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A driving question in nuclear physics: 

Is the shell-model description static across the entire 
chart of nuclides?
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Evolution of Shell Structure and Collectivity

“Classic” magic numbers are generally correct only for stable  and near stable isotopes

Experimental studies of new exotic nuclei revealed that  “Classic” magic numbers are 
generally correct only for stable  and near stable isotopes

Changes in shell structure and collectivity, have provided insight on the important role 
played by the central, tensor, (and 3N) forces  in these changes and its N/Z  (Isospin) 
dependence

Role of weak binding and the continuum
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Y.Utsuno et al PRC 60 (1999) 011301(R)

Role of the π d5/2- ν d3/2 interaction

N=20 shell gap

H = Esp+GP+P + xQ.Q

d5/2           | s1/2|   d3/2 

A. Poves and J. Retamosa, Phys. Lett. B 184, 311 (1987).
E. K. Warburton, J. A. Becker, and B. A. Brown, Phys. Rev. C41, 1147 (1990).



How about the deformed shell model ?

Since much evidence has been obtained for the existence of 
deformed ground states
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 A refresher on the Particle plus Rotor Model 

 Spectroscopic Factors in the Nilsson Strong Coupling Limit

 N=20 Island of Inversion
 
     Structure of 25F and 29F 

 N=40 Island of Inversion

  Structure of 63,65Mn

 How light can you go?

  7,8,9He

The Islands of Inversion from the Nilsson Perspective



Particle plus Rotor Model 101 



Structure of 29F
PRM
Hamiltonian

Particle Rotor Coriolis coupling



Structure of 29F
PRM
Hamiltonian

Hc/DEK<< 1

Particle Rotor Coriolis coupling



Structure of 29F
PRM
Hamiltonian

Hc/DEK<< 1 Hc/DEK >> 1

Particle Rotor Coriolis coupling



Direct transfer reactions continue to play major role in our understanding of the nuclear 
elementary modes of excitation, particularly in the characterization of the single particle degrees 
of freedom and their correlations.

< A+1| a+ | A > < A−1| a | A >

(p,d)  particles(d,p)  vacancies

Direct reactions



Macfarlane, M. H., and French, J. B. (1960), Rev. Mod. Phys. 32, 567.

Direct reactions

Structure 
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Nilsson Spectroscopic Factors

Single nucleon knockout Nilsson 
amplitudes

B. Elbek and P. Tjom, 
Advances in Nucl. Phys. Vol 3, 259 (1969)
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The case of 29F



Structure of 29F



Nilsson levels

Hc/DEK  ~ 3 > 1

DEK~ e2hw0~ 1 MeV 

Hc~ j.wrot~ 3 Mev

Decoupled band? 



Structure of 29F: Geometry

A.O. Macchiavelli, H. L. Crawford, et al. Physics Letters B 775 (2017) 160–162 



Structure of 29F: Geometry

A.O. Macchiavelli, H. L. Crawford, et al. Physics Letters B 775 (2017) 160–162 



Structure of 29F:  PRM Solution

PRM

NP1712-RIBF164 (H.Crawford, Coulomb excitation of 29F)

Structure of 29F:  PRM Solution



Structure of 29F:  Decoupled Band

Full sd PRM calculation Pure decoupled d5/2 band

Structure of 29F:  Decoupled Band



Structure of 25F and its effective 24O core
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24O at 920 MeV/A

26F   85 MeV/A  



The 0d5/2 proton knockout from 25F populates the 24O ground state with a smaller 
probability than the 24O excited states. This result indicates that the oxygen core of 25F 
is considerably different from 24Ogs and has a larger overlap with the excited states of 
24O. The change in the neutron-shell structure due to the 0d5/2 proton may be 
responsible for the small overlap between 25F and 24Ogs 

A comparison with the shell model calculations indicates that the USDB, SFO, and 
SFPD-MU interactions are insufficient to reproduce the present results. A stronger 
tensor force or other mechanism such as the 3N force effects, or both, might be needed 
to explain the experimental results. More experimental and theoretical studies are
necessary to clarify the mechanism for the change in the core of neutron-rich fluorine
from the ground state of oxygen isotopes.

