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Disclaimer

This talk is not what I had in mind when accept-
ing the invitation to present results on Skyrme
N2LO at the workshop. Instead, Hofstadter’s
law applies:

It always takes longer than you expect, even
when you take into account Hofstadter’s Law.

Douglas Hofstadter, Gödel, Escher, Bach: An Eternal Golden Braid (1979)
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A brief history of Skyrme interactions with 4th order gradient terms I.

Bell & Skyrme’s paper on a contact spin-orbit force

Nuclear Spin-Orbit Coupling 1059 

operators acting upon the states to the right and to the left respectively, 

k'=$(kl'-k2')= ji( v v 2), on the left 
In  a matrix element integrated over all space, integration by parts leads 
to  a relation between these operators, analogous to conservation of 
momentum, 

} . . (11) 
k=~(k , -kk , )=-~ i (v1-v2) ,  on the right 

. . . . . . .  k,'+ k2'= k,+ k2. (12) 
In the spirit of Brueckner's model of the nucleus, the contribution of 

the spin-orbit interaction to the total energy of the system is found from 
the expectation value of 2 V ,  for a determinantal wave-function of 

single-particle states d l ( x ) .  The terms that involve a particular d0(x) 
are 

and the summation over states i may include the state do without error 
because of the antisymmetry. 

When the amplitude A is expressed as a polynomial in k and k', the 
direct integrals in (13) will lead to sums such as 2 I C#Ji(x) 12, x+ i*(x) vdi(x), 
etc. ; those that occur in our subsequent analysis can be expressed in 
terms of 

i4 

xi II 40*(~1)41*(~2) ~ 1 2 [ 4 0 ( ~ 1 ) 4 i ( ~ 2 ) - 4 0 ( ~ 2 ) 4 i ( ~ 1 ) 1  'XI ' ~ 2 .  * (13) 

. . .  (14) i P= 2 I C#Ji(X) I" 
4= I: ( v 2+i*)( v ' + i )  

7 p v =  2 (ddi*/dXJ(qddsw), 7=7pk 

The exchange integrals involve similar sums that are outer products in 
spin and isotopic spin space, instead of the inner products that occur in 
(14). With the assumption of a standard nucleus with four particles 
in each state, this outer product will be a unit operator I in the spin 
spaces, so that 

Z $ i ( ~ ) C # J i * ( X ' ) = $ l  2$i*(~')~j(x). . . . . .  (15) 
Finally in this perturbation calculation all these sums may be evaluated 

for the uncoupled states, and provided that the spin states are equally 
occupied these may be taken to be real in space, so that the conjugation 
sign may be .dropped in the above definitions. 

As a first step the energy (1 3) has been evaluated with the assumptions 
( 7 )  and (8) ; we define the constants a, b and c so that 

The calculation is straightforward ; the use of the relation (15) enables 
the exchange integrals to be expressed as multiples of the direct ones : 
for the a and b terms this multiple is 3, for the c term it is -4. The 
result may be expressed in the form 

where then V ( s )  is the resultant single-particle potential. 
that the sums (14) have spherical symmetry, i.e. 

(-47Th2/M)kt=i(G,+a2) . (k' x k)[a-&(bk2+b*k")+ck . k']. . (16) 

. . . . . . .  J d0*(x) V ( X ) + , ( X )  dx (17)  
Provided 

p(x)=p(r) 
' , w ( 2 ) = ( 3 ) 7 ( r ) 8 , , + 7 1 ( r ) ( Z p X , - T 2 8 , w / 3 ) ,  t 1 - (18) 
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Bell & Skyrme, Philosophical Magazine 1 (1956) 1055

Skyrme

THE E vs NUCLEAR POTENTI AL

 

627

e der i vat i ve t ' ® wi t h r espect t o densi t y at t he equi l i br i um densi t y i s
pr opor t i onal t o t 3- ß- 8po%, t hat i s t o 4- { - 214.

ehave f ound t hat t he combi nat i ons whi choccur ar e cl osel y si mi l ar i n al l
cases. Wr i t i ng t hemas

 

+X4, val ues of Xar e gi ven i n t abl e 5.
e scat t er of val ues i s such t hat a si gni f i cant det er mi nat i on of 14 i s

i mpossi bl e. The i nf er ence suggest ed i s t hat onl y t he f i r st der i vat i ve of an
equi val ent densi t y- dependent t wo- body i nt er act i on i s i mpor t ant , or t hat t he
i nt er act i on at densi t i es f ar f r om po i s r el at i vel y uni mpor t ant .

