ρdc ≡ +&ab = +&
†
ab, (65a)

#
22 (1)
ab = −

∑

cd

V̄b̄dāc ρ∗
cd = −&∗

āb̄
, (65b)

#
12 (1)
ab = 1

2

∑

cd

V̄ab̄cd̄ ρ̃cd ≡ +h̃ab, (65c)

#
21 (1)
ab = 1

2

∑

cd

V̄ ∗
bācd̄

ρ̃∗
cd = +h̃

†
ab, (65d)

where the normal (ρab) and anomalous (ρ̃ab) density matrices
have been defined in Eqs. (54).

FIG. 1. First-order normal #11 (1) (left) and anomalous #21 (1)

(right) self-energy diagrams. Double lines denote self-consistent
normal (two arrows in the same direction) and anomalous (two
arrows in opposite directions) propagators while dashed lines embody
antisymmetrized matrix elements of the NN interaction.

C. HFB limit

Neglecting higher-order contributions to the self-energy,
Eqs. (61) and (65) combine to give

∑

b

(
Tab + &ab − µ δab h̃ab

h̃
†
ab −T ∗

āb̄
− &∗

āb̄
+ µ δāb̄

) (
U k

b

Vk
b

)

= ωk

(
U k

a

Vk
a

)

, (66)

which is nothing but the HFB eigenvalue problem in the case
where time-reversal invariance is not assumed. In such a limit,
U k and Vk define the unitary Bogoliubov transformation [59]
according to

aa =
∑

k

U k
a βk + V̄k∗

a β
†
k , (67a)

a†
a =

∑

k

U k∗
a β

†
k + V̄k

a βk. (67b)

Moreover, normalization condition (64b) reduces in this case
to the well-known HFB identity

∑

a

∣∣Yk
a

∣∣2 =
∑

a

∣∣U k
a

∣∣2 +
∑

a

∣∣Vk
a

∣∣2 = 1. (68)

Let us now stress that, despite the energy independence of first-
order self-energies, some fragmentation of the single-particle
strength is already accounted for at the HFB level such that
one deals with quasiparticle degrees of freedom. In particular,
one can deduce from Eq. (68) that (generalized) spectroscopic
factors defined in Eq. (51) are already smaller than one. Such
a fragmentation is an established consequence of static pairing
correlations that are explicitly treated at the HFB level through
particle number symmetry breaking.

Finally, let us underline again that, whenever higher orders
are to be included in the calculation, first-order self-energies
(65) are self-consistently modified (in particular, through
the further fragmentation of the quasiparticle strength) such
that they no longer correspond to standard Hartree-Fock and
Bogoliubov potentials, in spite of their energy independence.
They actually correspond to the energy-independent part of
the (dynamically) correlated self-energy.

D. Second-order self-energies

Let us now discuss second-order contributions to normal
and anomalous (irreducible) self-energies.

In Figs. 2 and 3 the four types of normal and anomalous
self-energies are depicted. The evaluation of all second-order
diagrams is performed in Appendix B. Before addressing their

FIG. 2. Second-order normal self-energies #11 (2′) (left) and
#11 (2′′) (right). See Fig. 1 for conventions.
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V. SOMÀ, T. DUGUET, AND C. BARBIERI PHYSICAL REVIEW C 84, 064317 (2011)

FIG. 3. Second-order anomalous self-energies !21 (2′) (left) and
!21 (2′′) (right). See Fig. 1 for conventions.

expressions, let us introduce useful quantities

Mk1k2k3
a ≡

∑

ijk

V̄akij U k1
i U k2

j V̄k3
k , (69a)

Pk1k2k3
a ≡

∑

ijk

V̄ak̄ij̄ U k1
i Vk2

k Ū k3
j = Mk1k3k2

a , (69b)

Rk1k2k3
a ≡

∑

ijk

V̄ak̄īj Vk1
k U k2

j Ū k3
i = Mk3k2k1

a , (69c)

and

N k1k2k3
a ≡

∑

ijk

V̄akij Vk1
i Vk2

j Ū k3
k , (70a)

Qk1k2k3
a ≡

∑

ijk

V̄ak̄ij̄ Vk1
i U k2

k V̄k3
j = N k1k3k2

a , (70b)

Sk1k2k3
a ≡

∑

ijk

V̄ak̄īj U k1
k Vk2

j V̄k3
i = N k3k2k1

a , (70c)

in terms of which second-order self-energies are expressed
below. Using relations (41) one shows that

M̄k1k2k3
a = ηa Mk1k2k3

ã , (71a)

P̄k1k2k3
a = ηa Pk1k2k3

ã , (71b)

R̄k1k2k3
a = ηa Rk1k2k3

ã , (71c)

and

N̄ k1k2k3
a = −ηa N k1k2k3

ã , (72a)

Q̄k1k2k3
a = −ηa Qk1k2k3

ã , (72b)

S̄k1k2k3
a = −ηa Sk1k2k3

ã . (72c)

Given that P and R can be obtained from M through odd
permutations of indices {k1, k2, k3} and taking into account
the symmetries of interaction matrix elements, one can prove
that such quantities display the properties

∑

k1k2k3

Mk1k2k3
a Mk1k2k3

b

∗ = +
∑

k1k2k3

Pk1k2k3
a Pk1k2k3

b

∗

= +
∑

k1k2k3

Rk1k2k3
a Rk1k2k3

b

∗
, (73a)

and
∑

k1k2k3

Mk1k2k3
a Pk1k2k3

b

∗ = +
∑

k1k2k3

Mk1k2k3
a Rk1k2k3

b

∗

= +
∑

k1k2k3

Pk1k2k3
a Mk1k2k3

b

∗

= −
∑

k1k2k3

Pk1k2k3
a Rk1k2k3

b

∗

= +
∑

k1k2k3

Rk1k2k3
a Mk1k2k3

b

∗

= −
∑

k1k2k3

Rk1k2k3
a Pk1k2k3

b

∗
. (73b)

Similarly, for N , Q, and S one has
∑

k1k2k3

N k1k2k3
a

∗ N k1k2k3
b = +

∑

k1k2k3

Qk1k2k3
a

∗ Qk1k2k3
b

= +
∑

k1k2k3

Sk1k2k3
a

∗ Sk1k2k3
b , (74a)

and
∑

k1k2k3

N k1k2k3
a

∗ Qk1k2k3
b = +

∑

k1k2k3

N k1k2k3
a

∗ Sk1k2k3
b

= +
∑

k1k2k3

Qk1k2k3
a

∗ N k1k2k3
b

= −
∑

k1k2k3

Qk1k2k3
a

∗ Sk1k2k3
b

= +
∑

k1k2k3

Sk1k2k3
a

∗ N k1k2k3
b

= −
∑

k1k2k3

Sk1k2k3
a

∗ Qk1k2k3
b . (74b)

Analogous properties can be derived for terms mixing
{M,P,R} and {N ,Q,S}.