Structure of 25F and its effective 24O core







Dl=3

24O

σ = 4.3(6) 𝑚𝑏 σ𝑠𝑝 = 15.7 𝑚𝑏 𝑆𝑒𝑥𝑝 = 0.27 4 𝟎. 𝟓𝟔 𝟏𝟓 𝐜𝐨𝐫𝐫𝐞𝐜𝐭𝐞𝐝

Proton Knockout at NSCL l=2  à  d5/2

21-25F





25F in the PRM

Experiment              Theory

The effective 24O core in 25F can be 
interpreted as a slightly deformed rotor with:

 E2
+

 (core) ≈ 3.2 MeV and  e2 ≈ 0.15,
 

“24O” 
Zs. Vajta et al., Phys. Rev. C 89, 054323 (2014).



25F in the PRM

Experiment              Theory
Zs. Vajta et al., Phys. Rev. C 89, 054323 (2014).

Furthermore, in 26F * the 1+ ground and 4+ isomeric 
states can be associated with the antiparallel and 
parallel couplings of the odd neutron in the d3/2 
Nilsson multiplet to the structure of  25F. 

The former,  favored by the Gallagher-Moszkowski 
rule gives 1+ as the lowest state and the latter a 4+ as 
the bandhead of a doubly decoupled band.

* A. Lepailleur et al., Phys. Rev. Lett. 110, 082502 (2013)



Spectroscopic factors

PRM 

Following:     T. Takemasa, M. Sakagami, and M. Sano, Phys. Rev. Lett. 29, 133 (1979).
                       T. Takemasa, Comput. Phys. Commun. 36, 79 (1985).

No Quenching



A first look at 28F



A first look at 28F

Neutron plus 28O*
p3/2  decoupled band

Prelim
inary
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PRM   no Vpn PRM    Vpn Experiment

Prelim
inary

A. Molinari, et al.  Nucl. Phys. A239, 45 (1975)
     UNIVERSAL np FORCE



Summary 
The low-lying structure of 25,29F can be understood in terms of the rotation-aligned coupling limit of the
PRM. Coriolis coupling on the d5/2 proton Nilsson multiplet gives rise to a decoupled band with a 5/2+ 
bandhead. 

Calculated proton spectroscopic factors for the 25F(5/2+)(−1p) 24O reaction are in agreement with the 
experimental data.  The observed  fragmentation of the d5/2 strength is due to both deformation and a core 
overlap.

The Nilsson plus PRM picture suggests that the extra proton with a dominant component in the down-
sloping [220] ½  level polarizes 24,28O and stabilizes its dynamic deformation.  Thus, the effective core in 25F 
(29F) can be interpreted as a slightly deformed rotor with E2+ (core) ≈ 3.2 MeV (2.5MeV) and e2 ≈ 0.15, 
compared to the real doubly magic 24O (28O) with E2+ ≈ 4.7 MeV (??) and weak vibrational quadrupole 
collectivity.

Electromagnetic observables for the three lowest experimental levels, obtained in the PRM, suggest that 
Coulomb excitation experiments will shed further light on the validity of our interpretation.

Two-qp plus rotor model calculations of 28,30F are in progress.  





f7/2                | p3/2 

Cr

N=40 shell gap

S.	Lenzi	et	al.,	PRC	82,	054301	(2010).

Dl=Dj=2

H = Esp+GP+P + xQ.Q

Role of the π f7/2- ν f5/2 interaction





The cases of 63,65Mn



Large Scale Shell Model 

DETAILS



Particle Rotor Model 
Core properties from Migdal Analysis of even-even nuclei
E 2+ , B(E2), and pairing gaps suggests  e2 = 0.25

65Mn

Leading Order Fits of 65Mn Energies

A small staggering term A5 is 
determined from the fit the data
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Ice Hockey puck 



Proton inelastic scattering of 8He at 8.25 MeV/A,  carried out at TRIUMF

Analysis of  the measured differential cross section using a phenomenological collective excitation form 
factor and microscopic coupled reaction channels framework,  consistently  yields a quadrupole  

deformation b2=0.40(3), consistent with no-core shell model predictions.  



The BM Phenomenon



With a little grain of salt  ...