7.

We def i ne a di mensi onl ess par amet er

Wave I nt er act i ons

The shor t comi ngs of t he assumed f or m ( 6) f or t he ef f ect i ve t wo- body
i nt er act i on may be di vi ded i nt o i ncor r ect ener gy dependence ( i . e. upon k2
and k' 2) and angi dar dependence ( i . e. upon k - k' ) . Si nce t he r ange of mo-
ment a i s much t he same i n al l nucl ei i t i s possi bl e t hat t he f or mer t ype of
er r or may not ser i ousl y af f ect mat r i x el ement s ; on t he ot her hand t he smal l
angul ar moment a i nvol ved i n l i ght nucl ei mean t hat scat t er i ng at angl es f ar
f r om0 or x may be i mpor t ant . The f or mof ( 6) cor r esponds t o scat t er i ng
onl y i n S or Pst at es ; t he anal ysi s of nucl eon- nucl eon scat t er i ng at si mi l ar
r el at i ve moment a i ndi cat es consi der abl e amount s of D- ` nave ( see sect i on 9) ;
i t i s expect ed t her ef or e t hat an i mpor t ant cor r ect i on t o ( 6) mi ght be r ep-
r esent ed by a t er m

t D[k2k' 2- - ( k - k' ) 2].

 

7

AD =4( po/ Eor ot ) 4t D

 

(35)
andacoef f i ci ent BDsuch t hat t he cont r i but i on of ( 7) t o t he ener gy of a st at e
bui l t of osci l l at or wave- f unct i ons i s

BDAD12 . 766 y7.

 

( 36)
To t he sur f ace t hi ckness par amet er ( 7) cont r i but es

d ( b2/ r o2) =AD 1 . 8 r o2p# %~d 0. 72 AD

 

( 37)
on aver age . The val ues of BDf or some of t he st at es l i st ed i n t abl e 1 and 2 ar e
gi ven i n t abl e 6.

As wi t h t he f our - body i nt er act i on we have el i mi nat ed a par amet er by
f i t t i ng exavt l y t he bi ndi ng ener gy of 0115, gi vi ng t he r el at i on

î i 2- } - 0. 415 As- 0. 716 AD = 0. 27 .

 

( 38)

I t t ur ns out t hat when AO, A1 and A2 ar e el i mi nat ed by ( 15) and ( 38) , t he
sur f ace ener gy and t h; a ener gy of p- 1 i n 018 ar e al most i ndependent of AD.
As t hese t wo quant i t i es wer e f i t t ed wel l by t he val ues i n sect i on 5, no change
i n t he val ue of A$, nor t her ef or e of Aa, , i s i ndi cat ed .

Skyrme, Nucl. Phys. 9 (1959) 615

Brink & Boeker

HF C A L C U L A T I O N S  l | 

4He and nuclear matter parameters, and sometimes some compromise has to be made. 
(iii) .4 velocity-dependent interaction. 

V(r) = A6(r)  - B(V 26(r) + 6(r)V z) - 2C V" 6(r)V. (31 ) 

The matrix elements of  V in momentum space are very simple 

(k l  V l k ' )  = .4 + B ( k  2 + k '2) + 2Ck  . k ' .  (32) 

The first two terms represent an s-state interaction and the third a p-state interaction. 
Such an interaction has been used by Skyrme 21). 

(iv) .4 velocity-dependent s-state interaction. 
All the interactions considered so far have a weak repulsion in p-states. The s-state 

interactions considered by Muthukrishnan and Baranger 2) and Davies, Krieger and 
Baranger a), which fit nuclear matter give too little binding in light nuclei, ls this a 
general feature of  all s-state interactions? We will show that there exist s-state inter- 
actions which give a reasonable fit to the binding energies of  light nuclei and of nuclear 
matter. An example of  such an interaction is 

V(r) = A6(r)  - B(V 2 6(r) + 6 (r)V 2 ) + DV 2 6(r)V 2. (33) 

The matrix element in momentum space is 

~k[VIk '  ) = A + B ( k E + k ' 2 ) + D k 2 k  '2. (34) 

Now it is true in general that the momentum space matrix elements of an s-state 
interaction (k[ V[k ' )  depend only on the magnitudes of  k and k'  and not on the 
direction between them. The binding energy and density of  nuclear matter in HF  
calculations depend only on the diagonal matrix elements ( k [ V [ k )  and ( k [ V [ - k )  
in eq. (19b), while the binding energies of  light nuclei depend also on off-diagonal 
matrix elements (eq. (22)). The binding energies of  light nuclei may be increased 
relative to that of  nuclear matter by making the matrix elements more attractive or 
less repulsive off the line [k[ = ]k'[ which determines nuclear matter. This is just what 
happens in the last term of eq. (34). 