Let us now consider !11, whose second-order contribu-
tions, evaluated in Eqs. (B17) and (B19), can be written as

!
11 (2′)
ab (ω)

= 1
2

∑

k1k2k3

{
Mk1k2k3

a

(
Mk1k2k3

b

)∗

ω − Ek1k2k3 + iη
+

(
N̄ k1k2k3

a

)∗ N̄ k1k2k3
b

ω + Ek1k2k3 − iη

}

,

(75)

!
11 (2′′)
ab (ω)

= −
∑

k1k2k3

{
Mk1k2k3

a

(
Pk1k2k3

b

)∗

ω − Ek1k2k3 + iη
+

(
N̄ k1k2k3

a

)∗ Q̄k1k2k3
b

ω + Ek1k2k3 − iη

}

,

(76)

where the notation Ek1k2k3 ≡ ωk1 + ωk2 + ωk3 has been intro-
duced. Summing the two terms and using properties (73) and
(74) one obtains

!
11 (2′+2′′)
ab (ω)

=
∑

k1k2k3

{
Ck1k2k3

a

(
Ck1k2k3

b

)∗

ω − Ek1k2k3 + iη
+

(
D̄k1k2k3

a

)∗ D̄k1k2k3
b

ω + Ek1k2k3 − iη

}

, (77)

where

Ck1k2k3
a ≡ 1√

6

[
Mk1k2k3

a − Pk1k2k3
a − Rk1k2k3

a

]
, (78a)

Dk1k2k3
a ≡ 1√

6

[
N k1k2k3

a − Qk1k2k3
a − Sk1k2k3

a

]
. (78b)

Notice that from Eqs. (71) and (72) follow C̄k1k2k3
a =

+ηa Ck1k2k3
ã and D̄k1k2k3

a = −ηa Dk1k2k3
ã . All other second-order
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Notice that the latter relationship can be also obtained from the
conjugate of Eq. (61) by using properties of Gorkov amplitudes
and self-energies. Equations (61) or (62) and their solutions are
independent of auxiliary potential U , which canceled out. This
leaves proper self-energy contributions only, which eventually
act as energy-dependent potentials. The self-energies depend,
in turn, on amplitudes U k and Vk such that Eqs. (61) or (62)
must be solved iteratively. At each iteration the chemical
potential µ must be fixed such that Eq. (18) is fulfilled, which
translates into the necessity for amplitude V to satisfy

N =
∑

a

ρaa =
∑

a,k

∣∣Vk
a

∣∣2
, (63)

where ρab is the (normal) one-body density matrix (54a).
As demonstrated in Appendix A, the spectroscopic am-

plitudes solution of Eq. (61) or (62) fulfill normalization
conditions

∑

a

∣∣Xk
a

∣∣2 = 1 +
∑

ab

Xk†
a

∂#ab(ω)
∂ω

∣∣∣∣
+ωk

Xk
b, (64a)

∑

a

∣∣Yk
a

∣∣2 = 1 +
∑

ab

Yk†
a

∂#ab(ω)
∂ω

∣∣∣∣
−ωk

Yk
b, (64b)

where only the proper self-energy appears because of the
energy independence of the auxiliary potential.

B. First-order self-energies

In Fig. 1, first-order diagrams contributing to normal and
anomalous self-energies are displayed. Diagrammatic rules
appropriate to the computation of Gorkov’s propagators and
for the evaluation of self-energy diagrams are discussed in
Appendix B, while the % derivability of the presently used
truncation scheme is addressed in Sec. VI.

The four first-order self-energies diagrams are computed in
Eqs. (B8), (B10), (B12), and (B13) and read

#
11 (1)
ab = +

∑

cd

V̄acbd ρdc ≡ +&ab = +&
†
ab, (65a)

#
22 (1)
ab = −

∑

cd

V̄b̄dāc ρ∗
cd = −&∗

āb̄
, (65b)

#
12 (1)
ab = 1

2

∑

cd

V̄ab̄cd̄ ρ̃cd ≡ +h̃ab, (65c)

#
21 (1)
ab = 1

2

∑

cd

V̄ ∗
bācd̄

ρ̃∗
cd = +h̃

†
ab, (65d)

where the normal (ρab) and anomalous (ρ̃ab) density matrices
have been defined in Eqs. (54).

FIG. 1. First-order normal #11 (1) (left) and anomalous #21 (1)

(right) self-energy diagrams. Double lines denote self-consistent
normal (two arrows in the same direction) and anomalous (two
arrows in opposite directions) propagators while dashed lines embody
antisymmetrized matrix elements of the NN interaction.

C. HFB limit

Neglecting higher-order contributions to the self-energy,
Eqs. (61) and (65) combine to give

∑

b

(
Tab + &ab − µ δab h̃ab

h̃
†
ab −T ∗

āb̄
− &∗

āb̄
+ µ δāb̄

) (
U k

b

Vk
b

)

= ωk

(
U k

a

Vk
a

)

, (66)

which is nothing but the HFB eigenvalue problem in the case
where time-reversal invariance is not assumed. In such a limit,
U k and Vk define the unitary Bogoliubov transformation [59]
according to

aa =
∑

k

U k
a βk + V̄k∗

a β
†
k , (67a)

a†
a =

∑

k

U k∗
a β

†
k + V̄k

a βk. (67b)

Moreover, normalization condition (64b) reduces in this case
to the well-known HFB identity

∑

a

∣∣Yk
a

∣∣2 =
∑

a

∣∣U k
a

∣∣2 +
∑

a

∣∣Vk
a

∣∣2 = 1. (68)

Let us now stress that, despite the energy independence of first-
order self-energies, some fragmentation of the single-particle
strength is already accounted for at the HFB level such that
one deals with quasiparticle degrees of freedom. In particular,
one can deduce from Eq. (68) that (generalized) spectroscopic
factors defined in Eq. (51) are already smaller than one. Such
a fragmentation is an established consequence of static pairing
correlations that are explicitly treated at the HFB level through
particle number symmetry breaking.

Finally, let us underline again that, whenever higher orders
are to be included in the calculation, first-order self-energies
(65) are self-consistently modified (in particular, through
the further fragmentation of the quasiparticle strength) such
that they no longer correspond to standard Hartree-Fock and
Bogoliubov potentials, in spite of their energy independence.
They actually correspond to the energy-independent part of
the (dynamically) correlated self-energy.

D. Second-order self-energies

Let us now discuss second-order contributions to normal
and anomalous (irreducible) self-energies.

