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Two-nucleon correlators

Two-nucleon correlation operators are defined as
» 6(r—7y), Y 6(R— Rij)s(r —iy)
1<J 1<J

with
A ]. A A A 2 al
Rij = glri+rsl,  7ij = |ri — 7]

Expectation value defines a probability density:
times dr — probability of two nucleons separated by r;

times drdR — probability of two nucleons separated by
rand at a distance R from the centre of mass.



Two-nucleon correlation functions

Expectation values for a two-nucleon state
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Two identical nucleons in s orbitals

() [(0s)*;00) (b) |(1s)*;00) (c) |(25)%00)
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Two identical nucleons in p orbitals

(e) |(1p)%;11) (f) |(1p)?; 20)
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Two identical nucleons in Od orbital
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Four identical nucleons in Op orbital

A | =0 state has (LS) = (00) or (LS) = (11) with
probability densities given by
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Pp4;00 = 102472 Z SlIl2 Oij SlIl2 Hkl COS2 Hij,kl:
(47)# (kL)
and
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where 0 is the angle between 7, and 7, and 6,
is the angle between 7; and 1.
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Four identical nucleons in Op orbital
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Four-nucleon (2v, 2m) correlators

Four-nucleon correlation operators are defined as
Aijkl(}%wn Tvy, r7r7r) = 5(RV7T _ Rij-kl)d(ruu _ ’fij)d(’rww - 'Fkl)
with (ij € v,kl € 1)
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sz=\l(7%k+7%l)\, sz=\7%k—7%l|,
Riju = |2(Rij + Ru)|, Rijw = |Ri; — Ru),

Tijkl = ‘%(7%23 + 7)) Tijkl = \ﬁ'j — Twl.



Geometry of 2v +2m

If

1,y IS the distance between the neufrons,
Twr /S The distance between the profons,

R, /s the distance between the centres of mass of the
neutrons and of the protons,

Ty IS The distance between a neufron and a profon,
one has the relation, valid for a tetrahedron,
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Coordinate transformation

lab(L,S,), cd(L,Sy); LS)
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Four-nucleon correlation function
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The a particle: 0aw

If all nucleons are in the Os orbital, (LST) =
(000), the probability density is

8 1.2 1.2

(0) _ 2 2 92 _R2 _lp2 _1,
POOO(RwraTvuarmr) — WRWTTVVT,MTG yr 2°vy 207w

The probability peaks at 7, = 1,z = V2 and R, =

1 or 1y, =Ty = Ty = V2.

— The most probable geometry of an a particle is
a Plaftonic fefrahedron.



The a particle: 1aw

The isoscalar 1~ state (LST) = (100) is spurious
and has the probability density

1 8 _R2 _1,2 _ 1,2
Pl(O())(RVmTW:TWW) — WR,%WT,%VT}%WG Run=2Tvw =3
The probability peaks at 7,, = 1,z = V2 and R, =

1 or 1y, =Ty = Ty = V2.

— The spurious stafe has the same density
distribution as the Ohw ground stafe since it has
the same infrinsic sfructure.



The a particle: 1aw

The isovector 17 state (LST) = (101) has the
probability density
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The probability peaks at 7, = 1,z = V2 and R, =
V2 or 1, = /3.



The a particle: 1aw

The isoscalar and isovector states with (LS) =
(11) have the probability density
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The probability peaks at 7, = 1; = V3 and R, =
1 orr,=+v2.5.



The a particle: Ohw + 1hw

Energy (MeV)
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The a particle: Ohw + 2hw

The tensor force mixes the (LS) = (00) ground
state with (LS) = (22), with probability density

8 2 r r
97"3/2 VT ,rl/y,rﬂ-ﬂ-e v 2 vy 2
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The probability peaks at r,,, =71, =2 and R,; = 1
or 1,, = V3.



The a particle: Ohw + 2hw

A schematic Hamiltonian
H = ﬁ/,un—47rZaTZ(5 i — 7;)0(7 — Rp)
T7=0,1 1<J

Orbitals split by iw and SDI with isoscalar and
Isovector strengths a, and a;.



The a particle: Ohw + 2hw

If y =0, orbitals are
degenerate, iw = 0.

If y=1, Aw >» ar and

we recover s?* solution.
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Alpha clustering

Consider a system of n, neutrons and n, protons
in tThe shell model.

Problem: Can we quantify the probability of
formation of an «a particle in an arbitrary shell-
model state for that system?

Approximation: Assume throughout that the «
particle coincides with two neutrons and two
protons in the Os orbital.

Discussions with Augusto Macchiavelli, 2021



a-particle probability for (2v,2m)

Consider two neutrons and two protons in orbitals
(1, and (), respectively.

The two neutrons (protons) have the oscillator
quanta Ng, (N,;) associated with them, which

differ from zero (# a particle).

Conjecture: The a-particle component of the
(2v,2m) configuration is obtained by imposing the
same /nfrinsic structure as the «a particle. This is
achieved if all quanta are put in the centre-of-
mass coordinate and none in other degrees of
freedom.