Numerically we use the nuclear matter properties and the htOeq of 4He as input. 
Then the parameters A, B and D follow and the 4He energy may be calculated. As we 
cannot fit the four data with the three parameters, we choose forces which give the 
right energies and then either the hmcq for 4He or the kF for nuclear matter which 
we want. 

5. Ground states of  spherical nuclei 

We now discuss the ground states of  4He, 160 and 4°Ca and we restrict ourselves 
to forces which fit He and nuclear matter as described in sect. 4. Formulae for the 
ground state energies were given in eqs. (20) and we remark that in general V0 is 
much larger than V 1 , V2, V3 and V 4. Therefore we write down the formulae (20) for 

Brink and Boeker, Nucl. Phys. 91 (1967) 1
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A brief history of Skyrme interactions with 4th order gradient terms II

Jyväskylä:

Carlsson, Dobaczewski, Kortelainen PRC 78 (2008) 044326: most general EDF with up to 6
gradients

Raimondi, Carlsson, Dobaczewski, PRC 83, 054311 (2011): N3LO EDF from generator
EFFECTIVE PSEUDOPOTENTIAL FOR ENERGY DENSITY . . . PHYSICAL REVIEW C 83, 054311 (2011)

The gauge transformation acts on a many-body wave
function by multiplying it with a position-dependent phase
factor, that is,

|! ′⟩ = exp

(

i

A∑

j=1

φ(rj )

)

|!⟩, (11)

and its action transferred onto the pseudopotential is

V̂ ′ = e− iφ(r ′
2)e− iφ(r ′

1)V̂ eiφ(r1)eiφ(r2). (12)

Apart from zero order, the terms of the pseudopotential
are not trivially invariant with respect to the transformation of
Eq. (12) and, in general, the transformed pseudopotential V̂ ′

is different than the original pseudopotential V̂ . To impose the
gauge invariance on the pseudopotential, one has to derive a
list of constraints among the parameters, which can be done
using the condition

[φ(r1), V̂ ] + [φ(r2), V̂ ] = 0. (13)

As expected, at second order, all seven terms of the pseudopo-
tential listed in Table III fulfill condition (13). Then they all are
the stand-alone gauge-invariant terms of the pseudopotential,
which in the last column of the table is marked by the letter
Y. On the other hand, at fourth order, only two of the terms of
the pseudopotential listed in Table IV (those that correspond
to parameters C31

11,00 and C31
11,20) fulfill condition (13). At sixth

order, none of the terms are stand-alone gauge invariant.
At fourth order, the gauge invariance forces seven parame-

ters of the pseudopotential to be specific linear combinations
of four independent ones. In Table IV, they are marked by
the letters D and I, respectively. In Appendix B, we list such
relations between the dependent and independent parameters.
One should note that other choices of the four independent
parameters are also possible, that is, at fourth order, there are
simply four different gauge-invariant linear combinations of
terms of the pseudopotential (1). Moreover, at this order, there
are also two terms that alone are gauge noninvariant—those
that correspond to parameters C31

11,11 and C22
22,11; in Table IV,

they are marked by the letter N. Similarly, at sixth order, there
are six gauge-invariant linear combinations of terms of the
pseudopotential, that is, 16 dependent parameters are related to
six independent ones (see Appendix B) and there are also four
alone, gauge noninvariant terms corresponding to parameters
C51

11,11, C42
22,11, C31

31,11, and C33
33,11.