In Figs. 2 and 3 the four types of normal and anomalous
self-energies are depicted. The evaluation of all second-order
diagrams is performed in Appendix B. Before addressing their

FIG. 2. Second-order normal self-energies #11 (2′) (left) and
#11 (2′′) (right). See Fig. 1 for conventions.
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h?2 T2`im`#�iBp2 2tT�MbBQM Q7 :Q`FQp T`QT�;�iQ`b Bb i?2M /2pBb2/ 7QHHQrBM; i?2 bi�M@

/�`/ �TT`Q�+? Q7 /2}MBM; �M mMT2`im`#2/ T`QT�;�iQ`- g0(t − t′)- �++Q`/BM; iQ /2}MB@
iBQMb UkXR9V #mi rBi? QT2`�iQ`b /2}M2/ BM BMi2`�+iBQM TB+im`2 U+7X 1[X URX3VV- r?2`2 MQr
H0 Bb `2TH�+2/ #v i?2 QM2@#Q/v ;`�M/ TQi2MiB�H ΩU X �7i2` 6Qm`B2` i`�Mb7Q`K iQ 7`2[m2M+v
/QK�BM- QM2 }M/b

g0(ω) = [ωI − ΩU ]−1 , UkXjjV

r?2`2 bBM;H2@T�`iB+H2 �M/ L�K#m BM/B+2b �`2 BKTHB+Bi �M/ i?2 K�i`Bt BMp2`bBQM Bb T2`7Q`K2/
rBi? `2bT2+i iQ #Qi?X PM2 i?2M 2tTHQBib i?2 BMi2`�+iBQM TB+im`2 iQ +QMbi`m+i � T2`im`#�iBp2
2tT�MbBQM Q7 i?2 7mHH T`QT�;�iQ`- 1[X UkXRdV- i?�i +�M #2 `2T`2b2Mi2/ �b � b2`B2b Q7 62vMK�M
/B�;`�Kb BM TQr2`b Q7 i?2 T2`im`#�iBQM ΩI (8d)X .QBM; bQ- i?2 bi�M/�`/ .vbQM 2[m�iBQM
7Q` i?2 2t�+i T`QT�;�iQ` Bb ;2M2`�HBb2/ iQ � b2i Q7 +QmTH2/ :Q`FQp 2[m�iBQMb 7Q` i?2 7Qm`
T`QT�;�iQ`b UkXkyVX lbBM; L�K#mǶb K�i`Bt MQi�iBQM- i?2 2[m�iBQMb `2�/ �b

gαβ(ω) = g0 αβ(ω) +
∑

γ δ

g0 αγ(ω) Σ⋆
γδ(ω) gγβ(ω) , UkXj9V

r?2`2 i?2 7Qm` b2H7@2M2`;B2b

Σ⋆
αβ(ω) ≡

⎛

⎜⎝
Σ⋆ 11

αβ (ω) Σ⋆ 12
αβ (ω)

Σ⋆ 21
αβ (ω) Σ⋆ 22

αβ (ω)

⎞

⎟⎠ UkXj8V

BM+Hm/2 �HH TQbbB#H2 QM2@T�`iB+H2 B``2/m+B#H2 /B�;`�Kb bi`BTT2/ Q7 i?2B` 2ti2`M�H H2;bX �b 7Q`
i?2 .vbQM +�b2- i?2 `2K�BMBM; `2/m+B#H2 /B�;`�Kb �`2 i?2M ;2M2`�i2/ BM � MQM@T2`im`#�iBp2
r�v i?`Qm;? i?2 �HH@Q`/2`b `2bmKK�iBQM ;2M2`�i2/ #v 1[X UkXj9VX

AM bi�M/�`/ T2`im`#�iBQM i?2Q`v- � ;Bp2M �TT`QtBK�iBQM iQ Σ⋆(ω) Bb � 7mM+iBQM�H Q7 i?2
mMT2`im`#2/ T`QT�;�iQ`b g(0)(ω) �M/ ?2M+2 /2T2M/b /B`2+iHv QM i?2 +?QB+2 Q7 i?2 `272`2M+2
bi�i2 �bbQ+B�i2/ rBi? ΩU X AM a*:6 i?2Q`v- i?2 b2`B2b Q7 /B�;`�Kb iQ #2 `2bmKK2/ Bb
7m`i?2` `2bi`B+i2/ iQ bF2H2iQM /B�;`�Kb /BbTH�vBM; MQ b2H7@2M2`;v BMb2`iBQM- T`QpB/2/ i?�i
�HH T`QT�;�iQ` HBM2b �`2 `2TH�+2/ #v i?2 BMi2`�+iBM; T`QT�;�iQ` g(ω)X aBM+2 i?2 7mHH .vbQM@
:Q`FQp b2`B2b Bb BM+Hm/2/ BM bm+? � T`QT�;�iQ`- i?2 a*:6 T`Q+2/m`2 MQi QMHv `2/m+2b i?2
MmK#2` Q7 62vMK�M /B�;`�Kb i?�i M22/ iQ #2 /2�Hi rBi? #mi Bi BKTHB+BiHv �++QmMib 7Q`
?B;?2`@Q`/2` i2`Kb i?�i �`2 #2vQM/ i?2 T2`im`#�iBp2 i`mM+�iBQM +?Qb2M 7Q` i?2 b2H7@2M2`;vX
h?2 b2H7@2M2`;v #2+QK2b � 7mM+iBQM�H Q7 i?2 BMi2`�+iBM; T`QT�;�iQ`- Σ⋆[g; T, V ] �M/ MQ
HQM;2` /2T2M/b QM i?2 mMT2`im`#2/ bi�i2X h?2 T`B+2 iQ T�v 7Q` bm+? BKT`Qp2K2Mib Bb i?�i
/B�;`�Kb 2tT`2bb2/ BM i2`Kb Q7 g(ω) �`2 KQ`2 /2K�M/BM; iQ /2�H rBi?- /m2 iQ i?2 `B+?

k8

[Somà, Duguet, Barbieri 2011]

[Tichai et al. 2018]
[Signoracci et al. 2014]

(BMBPT)

(BCC)
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6B;m`2 9Xe G27i, 2pQHmiBQM Q7 ;`QmM/ �M/ }`bi 2t+Bi2/ bi�i2b �HQM; 2p2M N TQi�bbBmK
BbQiQT2b- /2TB+i2/ �b i?2 2M2`;v /Bz2`2M+2 #2ir22M HQr2bi@2M2`;v 1/2+ �M/ 3/2+ bi�i2bX
:Q`FQp �.*UkV +�H+mH�iBQMb T2`7Q`K2/ rBi? i?`22 /Bz2`2Mi BMi2`�+iBQMb �`2 +QKT�`2/ iQ
2tBbiBM; 2tT2`BK2Mi�H /�i�X _B;?i, b�K2 �b BM i?2 H27i T�M2H #mi 7Q` +?HQ`BM2 BbQiQT2b U�M/
rBi?Qmi i?2 NNY3N(400) BMi2`�+iBQMVX h?2 };m`2b ?�p2 #22M �/�Ti2/ 7`QK _27bX (3k- 3j-
38)X