Here we study the structure of  7,8,9 He in the framework of the 
Nilsson and Particle-Rotor  Models

S. G. Nilsson, Mat. Fys. Medd. Dan. Vid. Selsk. 29, no. 16 (1955).
S. G. Nilsson and I. Ragnarsson, Shapes and Shells in Nuclear Structure, Cambridge University Press, 1995





9He





A. B. Migdal, Nucl. Phys. 13 655, (1959)THE 8HE CORE

Moment of Inertia of a rigid ellipsoid



0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

-0.7 -0.5 -0.3 -0.1 0.1 0.3 0.5

From 8He  E2+

Holl  PLB Holl  PLB

PROTONS
D =0

NEUTRONS
BCS D  3.6MeV 

TOTAL

Moment of Inertia 



7,9He BCS 
Fermi levels

Nilsson Levels 



Oblate Prolate 9He

Particle Rotor Model wavefunctions  Strong coupling limit
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Spectroscopic Factors
T. Al Kalanee, et al. , Phys. Rev. C88,  034301 (2013)

If Experiment Oblate Prolate
1/2- 0.06  (0.1)* 0.5 0.8

1/2+ 0.13  (0.2)* 0.35 0.65

5/2+ < 0.05 (0.08)* 0.2 0.1

* Corrected by quenching



Spectroscopic Factors

In a more general approach  (shape coexistence)

|8He> =  A|O> +B|P>

|9He>1/2- = a [101]1/2x|O> + b[101]1/2x|P>

|9He>1/2+ = a’ [220]1/2x|O> + b’[220]1/2x|P>

|7He>3/2- = a’’[110]1/2x|O> + b’’[101]3/2x|P>

When comparing with the data, consistent solution(s) are obtained



Spectroscopic Factors

|8He>     ~  0.87|O> + 0.5|P>

|9He>1/2- ~ 0.29 [101]1/2x|O> + 0.96[101]1/2x|P>

|9He>1/2+ ~ 0.05[220]1/2x|O> + 0.999[220]1/2x|P>

|7He>3/2- ~  1 [110]1/2x|O> + 0 [101]3/2x|P>



The appearance of quadrupole deformation and rotational motion in light nuclei is well established and has 
been extensively discussed in the literature

 A. Bohr and B. R. Mottelson, Mat. Fys. Medd. Dan. Vid. Selsk. 27, no. 16 (1953)
 J. P. Elliott, Proc. R. Soc. A 245 128 (1958) I
 Ingemar Ragnarsson, et al., Phys. Scr. 24 215 (1981)

For example, and  relevant to this work, are the Be isotopes.   The strong a clustering in 8Be naturally suggests 
that deformation degrees of freedom play a role in the structure of these  nuclei
 
 W. Von Oertzen, M. Freer, and Y. Kanada-Enyo, Physics Reports 432, 43 (2006)

The sudden drop of the E(2+) energy in 12Be relative to the neighboring even-even isotopes and the change of 
the ground state of  11Be from the expected 1/2- to the observed positive parity 1/2+  state,  support this 
conclusion. Energy levels and available electromagnetic and single-nucleon transfer reactions data on 11Be and 
12Be can be explained in terms of single-particle motion in a deformed potential  

 I. Hamamoto and S. Shimoura J. Phys. G: Nucl. Part. Phys. 34, 2715 (2007)
 A.O.Macchiavelli, H.L.Crawford, P.Fallon,  et al. Physical Review C97, 011302(R), (2018)
 A. O. Macchiavelli, H. L. Crawford , R. M. Clark,  et al. Phys. Rev. C 103, 034307 (2021)



Inspired by the recent results of Holl et al. showing strong evidence for a deformed 8He nucleus, 
we have studied the structure of the odd-A 7He and 9He isotopes in the rotational model 

Comparison of the  Migdal moment of inertia  at ε2 ≈ 0.38 is in good agreement to that derived 
from the experimental 2+ energy at both prolate and oblate deformations

The Nilsson levels arising from the p and sd spherical shells appear to provide a simple 
explanation of the low-lying structure of these nuclei as originating from strongly coupled 
rotational bands built on the: [101] 3/2 , [101] 1/2, and [220] 1/2 neutron orbits.

Spectroscopic factors for the 8He(p, d)7He and 8He(d, p)9He reactions suggest the presence of 
shape coexistence.

Revisiting (the analysis of) these reactions,  in light of the above, will be interest 

Summary
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