A comparison between the numbers of terms of the
Galilean-invariant pseudopotential and the gauge-invariant
pseudopotential is plotted in Fig. 1. Again we note that at
each order, the numbers of gauge-invariant parameters (two
for the zero order, seven for the second order, six for the
fourth order, and six for the sixth order) are exactly the
same as the numbers of independent coupling constants of
the EDF in each isospin channel with the gauge invariance
imposed (cf. Table VI of Ref. [2]). Again, this observation
will be crucial when we proceed to derive relations between the
isoscalar and the isovector parts of the EDF, stemming from the
gauge-invariant pseudopotential. We also remark that whereas
the second-order spin-orbit term, corresponding to parameter
C11

11,11, is gauge invariant, all higher-order spin-orbit terms,
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FIG. 1. (Color online) Number of terms of the pseudopotential
(2), plotted as a function of the order in derivatives.

corresponding to parameters Cñ′L̃′

ñL̃,11 with ñ + ñ′ > 2 do violate
the gauge symmetry.

D. Tensorlike form of the pseudopotential

In this section, we present the tensorlike form of the
pseudopotential, which is, in fact, a different form of coupling
of the relative-momentum operators with the spin operators,
just like in the tensor term of the standard Skyrme interaction.
In this form, the pseudopotential of Eq. (1) is a sum of the
following terms:

V̂ =
∑

ñ′L̃′,
ñL̃, v12J

C̃ñ′L̃′

ñL̃,v12J
ˆ̃V

ñ′L̃′

ñL̃,v12J
, (14)

where

ˆ̃V
ñ′L̃′

ñL̃,v12J
= 1

2 iv12
(
1 − 1

2δv1,v2

)([[
K ′

ñ′L̃′σ
(1)
v1

]
J

[
KñL̃σ (2)

v2

]
J

]
0

+
[[

K ′
ñ′L̃′σ

(2)
v1

]
J

[
KñL̃σ (1)

v2

]
J

]
0

+
[[

K ′
ñL̃

σ (1)
v1

]
J

[
Kñ′L̃′σ (2)

v2

]
J

]
0

+
[[

K ′
ñL̃

σ (2)
v1

]
J

[
Kñ′L̃′σ (1)

v2

]
J

]
0

)

× (1 − P̂ MP̂ σ P̂ τ )δ̂12(r ′
1r ′

2; r1r2). (15)

The lists of the zero-, second-, fourth-, and sixth-order

terms ˆ̃V
ñ′L̃′

ñL̃,v12J
of the pseudopotential are given, respectively,

in Tables VI, VII, VIII, and IX, which are the analogs of
Tables II– V given in Sec. II B.

By means of the recoupling technique, it is possible
to determine relations between the two different coupling
schemes of the pseudopotential. This derivation, along with the
relationships between the corresponding parameters Cñ′L̃′

ñL̃,v12S

and C̃ñ′L̃′

ñL̃,v12J
, is presented in Appendix C.

The reader might have noticed that the two forms of the
pseudopotential do not have the same number of terms: the ten-
sorlike form of the pseudopotential (Tables VII, VIII, and IX)
has more terms than the central-like form
(Tables III, IV, and V). This means that not all of the
terms of the tensorlike form are linearly independent from one
another, even though they are all allowed by the symmetries,

054311-5

Both mainly use a spherical representation of the gradient operators and densities ; cartesian
expressions are also given, but leading to a non-standard representation already at NLO.

Local gauge invariance is linked to the form of the continuity equation (Raimondi, Carlsson,
Dobaczewski, Toivanen, PRC 84 (2011) 064303)

public spherical code (Carlsson, Dobaczewski, Toivanen, Veselý, CPC 181 (2010) 1641)
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A brief history of Skyrme interactions with 4th order gradient terms III

Lyon group gets interested:

Unpublished study of Skyrme’s D wave that does not contribute to infinite matter
Bennaceur, Pastore, Bender, Davesne, Duguet, Meyer, unpublished (2012)

Study of the 6 locally gauge-invariant N2LO terms that do contribute to infinite matter

D. Davesne, A. Pastore, and J. Navarro, Skyrme effective pseudopotential up to the next-to-next-to-leading order, J. Phys. G 40, 095104 (2013).

D. Davesne, A. Pastore, and J. Navarro, Fitting N3LO pseudopotentials through central plus tensor Landau parameters, J. Phys. G 41, 065104 (2014).

D. Davesne, J. Navarro, P. Becker, R. Jodon, J. Meyer, and A. Pastore, Extended Skyrme pseudopotential deduced from infinite nuclear matter properties,

Phys. Rev. C 91, 064303 (2015).

D. Davesne, J. Meyer, A. Pastore, and J. Navarro, Partial wave decomposition of the N3LO equation of state, Phys. Scr. 90, 114002 (2015).