/2b+`BTiBQM Q7 HQr@HvBM; 2t+Bi2/ bi�i2b TQTmH�i2/ pB� /B`2+i `2�+iBQMb8X aT2+B}+ +�b2b +�M #2
2tTHQBi2/ iQ T`Q#2 i?2 T2`7Q`K�M+2b Q7 +?B`�H BMi2`�+iBQMb- TQbbB#Hv +Q``2H�iBM; 2t+Bi�iBQM
bT2+i`� rBi? Qi?2`- 2X;X ;`QmM/@bi�i2- Q#b2`p�#H2b BM i?2 b�K2 `2;BQM �b /QM2 BM _27X (de)X

h?2 B/2MiB}+�iBQM Q7 i?2 ;`QmM/@bi�i2 bTBM BM 53E Bb T�`i Q7 � b2`B2b Q7 2tT2`BK2Mi�H
2zQ`ib /2pQi2/ iQ /2i2`KBM2 i?2 T2+mHB�` bTBM BMp2`bBQM U�M/ `2@BMp2`bBQMV �HQM; TQi�bbBmK
BbQiQT2bX 6`QK 37E mT iQ 45E- i?2 ;`QmM/@bi�i2 bTBMb ?�p2 #22M FMQrM iQ #2 3/2+- �b �
M�Bp2 b?2HH KQ/2H TB+im`2 rQmH/ bm;;2biX a2p2`�H v2�`b #�+F- 47E r�b BMbi2�/ b?QrM iQ
?�p2 � 1/2+ ;`QmM/ bi�i2 pB� � H�b2` bT2+i`Qb+QTv 2tT2`BK2Mi (kyR)- rBi? 3/2+ #2+QKBM;
� HQr@HvBM; 2t+Bi2/ bi�i2 �i jey F2oX �#Qmi i2M v2�`b �;Q- ?B;?@`2bQHmiBQM +QHHBM2�` H�b2`
bT2+i`Qb+QTv K2�bm`2K2Mib /2i2`KBM2/ i?�i i?2 ;`QmM/@bi�i2 bTBM BMp2`bBQM Bb K�BMi�BM2/
BM 49E #mi � `2@BMp2`bBQM Q++m`b 7Q` 51E (kyk)X o2`v `2+2MiHv- i?2 `2@BMp2`bBQM r�b +QM}`K2/
�M/ 2ti2M/2/ iQ 53,55E #v _27bX (3j- 3e)- r?2`2 }`K bTBM �bbB;MK2Mib 7Q` ;`QmM/@ �M/ }`bi
2t+Bi2/ bi�i2b r2`2 2bi�#HBb?2/- rBi? i?2 1/2+ 2M2`;v bi�#BHBbBM; #2ir22M yX8 �M/ R J2oX

�p�BH�#H2 2tT2`BK2Mi�H /�i� �`2 bmKK�`Bb2/ BM 6B;X 9Xe UH27iV- r?2`2 i?2 2M2`;v /Bz2`@
2M+2 #2ir22M 1/2+ �M/ 3/2+ bi�i2b Bb /BbTH�v2/ 7Q` TQi�bbBmK BbQiQT2b rBi? 2p2M M2mi`QM
MmK#2`X �i i?2 iBK2 Q7 i?2 H�b2` bT2+i`Qb+QTv 2tT2`BK2Mi�H +�KT�B;M `2TQ`i2/ QM BM
_27X (kyk)- :Q`FQp a*:6 +�H+mH�iBQMb r2`2 T2`7Q`K2/ rBi? i?2 NNY3N(400) BMi2`�+@
iBQM (Rd3)- r?B+? `2bmHi2/ BM i?2 `2/ +m`p2 /BbTH�v2/ BM i?2 };m`2X �Hi?Qm;? i?2 +�H+m@
H�iBQMb T�`�HH2H i?2 2tT2`BK2Mi�H i`2M/- i?2 2M2`;v ;�T #2ir22M i?2 irQ bi�i2b Bb H�`;2Hv
Qp2`2biBK�i2/- �M/ i?2 bTBM BMp2`bBQM BM 47E Bb �#b2MiX h?2 b�K2 bT2+i`� ?�p2 i?2M
#22M +QKTmi2/ BM _27X (de) mbBM; i?2 KQ`2 `2+2Mi BMi2`�+iBQMb LLGPb�i �M/ NNY3NUHMHVX
LLGPb�i +�Tim`2b i?2 i`2M/ �b N BM+`2�b2b- #mi T`2b2Mib � b?B7i +QKT�`2/ iQ /�i� i?�i
;2M2`�i2b i?2 BMp2`bBQM �H`2�/v �i 43EX �7i2` i?�i- i?2 ;`QmM/@bi�i2 Bb T`2/B+i2/ iQ ?�p2 �H@
r�vb bTBM@T�`Biv 1/2+X AMbi2�/- NNY3NUHMHV bm++22/b BM `2T`Q/m+BM; 2tT2`BK2Mi�H /�i�-
BM+Hm/BM; i?2 BMp2`bBQM �M/ `2@BMp2`bBQM Q7 i?2 ;`QmM/@bi�i2 bTBM@T�`Biv �M/ i?2 TQbBiBQM

8AM ;2M2`�H- �bbQ+B�i2/ bT2+i`Qb+QTB+ 7�+iQ`b �HbQ 7QHHQr i?2 i`2M/b /2i2`KBM2/ BM i?2 2tT2`BK2Mi�H
�M�HvbBb- i?mb 2bi�#HBb?BM; � +QMbBbi2Mi TB+im`2 Ub22- 2X;X- _27bX (3j- 3e)VX

ek

Application: spectroscopy of K and Cl chains

[Sun et al. 2020]
[Koiwai et al. 2022]
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Extension to Cl chain

[Linh et al. 2021][Somà et al. 2020]

Spectroscopy through full isotopic chains becomes in reach

➝  Case of inversion & re-inversion of g.s. spin in K isotopes

➝  Gorkov ADC(2) calculations capable of grasping main evolution in K

➝  Cl case more complicated because of increased collectivity
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⦿ Reproduction of data deteriorates when moving away from (semi-)magic systems

Footprint of deformation
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Fig. 9. Relative errors on total binding energies per nucleon for Z = 18, 20, 22 and 24 isotopes (full symbols and solid lines,
taken from Fig. 8, referring to the left vertical axis). Theoretical results are compared to the simple estimate Np ⇥Nn, following
Ref. [66] (crosses and dotted lines, arbitrarily normalised) and the deformation parameter � computed via EDF calculations [67]
(empty symbols and dashed lines, referring to the right vertical axis).

static deformation. ADC(3) deviations, available for cal-
cium isotopes with sub-shell closures, are also displayed
in the figure. They illustrate the typical gain achieved by
the inclusion of higher-order correlations in semi-magic
systems.