Coordinate transformation

|a,b,(Ty), arxbr(Tar); Ty)
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a-particle probability for (2v,2m)

The a-particle probability of the state
|ay by (L2S2), arbr(LyS,); Ly = S4= 0) equals
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The a-particle probability of the state
|ay by (J2), azbr(J2);J4 = 0) equals
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General a-particle probability

The a-particle probability of the state
|(I)Fn> — Z bAn,,AnﬂI‘n|AnvaAn7r;Fn>

M AnuAn'rr
IS
— r ATVAT"R'
pa — <¢Fn|Pa|¢Fn>2 — S: S: ( Z bAnVAn"TFndinuAnﬂ'Fn>
AT‘I/A'T‘ﬂ' S=071 AnvAn'rr
F2 Fru Fm/
datridre = [Aaw, A YA [Aom, Ave|FAns] | Ty Ty Tr | Choonss
" 00 T, T,
1/2 1/2 SQ
S00 . ~NavlavNbulpy =NarlaxMbrlon NVL Nﬂ'L
Choy Aoy = ~ON 00 Lo o ONE La00.Lo8s | /2 12 S2 | Cno000”
S § 0




Dependence on mass number A

The oscillator length b in a nucleus with mass
number A differs from that in the a particle.

The overlap between Os wave functions with
lengths b,y and b, is

4 00 2 2 9 3/2
oLt (25)

The reduction factor is therefore

(4) = (2babs 72 64 1 -
=R ) T A1+ (4/A)73




Dependence on mass number A
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Example: the sd shell

B schema’ric Hamiltonian

H——ngz 5; — 47rZaTZ(5 ri — Rp)

T=0,1 1<j=1
SDI with |soscalar and isovector strengths a, and
a; and spin-orbit ferm with strength g.

Take g = 0 — LS-coupled eigenstates.



Example: the sd shell

p, decreases with valence nucleon number.

In ®°Ne p, = 0.034 if ay = a, [SU(4)] and p, =
0.023 |F Ao = 0 or a, = 0.

In 4°Ca p,~107°.

(a) sd shell (isovector) (b) sd shell (isoscalar) (¢) sd shell [SU4)]




Example: the sd shell

, log pa |

log pa

Liey LY NN (B I NP E G LN LD L )
r—Q22
121

1.4

16
181
- () sd shell n=4

PN N N ST ST N N N N

22+

-26

-2.8

‘l‘[l]l]l[lll]l]lll
- —42)

- 33)T=1

—(33)T=0

sd shell n=6

(b)

T N N N N NN N N B Y

sd shell n=8

-341(c)

LD I L L LN LU I A L

TN N ST T T Y T T T

L N O L R PR (LI L LI

L L L L L L L L L

LN LI N N N B N L N B N B

30+ J + 4
-34 .
! T~ st o
32 sk e
1-40
34 42— 02 . — 104
— (O - (8 4) 1 - (8,6)
= (55T =1 -46F =—(66) ] -4:2 - 11T =1
3.6 - (55T =0 N ] = (1T=0
L —soF 1 44t
38F(d) sd shell n=10 C(e) sd shell n=12 u + (f) sd shell n=14
|||||||||l||l||||||_5‘4—||||||l||||||||||||— TN T T T I Y T T T Y
LI N B B B B LI N B B B B B B B LI N B B ) |
= (10,6) - =—(10,8) 4 -42F = (10,10 e
— (8,8) - 99 T-=1
4.0 -42F __ 99T =0 - ¥ 1
42 B
—
4.4 E
4.6 B

- (8) sd shell n=16

i BTN S A ) N T T O o 0 e

sd shell n=18

- (h)

NN A T O 5 N O [ O O

-5.0F (i) sd shell n=20

i T Ot SN N (G sy MG ] o I

0 0.2 04 P 0.6 0.8

0.2 04 0.6
X

X

0.8




Cluster states and SU(3)

ON THE CONNECTION BETWEEN THE CLUSTER MODEL
AND THE SU; COUPLING SCHEME FOR PARTICLES IN A
HARMONIC OSCILLATOR POTENTIAL

B. ¥, BAYMAN and A. BOHR
Institute for Theoretical Physics, Universily oy Copenhagen

Received 14 October 1958

Abstract: It is shown that the cluster model of Wildermuth and Kanellopoulos provides an
alternative description of certain states in the SUy coupling scheme of Elliott.



Example: Be

EXCI/WL!\,QP_ > fBeH p Stz canth (Ls) = (oo)
(8 e

D(s) 2 L(E) @ (BUE =>3U(N@3V ()
a T (o) a ¢s7) = [(09)]

Lo} 4+
5= @ (s7)= EN (1Y)
L=1,2,3 ED

| B (e R (7 =e)(D(ea)(z0)
L:@L 2

Three shates have (Le)=(o0)
NECOR i_;l | (Ly80)=(brSn)= () > + 233 (LvB) = (eSn)=22)> Teo

O (02) © = 2 1 (LS =(eba) - (o> +i§\(u@=@nm:@1)> o, %

(ot pochideprobakility | N

A
5 -
_  4AlF i5

d(oo)(oo)(oo) = 8Ve S \l z
0\)22 )(29)(e0) = — ——
> T oale 4o

. {(Ld W= = 2
\’202 EC/\)A):(OZQ:. o)