D. Davesne, P. Becker, A. Pastore, and J. Navarro, Infinite matter properties and zero-range limit of non-relativistic finite range interactions, Ann. Phys.

(NY) 375, 288 (2016).

D. Davesne, A. Pastore, and J. Navarro, Extended Skyrme equation of state in asymmetric nuclear matter, A & A 585 (2016) A83.

P. Becker, D. Davesne, J. Meyer, J. Navarro, and A. Pastore, Tools for incorporating a D-wave contribution in Skyrme energy density functionals, J. Phys.

G 42, 034001 (2015).
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A brief history of Skyrme interactions with 4th order gradient terms III

Parametrization for finite nuclei adding the 4 local central terms to a standard NLO form
P. Becker, D. Davesne, J. Meyer, J. Navarro, and A. Pastore, Solution of Hartree-Fock-Bogoliubov equations and fitting procedure using the N2LO

Skyrme pseudopotential in spherical symmetry, Phys. Rev. C 96, 044330 (2017).

P. Becker, A. Pastore, D. Davesne, and J. Navarro, Error analysis of the parameters of the Skyrme N2LO pseudo-potential, Nuovo Cimento C 42,

88 (2019).

E(4)
t (r) = C

(4)∆ρ
t

[
∆ρt (r)

]2 + C
(4)∆s
t

[
∆st (r)

]2

+C
(4)Mρ
t

{
ρt (r) Qt (r) + τ

2
t (r) + 2

∑
µν

τt,µν (r) τt,µν (r)− 2
∑
µν

τt,µν (r)
[
∇µ∇νρt (r)

]
−
[
∇ · jt (r)

]2 − 4 jt (r) · Πt (r)

}
+C

(4)Ms
t

{
st (r) · St (r) + T2

t (r) + 2
∑
µνκ

Kt,µνκ(r) Kt,µνκ(r)− 2
∑
µνκ

Kt,µνκ(r)
[
∇µ∇ν st,κ(r)

]
−
∑
ν

[∑
µ

∇µJt,µν (r)

][∑
κ

∇κJt,κν (r)

]
− 4

∑
µν

Jt,µν (r) Vt,µν (r)

}
4 additional real densities

Qq(r) ≡ ∆ ∆′ ρq(r, r′)
∣∣
r=r′ , Vq,µν (r) ≡ − i

2

(
∇µ −∇′µ

)
(∇ ·∇′) sq,ν (r, r′)

∣∣
r=r′ time even

Sq(r) ≡ ∆ ∆′ sq(r, r′)
∣∣
r=r′ , Πq,µ(r) ≡ − i

2

(
∇µ −∇′µ

) (
∇ ·∇′

)
ρq(r, r′)

∣∣
r=r′ , time odd

and 2 in general complex densities

τq,µν (r) ≡ ∇µ∇′ν ρq(r, r′)
∣∣
r=r′ , Kq,µνκ(r) ≡ ∇µ∇′ν sq,κ(r, r′)

∣∣
r=r′ , neither

Ryssens and Bender, PRC 104 (2021) 044308
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Notation

Problems with the extension of the standard Skyrme notation to N2LO and beyond

How to define densities that are real and either time-even or time-odd?

densities might be redundant

={τq,µν(r)} = 1
2

[
∇µ jq,ν(r)−∇ν jq,µ(r)

]
.

How to ensure to work with linearly independent densities?

Alternative second-order kinetic density

Tq(r) ≡ (∇′ ·∇) (∇′ ·∇) ρq(r, r′)
∣∣
r=r′ .

that is linearly dependent on Qq(r)

Tq(r) = Qq(r) + ∆τq(r)−
∑
µν

∇µ∇ντq,µν(r) .

Mnemonic problems with notation for additional densities and corresponding potentials

Ryssens and Bender, PRC 104 (2021) 044308
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New notation and definitions

New symbolic-computation friendly notation for generic densities and currents

DA,B
q (r) ≡ <

{
Â′B̂ ρq(r, r′)

}∣∣∣
r=r′

= + 1
2

(
Â′B̂ + ÂB̂′

)
ρq(r, r′)

∣∣∣
r=r′

CA,B
q (r) ≡ =

{
Â′B̂ ρq(r, r′)

}∣∣∣
r=r′

=− i
2

(
Â′B̂ − ÂB̂′

)
ρq(r, r′)

∣∣∣
r=r′

DA,Bσ
q (r) ≡ <

{
Â′B̂ sq(r, r′)

}∣∣∣
r=r′

= + 1
2

(
Â′B̂ + ÂB̂′

)
sq(r, r′)

∣∣∣
r=r′

CA,Bσ
q (r) ≡ =

{
Â′B̂ sq(r, r′)

}∣∣∣
r=r′

=− i
2

(
Â′B̂ − ÂB̂′

)
sq(r, r′)

∣∣∣
r=r′

Cartesian tensor indices of the gradients and spin densities are suppressed for sake of compact
notation.
Advantages of the notation

Extensibility: the notation can be extended indefinitely, up to any order in derivatives.