The hypothetical correlation with deformation is fur-
ther examined in Fig. 9, where the four curves of Fig. 8 are
plotted separately and compared to two di↵erent quantities
measuring the e↵ects of deformation in phenomenologi-
cal approaches. First, we consider the simple estimate
Np ⇥Nn, where Np (Nn) is the number of valence proton
(neutron) pairs in a mean-field picture. Such a quantity
has been shown to provide a good estimate of the so-called
deformation energy in (single-reference) energy density
functional (EDF) calculations [66]. Second, we plot the ac-
tual deformation parameter � obtained in (multi-reference)
EDF calculations [67]. These two estimates of deforma-
tion provide a similar picture throughout the four isotopic
chains. This is consistent with the idea that deformation is
mean-field dominated, with beyond-mean-field correlations
accounting for additional fluctuations on top. Turning to
our results, one observes that the correlation between the
theoretical error �E/A and the two phenomenological esti-
mates is striking for all chains. The deformation parameter
�, with smoother variations across sub-shell closures, seems
to provide a slightly better account of our theoretical er-
ror. An exception is visible for light argon isotopes, with
the mean-field estimate Np ⇥Nn better capturing the be-
haviour of �E/A around N = 20. This analysis eventually
supports the intuition that the collective quadrupole cor-
relations arising in doubly-open shell systems can hardly
be captured by present SU(2)-conserving calculations.

Even if in principle all correlations can be accounted
for in the current theoretical scheme, one would need to
include very high orders in the expansion in order to grasp
such quadrupole static correlations. Indeed, for spherical
bases, these are typically associated with the coherent
superposition of many particle-many hole excitations that
are not included in the low-order many-body truncation
schemes currently at reach. Extending beyond the ADC(3)
approximation involves a factorial increase in the numbers

of diagrams and would need a shift of paradigm in which
all contributions are dealt with at once through stochastic
sampling [68]. An alternative solution is the extension
of existing expansion methods towards SU(2)-breaking
schemes that will enable an e�cient description of static
deformation from the outset.

4 Radii

Among the basic nuclear properties addressed by ab initio
calculations in the past few years, the size of medium-mass
nuclei has typically represented (and, to a good extent,
still represents) one of the main challenges. The first sets
of calculations that successfully reproduced ground-state
energies of oxygen isotopes failed to provide, at the same
time, a good description of charge radii [35]. The NNLOsat

Hamiltonian, specifically introduced to cure this issue [40],
very much improved the description of radii although dis-
crepancies for neutron-rich systems have been shown to
persist [35, 69]. An unsatisfactory account of nuclear sizes
remains for several Hamiltonians that are currently em-
ployed in state-of-the-art calculations [74, 8]. Very recently,
new generations of chiral interactions have been proposed
and shown to provide promising results for charge radii of
closed-shell [75] as well as some open-shell [30] medium-
mass nuclei. The behaviour along isotopic chains around
calcium remains however to be investigated. In Ref. [8]
charge radii of oxygen, calcium and nickel isotopes have
been systematically investigated with the NN+3N(lnl)
and NNLOsat Hamiltonians. The study confirmed the good
performance of NNLOsat up to the nickel chains. Here, in
addition to a more refined analysis of calcium isotopes,
charge radii along argon, titanium and chromium chains
are presented.

Mean square (m.s.) charge radii are computed starting
from m.s. point-proton radii hr2pi as follows

hr2chi = hr2pi+ hR2
pi+

N

Z
hR2

ni+ hr2iso +
3~2

4m2
pc

2
. (7)
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Fig. 7. Three-point mass di↵erences, Eq. (6), along
Z = 18, 20, 22 and 24 isotopic chains computed with the
NN+3N(lnl) interaction (symbols joined by solid lines), com-
pared to experimental (measured, full symbols and extrapolated,
empty symbols) data. Both calculated and experimental values
are shifted by (Z � 20)⇥ 2 MeV for a better readability.

pared to experiment. This feature is particularly visible for
N 2 [21, 27] isotopes in all considered chains, as well as be-
yond N = 34 for calcium and chromium. Keeping in mind
the possible deficiency of the currently used Hamiltonian,
this result likely points to missing higher-order correlations.
The ADC(2) truncation scheme employed here already in-
cludes both the lowest-order pairing term and the induced
interaction resulting from the exchange of unperturbed
particle-hole excitations. However, it does not account for
the collective vibrations that are thought to be responsible
for the remaining pairing strength [61, 62, 63, 64]. Conse-
quently, it does improve on HFB results, e.g., by correcting
the odd-even staggering present at the mean-field level
(not shown here), but it does not significantly change the
amplitude of the pairing gap. The extension of GSCGF to
the ADC(3) level is envisaged in the near future, knowing
that such a truncation does indeed seize important features
of collective fluctuations and of their e↵ect on superfluidity.

In titanium and chromium, theoretical and experimen-
tal three-point mass di↵erences show further qualitative
di↵erences. In addition to the average value of �(3) being
too low, the increase of its oscillation between N = 20 and
N = 28 compared to calcium isotopes along with the shell-
closure disappearances at N = 28, 32, 34 are not captured.
The oscillation of �(3) around its average is not related

to the anomalous part of the self-energy (i.e. the pairing
gap) but rather to its normal part (i.e. the e↵ective mean-
field) [55, 65]. The qualitative evolution of this staggering
from calcium to titanium and chromium pointed out above
is thus a fingerprint of increased quadrupole correlations on
the normal self-energy. The absence of this evolution in our
theoretical calculation confirms the need to include these
correlations consistently in both normal and anomalous
channels. While extending GSCGF to the ADC(3) level
should help better describing the staggering of �(3), an
explicit treatment of deformation will probably be the most
e�cient way to reach a quantitative agreement whenever
quadrupole fluctuations become truly collective, i.e. as one
moves significantly away from semi-magic systems.

3.5 E↵ects of deformation

For several of the quantities discussed above, the poorer
agreement with theoretical data when departing from semi-
magic calcium has been ascribed to an ine�cient descrip-
tion of quadrupole correlations. To substantiate this ob-
servation, di↵erences between computed and experimental
ground-state energies per nucleon are displayed in Fig. 8
for four isotopic chains. The best agreement with experi-
mental values is found for calcium isotopes. Other chains
perform generally worse, with the quality of the descrip-
tion deteriorating in particular for neutron-rich argon and
chromium isotopes. In all cases a clear minimum is visible
at N = 20 and a maximum around N = 24, which suggests
a correlation with the closed- or open-shell character of
the neutrons and the associated absence or presence of
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Fig. 8. Relative ADC(2) errors (theory - experiment) on total
binding energies per nucleon along Z = 18, 20, 22 and 24 isotopic
chains. ADC(3) errors are also reported for doubly closed-shell
calcium isotopes and displayed as horizontal bars. Calculations
and experimental data are taken from Fig. 1.