Clarity: the operator structure of any given density is incorporated directly into the notation.

Reality: By construction, all normal D(r) and C(r) objects are real spatial functions when
doing single-reference EDF calculations.

Time-reversal: D(r) and C(r) objects have definite behavior under time-reversal: they are
either time-even or time-odd, never mixed.

Ryssens and Bender, PRC 104 (2021) 044308
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New notation and definitions

Time-reversal[
DA,B

q

]T
(r) = +DA,B

q (r) ,[
CA,B
q

]T
(r) = −CA,B

q (r) ,[
DA,Bσ

q

]T
(r) = −DA,Bσ

q (r) ,[
CA,Bσ
q

]T
(r) = +CA,Bσ

q (r) .

Symmetries:

DA,B
q (r) = +DB,A

q (r)

CA,B
q (r) = −CB,A

q (r)

DA,Bσ
q (r) = +DB,Aσ

q (r)

CA,Bσ
q (r) = −CB,Aσ

q (r)

Ryssens and Bender, PRC 104 (2021) 044308
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New notation and definitions

Recoupling of gradients:

D∇A,B
q (r) = ∇DA,B

q (r)− DA,∇B
q (r) , C∇A,B

q (r) = ∇CA,B
q (r)− CA,∇B

q (r) .

If a is non-zero:

D∇
a,∇b

q,µ1µ2...µa+b
(r) = (−1)aD1,∇a+b

q,µ1µ2...µa+b
(r) +

a∑
n=1

(−1)n+1

(
n∏

k=1

∇µk

)
D∇

a−n,∇b

q,µn+1...µa+b
(r)

If b is non-zero:

D∇
a,∇b

q,µ1µ2...µa+b
(r) = (−1)bD∇

a+b,1
q,µ1µ2...µa+b

(r) +
b∑

n=1

(−1)n+1

(
n−1∏
k=0

∇µa+b−k

)
D∇

a,∇b−n

q,µ1µ2...µa+b−n
(r) .

If both a and b are non-zero:

2D∇
a,∇b

q,µ1µ2...µa+b
(r) =

[
(−1)a + (−1)b

]
D1,∇a+b

q,µ1µ2...µa+b
(r) + · · ·

From these relations follows that

If a + b is odd, then

{
D∇

a,∇b

q (r)

D∇
a,∇bσ

q (r)

}
is reducible.

If a + b is even, then

{
C∇

a,∇b

q (r)

C∇
a,∇bσ

q (r)

}
is reducible.
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Dictionary

NLO:

ρq(r)→ D1,1
q (r)

sq,µ(r)→ D1,σ
q,µ(r)

τq(r)→ D
(∇,∇)
q (r)

Tq,µ(r)→ D
(∇,∇)σ
q,µ (r)

Fq,µ(r)→ D
∇,(∇σ)
q,µ (r)

jq,µ(r)→ C1,∇
q,µ (r)

Jq,µν(r)→ C1,∇σ
q,µν (r)

Jqr)→ C1,∇×σ
q (r)

N2LO as used before

Qq(r)→ D∆,∆
q (r) ,

Sq,µ(r)→ D∆,∆σ
q,µ (r)

Πq,µ(r)→ C
(∇,∇)∇
q,µ (r)

Vq,µν(r)→ C
(∇,∇)∇σ
q,µν (r)

τq,µν(r)→ D∇,∇q,νµ (r) + i
2

[
∇νC1,∇

q,µ (r)−∇µC1,∇
q,ν (r)

]
Kq,µνκ(r)→ D∇,∇σq,νµκ (r) + i

2

[
∇νC1,∇σ

q,µ (r)−∇µC1,∇σ
q,ν (r)

]

Ryssens and Bender, PRC 104 (2021) 044308

M. Bender (IP2I Lyon) Skyrme EDF @ N2LO 23 November 2023 12 / 39



Pair densities

D̃A,B
q (r) ≡

∑
j<k

κkj
(
Â′B̂ + ÂB̂′

)
<
{
%̃jk (r, r′)

}∣∣∣
r=r′

,

C̃A,B
q (r) ≡

∑
j<k

κkj
(
Â′B̂ + ÂB̂′

)
=
{
%̃jk (r, r′)

}∣∣∣
r=r′

,

D̃A,Bσ
q,µ (r) ≡

∑
j<k

κkj
(
Â′B̂ − ÂB̂′

)
<
{
ς̃jk,µ(r, r′)

}∣∣∣
r=r′

C̃A,Bσ
q,µ (r) ≡

∑
j<k

κkj
(
Â′B̂ − ÂB̂′

)
=
{
ς̃jk,µ(r, r′)

}∣∣∣
r=r′

The spatial objects are a S = 0, T3 = ±1 two-body wave function

%̃jk (r, r′) ≡
∑
σ

σ ψj (r′, σ)ψk (r,−σ) ,

and the three components of a S = 1, T3 = ±1 two-body wave function

ς̃jk,µ(r, r′) ≡
∑
σ,σ′

σ′ ψj (r′, σ′)ψk (r, σ) 〈−σ′|σ̂µ|σ〉

The real and imaginary parts of %̃jk (r, r′) and ς̃jk,µ(r, r′) have different spatial symmetries.

κ cannot always be chosen to be real, such that all pair densities might be complex.

The definition guarantees that when κ is complex, the pair densities and currents still adopt
the symmetries of the single-particle states.
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Computational considerations

To reduce memory requirements and to reduce the computational cost of constructing densities
and applying the corresponding term in the single-particle Hamiltonian

Couple gradients to Laplacians whenever possible: use

C∆,∇σ
q,µν (r) = =

{∑
jk

ρkj
∑
κ

[
∆Ψ†j (r)

][
∇µσ̂νΨk (r)

]}
instead of

Vq,µν(r) =C
(∇,∇)∇σ
q,µν (r) = =

{∑
jk

ρkj
∑
κ

[
∇κΨ†j (r)

][
∇κ∇µσ̂νΨk (r)

]}
= − C∆,∇σ

q,µν (r) + 1
2

[
∆C1,∇σ

q,µν (r)
]
− 1

2

∑
κ

[
∇κ∇µC1,∇σ

q,κν (r)
]

Balance the number of derivative operators on the “left” (acting on r′) and on the “right”
(acting on r)
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Informed choice of local densities and currente

NLO:

ρq(r)→ D1,1
q (r)

sq,µ(r)→ D1,σ
q,µ(r)

τq(r)→ D
(∇,∇)
q (r)

Tq,µ(r)→ D
(∇,∇)σ
q,µ (r)

Fq,µ(r)→ D
∇,(∇σ)
q,µ (r)

jq,µ(r)→ C1,∇
q,µ (r)

Jq,µν(r)→ C1,∇σ
q,µν (r)

Jqr)→ C1,∇×σ
q (r)

N2LO as used before

Qq(r)→ D∆,∆
q (r) ,

Sq,µ(r)→ D∆,∆σ
q,µ (r)

C∆,∇
q,µ (r)

C∆,∇σ
q,µν (r)

D∇,∇q,νµ (r)

D∇,∇σq,νµκ (r)
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The EDF of SN2LO1

E(0)
Sk,e

(r) =
∑
t=0,1

[
A

(0,1)
t,e

(
D1,1
t

)2 + A
(0,2)
t,e

(
D

1,1
0

)α(D1,1
t

)2
]

E(0)
Sk,o

(r) =
∑
t=0,1

[
A

(0,1)
t,o D1,σ

t · D1,σ
t + A

(0,2)
t,o (D

1,1
0 )α D1,σ

t · D1,σ
t

]
E(2)
Sk,e

(r) =
∑
t=0,1

[
A

(2,1)
t,e D1,1

t

(
∆D1,1

t

)
+ A

(2,2)
t,e D1,1

t D
(∇,∇)
t + A

(2,3)
t,e

∑
µν

C1,∇σ
t,µν C1,∇σ

t,µν + A
(2,4)
t,e D1,1

t

(
∇ · C1,∇×σ

t

)]
E(2)