[Somà et al. 2021]
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Fig. 9. Relative errors on total binding energies per nucleon for Z = 18, 20, 22 and 24 isotopes (full symbols and solid lines,
taken from Fig. 8, referring to the left vertical axis). Theoretical results are compared to the simple estimate Np ⇥Nn, following
Ref. [66] (crosses and dotted lines, arbitrarily normalised) and the deformation parameter � computed via EDF calculations [67]
(empty symbols and dashed lines, referring to the right vertical axis).

static deformation. ADC(3) deviations, available for cal-
cium isotopes with sub-shell closures, are also displayed
in the figure. They illustrate the typical gain achieved by
the inclusion of higher-order correlations in semi-magic
systems.

The hypothetical correlation with deformation is fur-
ther examined in Fig. 9, where the four curves of Fig. 8 are
plotted separately and compared to two di↵erent quantities
measuring the e↵ects of deformation in phenomenologi-
cal approaches. First, we consider the simple estimate
Np ⇥Nn, where Np (Nn) is the number of valence proton
(neutron) pairs in a mean-field picture. Such a quantity
has been shown to provide a good estimate of the so-called
deformation energy in (single-reference) energy density
functional (EDF) calculations [66]. Second, we plot the ac-
tual deformation parameter � obtained in (multi-reference)
EDF calculations [67]. These two estimates of deforma-
tion provide a similar picture throughout the four isotopic
chains. This is consistent with the idea that deformation is
mean-field dominated, with beyond-mean-field correlations
accounting for additional fluctuations on top. Turning to
our results, one observes that the correlation between the
theoretical error �E/A and the two phenomenological esti-
mates is striking for all chains. The deformation parameter
�, with smoother variations across sub-shell closures, seems
to provide a slightly better account of our theoretical er-
ror. An exception is visible for light argon isotopes, with
the mean-field estimate Np ⇥Nn better capturing the be-
haviour of �E/A around N = 20. This analysis eventually
supports the intuition that the collective quadrupole cor-
relations arising in doubly-open shell systems can hardly
be captured by present SU(2)-conserving calculations.

Even if in principle all correlations can be accounted
for in the current theoretical scheme, one would need to
include very high orders in the expansion in order to grasp
such quadrupole static correlations. Indeed, for spherical
bases, these are typically associated with the coherent
superposition of many particle-many hole excitations that
are not included in the low-order many-body truncation
schemes currently at reach. Extending beyond the ADC(3)
approximation involves a factorial increase in the numbers

of diagrams and would need a shift of paradigm in which
all contributions are dealt with at once through stochastic
sampling [68]. An alternative solution is the extension
of existing expansion methods towards SU(2)-breaking
schemes that will enable an e�cient description of static
deformation from the outset.

4 Radii

Among the basic nuclear properties addressed by ab initio
calculations in the past few years, the size of medium-mass
nuclei has typically represented (and, to a good extent,
still represents) one of the main challenges. The first sets
of calculations that successfully reproduced ground-state
energies of oxygen isotopes failed to provide, at the same
time, a good description of charge radii [35]. The NNLOsat

Hamiltonian, specifically introduced to cure this issue [40],
very much improved the description of radii although dis-
crepancies for neutron-rich systems have been shown to
persist [35, 69]. An unsatisfactory account of nuclear sizes
remains for several Hamiltonians that are currently em-
ployed in state-of-the-art calculations [74, 8]. Very recently,
new generations of chiral interactions have been proposed
and shown to provide promising results for charge radii of
closed-shell [75] as well as some open-shell [30] medium-
mass nuclei. The behaviour along isotopic chains around
calcium remains however to be investigated. In Ref. [8]
charge radii of oxygen, calcium and nickel isotopes have
been systematically investigated with the NN+3N(lnl)
and NNLOsat Hamiltonians. The study confirmed the good
performance of NNLOsat up to the nickel chains. Here, in
addition to a more refined analysis of calcium isotopes,
charge radii along argon, titanium and chromium chains
are presented.

Mean square (m.s.) charge radii are computed starting
from m.s. point-proton radii hr2pi as follows
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static deformation. ADC(3) deviations, available for cal-
cium isotopes with sub-shell closures, are also displayed
in the figure. They illustrate the typical gain achieved by
the inclusion of higher-order correlations in semi-magic
systems.

The hypothetical correlation with deformation is fur-
ther examined in Fig. 9, where the four curves of Fig. 8 are
plotted separately and compared to two di↵erent quantities
measuring the e↵ects of deformation in phenomenologi-
cal approaches. First, we consider the simple estimate
Np ⇥Nn, where Np (Nn) is the number of valence proton
(neutron) pairs in a mean-field picture. Such a quantity
has been shown to provide a good estimate of the so-called
deformation energy in (single-reference) energy density
functional (EDF) calculations [66]. Second, we plot the ac-
tual deformation parameter � obtained in (multi-reference)
EDF calculations [67]. These two estimates of deforma-
tion provide a similar picture throughout the four isotopic
chains. This is consistent with the idea that deformation is
mean-field dominated, with beyond-mean-field correlations
accounting for additional fluctuations on top. Turning to
our results, one observes that the correlation between the
theoretical error �E/A and the two phenomenological esti-
mates is striking for all chains. The deformation parameter
�, with smoother variations across sub-shell closures, seems
to provide a slightly better account of our theoretical er-
ror. An exception is visible for light argon isotopes, with
the mean-field estimate Np ⇥Nn better capturing the be-
haviour of �E/A around N = 20. This analysis eventually
supports the intuition that the collective quadrupole cor-
relations arising in doubly-open shell systems can hardly
be captured by present SU(2)-conserving calculations.

Even if in principle all correlations can be accounted
for in the current theoretical scheme, one would need to
include very high orders in the expansion in order to grasp
such quadrupole static correlations. Indeed, for spherical
bases, these are typically associated with the coherent
superposition of many particle-many hole excitations that
are not included in the low-order many-body truncation
schemes currently at reach. Extending beyond the ADC(3)
approximation involves a factorial increase in the numbers
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Fig. 7. Three-point mass di↵erences, Eq. (6), along
Z = 18, 20, 22 and 24 isotopic chains computed with the
NN+3N(lnl) interaction (symbols joined by solid lines), com-
pared to experimental (measured, full symbols and extrapolated,
empty symbols) data. Both calculated and experimental values
are shifted by (Z � 20)⇥ 2 MeV for a better readability.

pared to experiment. This feature is particularly visible for
N 2 [21, 27] isotopes in all considered chains, as well as be-
yond N = 34 for calcium and chromium. Keeping in mind
the possible deficiency of the currently used Hamiltonian,
this result likely points to missing higher-order correlations.
The ADC(2) truncation scheme employed here already in-
cludes both the lowest-order pairing term and the induced
interaction resulting from the exchange of unperturbed
particle-hole excitations. However, it does not account for
the collective vibrations that are thought to be responsible
for the remaining pairing strength [61, 62, 63, 64]. Conse-
quently, it does improve on HFB results, e.g., by correcting
the odd-even staggering present at the mean-field level
(not shown here), but it does not significantly change the
amplitude of the pairing gap. The extension of GSCGF to
the ADC(3) level is envisaged in the near future, knowing
that such a truncation does indeed seize important features
of collective fluctuations and of their e↵ect on superfluidity.

In titanium and chromium, theoretical and experimen-
tal three-point mass di↵erences show further qualitative
di↵erences. In addition to the average value of �(3) being
too low, the increase of its oscillation between N = 20 and
N = 28 compared to calcium isotopes along with the shell-
closure disappearances at N = 28, 32, 34 are not captured.
The oscillation of �(3) around its average is not related

to the anomalous part of the self-energy (i.e. the pairing
gap) but rather to its normal part (i.e. the e↵ective mean-
field) [55, 65]. The qualitative evolution of this staggering
from calcium to titanium and chromium pointed out above
is thus a fingerprint of increased quadrupole correlations on
the normal self-energy. The absence of this evolution in our
theoretical calculation confirms the need to include these
correlations consistently in both normal and anomalous
channels. While extending GSCGF to the ADC(3) level
should help better describing the staggering of �(3), an
explicit treatment of deformation will probably be the most
e�cient way to reach a quantitative agreement whenever
quadrupole fluctuations become truly collective, i.e. as one
moves significantly away from semi-magic systems.

3.5 E↵ects of deformation

For several of the quantities discussed above, the poorer
agreement with theoretical data when departing from semi-
magic calcium has been ascribed to an ine�cient descrip-
tion of quadrupole correlations. To substantiate this ob-
servation, di↵erences between computed and experimental
ground-state energies per nucleon are displayed in Fig. 8
for four isotopic chains. The best agreement with experi-
mental values is found for calcium isotopes. Other chains
perform generally worse, with the quality of the descrip-
tion deteriorating in particular for neutron-rich argon and
chromium isotopes. In all cases a clear minimum is visible
at N = 20 and a maximum around N = 24, which suggests
a correlation with the closed- or open-shell character of
the neutrons and the associated absence or presence of
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Fig. 8. Relative ADC(2) errors (theory - experiment) on total
binding energies per nucleon along Z = 18, 20, 22 and 24 isotopic
chains. ADC(3) errors are also reported for doubly closed-shell
calcium isotopes and displayed as horizontal bars. Calculations
and experimental data are taken from Fig. 1.

Footprint of deformation

[Somà et al. 2021]

Behaviour consistent throughout isotopic chains Correlation with measures of deformation

Impact of missing correlations visible moving away from semi-magic calcium chain

Calls for extension to SU(2)-breaking scheme when addressing doubly open-shell nuclei 9



Role of many-body correlations

How SU(2)-breaking schemes help in the description of open-shell nuclei?

• Pedagogical analysis of how MB correlations work out in ab initio

• Step-by-step study of the contribution of MB correlations to the total energy

• Understand the best strategy to capture correlations with different methods:

Symmetry Conserving vs Symmetry Breaking 

Systems under study:

Medium-mass singly-closed shell

Medium-mass doubly-closed shell

Ca

Cr

Methods:

sHFB

sBMBPT(2)

sBCCSD

sVS-IMSRG(2)

dHFB

dBMBPT(2)

10



Role of many-body correlations

Ca → wrong curvature with sHFB

• low effective mass

• attractive valence-space MEs

MB correlations corrections:

• increase of effective mass

• make valence-space MEs repulsive

Cr → wrong curvature with sHFB

higher MB orders needed

For symm. conserving methods

11[Scalesi et al. nº1]



Role of many-body correlations

• dHFB corrects curvature in Cr

Activation of quadrupole MEs

• deformation doesn’t change res. in Ca

12[Scalesi et al. nº1]



Role of many-body correlations

• It is a good strategy to set up methods breaking  and not SU(2) U(1)

calls for Dyson formalism in deformed SCGF calculations!

• Necessity of a non-perturbative deformed theory to go beyond perturbation theory

•Deformation is necessary to correctly describe doubly-open shell nuclei at polynomial cost

•It is sufficient since most of nuclei when deformed have no pairing with current  interactionsχEFT
w.r.t.  sym. break.U(1)

[Frosini et al. 2021]

[Hagen et al. 2014]

13See also T Papenbrock and J. M. Yao talks!



Symmetry-breaking Green’s functions - 2. Rotational symmetry

•m-scheme based

•Symmetry blocks of , , , mixing of , m π t n j

HF

M

N

M† N†

E>

E<

For every ( , , )m π t

d

d

•Dyson matrix decomposed in bigger blocks than spherical case

emax
biggest  

( )
d

16O

2

4

6

8

10

12

629

6480

35001

112016

285429

617580

•Dyson formalism

14[Scalesi et al. nº2]



New Numerical Code for ab initio deformed calculations

• Axially deformed HF reference state

• OpenMP parallelization (multi-node MPI will be needed for future developments)

• Three-body forces included through rank reduction of operators

• Works with any generic spherical basis read from file

• Implements multi-pivot Lanczos algorithm for Krylov projection, OpRS for full SC calculations

• Eigen C++ library to handle 1- and 2-body tensors

[Frosini et al. 2021]
[Scalesi et al. 2024] 15[Scalesi et al. nº2]



Symmetry-breaking Green’s functions - 2. Rotational symmetry

The Self-Consistent loop

Reference HF state

Generation 2nd order diagrams

Build Dyson Matrix

DiagonalizeGeneration 1st order diagrams

Reference OpRS prop.

Krylov projection
sc0 approximation

Full sc

, , , M N E> E<

HF

sc0 converged?

16[Scalesi et al. nº2]



dDSCGF(2) results - A numerical proof of Self-Consistency

Calculation: ADC(2), , 20Ne ΔNNLOgo(394)

• , 20Ne ΔNNLOgo(394)

Reference HF state:

• , 20Ne NNLOsat(bare)

• , 24Mg NNLOsat(bare)
SC0 SC1 SC2 SC3 SC4

17[Scalesi et al. nº2]



dDSCGF(2) results - Total Energy

EA
0 = 1

2π ∫
ϵ−

F

−∞
dω∑

αβ
(tαβ + ω tαβ) Im gβα

− 1
2 ∑

αγϵβδη
wαγϵβδη ρβδηαγϵ

GMK sum rule

•  4 MeV overall gain from dBMBPT(2)≈
•  1.5 MeV difference w.r.t. dCCSDT-1≈

2-Body
3-Body

∼ ρβα
ρδγρηϵ

• sc gain w.r.t. sc0 increases with mass

• access to odd-even isotopes

Particle addition/removal GF formalism
[Novario et al. 2020] 18
[Scalesi et al. nº2]



dDSCGF(2) results - Comparison with spherical results

• oblate isotopic chain

NN + 3N(lnl)

• sphericity recovered at shell closures

• correlation of difference w.r.t. def.

•  3.5 MeV overall gain≈

• Further MeV to be gained for dDSCGF

Improved description of collectivity

19
[Scalesi et al. nº2]
[Somà et al., in preparation]



dDSCGF(2) results - Charge Radii

R2
ch = R2

p + ⟨r2
p⟩ + N

Z
⟨r2

n⟩ + ⟨r2
DF⟩ + ⟨r2

SO⟩

1B + 2B CoM corrections

• Overall trend follows dCCSDT-1

• 2B CoM corrections missing in dDSCGF

[Novario et al. 2020] 20
[Scalesi et al. nº2]



dDSCGF(2) results -  deformationβ2

⟨α |Q20 |β⟩ = ⟨α |r2 Y20 |β⟩

q20 = ∑
αβ

⟨α |Q20 |β⟩ρβα

β2 = 4
3 π q20

1
A R2

0

Deformation decreases with MB correlations

21
[Scalesi et al. nº2]



dDSCGF(2) results - Spectroscopic Amplitudes
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dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(1)40Ca β2 = 0
39Ca 41Ca

24
[Scalesi et al. nº2]
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dDSCGF(2) results - Spectroscopic Amplitudes
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dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)40Ca β2 = 0

jπ = 9/2+

jπ = 7/2+

jπ = 5/2+

jπ = 3/2+

jπ = 1/2+

39Ca 41Ca

Good   can be associated to each peakj

spherical
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dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)58Ca β2 = − 0.03
57Ca 59Ca

weakly deformed

26
[Scalesi et al. nº2]



dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)58Ca β2 = − 0.03
57Ca 59Ca

∼ jπ = 9/2+

weakly deformed

26
[Scalesi et al. nº2]



dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)58Ca β2 = − 0.03
57Ca 59Ca

∼ jπ = 9/2+
∼ jπ = 7/2+

weakly deformed

26
[Scalesi et al. nº2]



dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)58Ca β2 = − 0.03
57Ca 59Ca

∼ jπ = 9/2+

∼ jπ = 5/2+
∼ jπ = 7/2+

weakly deformed

26
[Scalesi et al. nº2]



dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)58Ca β2 = − 0.03
57Ca 59Ca

∼ jπ = 9/2+
∼ jπ = 7/2+

∼ jπ = 5/2+

∼ jπ = 3/2+

weakly deformed

26
[Scalesi et al. nº2]



dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)58Ca β2 = − 0.03
57Ca 59Ca

∼ jπ = 9/2+
∼ jπ = 7/2+

∼ jπ = 5/2+

∼ jπ = 3/2+

∼ jπ = 1/2+

weakly deformed

26
[Scalesi et al. nº2]



dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)58Ca β2 = − 0.03
57Ca 59Ca

∼ jπ = 9/2+
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∼ jπ = 5/2+

∼ jπ = 3/2+

∼ jπ = 1/2+

Main   contributing to each peak can be identifiedj
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dDSCGF(2) results - Spectroscopic Amplitudes
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dDSCGF(2) results - Spectroscopic Amplitudes

 ( ), ADC(2)46Ca β2 = 0.08
45Ca 47Ca

Recombination of peaks to good angular momenta to be studied!

deformed

27
[Scalesi et al. nº2]



NpN! 2N

How to computationally challenge open-shell systems?

• Different scalings:

MontecarloNCSM

CI CC

MBPT

SCGF

Cost of deformation in ab initio methods

28



NpN! 2N

N p

• Natural Orbitals (NAT)

• Importance Truncation (IT)

• Greater cost for non-perturbative methods

• BMBPT(2) has the most gentle scaling

How to computationally challenge open-shell systems?

5

• m-scheme (needed for deformed calculations)

Cost of deformation in ab initio methods

28



•Main objective: reduce the cost of an expensive calculation 

•How it can be done: via an auxiliary cheaper calculation

EM 1.8/2.0

20Ne

Deformed Natural Orbitals

 ( )VHO
abcd emax

Mean-field 
calculation 

(dHFB)

Cheap beyond 
mean-field calculation 

(dBMBPT)

ρdef
ab

 
( )
VNAT

abcd
emax

 
( )
VNAT

abcd
ẽmax

Expensive 
beyond mean-

field calculation 
(dDSCGF)

truncation

  ẽmax < emax
[Hoppe et al. 2021]
[Tichai et al. 2018]

29
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Deformed Natural Orbitals: application to dDSCGF(2)

Dyson formalism → wrong part. num. A

• Problem when looking to small diff.

• Naïve rescaling of energy based on A

Clear separation between HO and NAT

   →   4.3 MeV gainẽmax = 6

   →   2.0 MeV gainẽmax = 8

30[Scalesi et al. nº3]
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Dyson formalism → wrong part. num. A

• Problem when looking to small diff.

• Naïve rescaling of energy based on A

Clear separation between HO and NAT

   →   4.3 MeV gainẽmax = 6

   →   2.0 MeV gainẽmax = 8

ẽmax time* [h]

2

4

6

8

10

12

0.001

0.002

0.042

0.650

4.550

22.130

*104 OpenMP processors
30[Scalesi et al. nº3]



Conclusions and future perspectives

• Formulations of proper particle adjustment in Dyson SCGF formalism

• Associate Spectroscopic distribution with good angular momentum

• dDSCGF with good angular momentum

Numerical optimization code (MPI)• Beyond ADC(2): extended ADC(2) and ADC(3)

• Correlations captured by dDSCGF bring visible results on observables w.r.t. dBMBPT2 and sGSCGF

Conclusions:

Future perspectives:

Symmetry Restoration (yet to be formulated)

MR-SCGF†

• Deformed Natural Orbitals can help to lighten the cost of beyond mean-field calculations

• It is a good strategy to set up methods breaking  and not SU(2) U(1)

• Combine NAT with Importance truncation (IT) and tensor factorization techniques (TF)

[Porro et al. 2021] [Sokolov et al. 2018]
31

[Frosini, Duguet, Tamagno 2024]