Sk,o
(r) =

∑
t=0,1

[
A

(2,1)
t,o D1,σ

t ·
(

∆D1,σ
t

)
+ A

(2,2)
t,o D1,σ

t · D
(∇,∇)σ
t + A

(2,3)
t,o C1,∇

t · C1,∇
t + A

(2,4)
t,o D1,σ

t ·
(
∇× C1,∇

t

)]
E(4)

Sk,e
(r) =

∑
t=0,1

[
A

(4,1)
t,e

(
∆D1,1

t

)(
∆D1,1

t

)
+ A

(4,2)
t,e D1,1

t D∆,∆
t + A

(4,3)
t,e D

(∇,∇)
t D

(∇,∇)
t

+ A
(4,4)
t,e

∑
µν

D∇,∇t,µν D∇,∇t,µν + A
(4,5)
t,e

∑
µν

D∇,∇t,µν

(
∇µ∇νD1,1

t

)
+ A

(4,6)
t,e

∑
µν

C1,∇σ
t,µν

(
∆C1,∇σ

t,µν

)
+ A

(4,7)
t,e

∑
µνκ

(
∇µC1,∇σ

t,µκ

)(
∇νC1,∇σ

t,νκ

)
+ A

(4,8)
t,e

∑
µν

C1,∇σ
t,µν C∆,∇σ

t,µν

]
E(4)

Sk,o
(r) =

∑
t=0,1

[
A

(4,1)
t,o

(
∆D1,σ

t

)
·
(

∆D1,σ
t

)
+ A

(4,2)
t,o D1,σ

t · D∆,∆σ
t + A

(4,3)
t,o D

(∇,∇)σ
t · D

(∇,∇)σ
t

+ A
(4,4)
t,o

∑
µνκ

D∇,∇σµνκ D∇,∇σµνκ + A
(4,5)
t,o

∑
µνκ

D∇,∇σµνκ

(
∇µ∇νD1,σ

κ

)
+ A

(4,6)
t,o C1,∇

t ·
(

∆C1,∇
t

)
+ A

(4,7)
t,o

(
∇ · C1,∇

t

)(
∇ · C1,∇

t

)
+ A

(4,8)
t,o C1,∇

t · C∆,∇
t

]
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The single-particle Hamiltonian of SN2LO1

hq(rσ, r′σ′) =
4∑

n=0

[
h(n)
q,e(rσ, r′σ′) + h(n)

q,o(rσ, r′σ′)
]

h(0)
q,e(rσ, r′σ′) = δσσ′ F

1,1
q (r) δrr′ ,

h(0)
q,o(rσ, r′σ′) =

∑
µ

〈σ|σ̂µ|σ′〉 F 1,σ
q,µ (r) δrr′ ,

h(1)
q,e(rσ, r′σ′) = − i

2

∑
µν

〈σ|σ̂ν |σ′〉
[
∇µ G1,∇σ

q,µν (r) + G1,∇σ
q,µν (r)∇µ

]
δrr′ ,

h(1)
q,o(rσ, r′σ′) = − i

2
δσσ′

∑
µ

[
∇µ G1,∇

q,µ (r) + G1,∇
q,µ (r)∇µ

]
δrr′ ,

h(2)
q,e(rσ, r′σ′) = −δσσ′

∑
µν

∇µ F∇,∇q,µν (r)∇ν δr′r ,

h(2)
q,o(rσ, r′σ′) = −

∑
µνκ

〈σ|σ̂κ|σ′〉∇µ F∇,∇σq,µνκ (r)∇ν δrr′ ,

h(3)
q,e(rσ, r′σ′) = − i

2

∑
µν

〈σ|σ̂ν |σ′〉
[
∇µ G∆,∇σ

q,µν (r) ∆ + ∆ G∆,∇σ
q,µν (r)∇µ

]
δrr′ ,

h(3)
q,o(rσ, r′σ′) = − i

2
δσσ′

∑
µ

[
∇µ G∆,∇

q,µ (r) ∆ + ∆ G∆,∇
q,µ (r)∇µ

]
δrr′ ,

h(4)
q,e(rσ, r′σ′) = δσσ′ ∆ F∆,∆

q (r) ∆ δrr′ ,

h(4)
q,o(rσ, r′σ′) =

∑
µ

〈σ|σ̂µ|σ′〉∆ F∆,∆σ
q,µ (r) ∆ δrr′ .
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TABLE VII. Infinite matter properties at saturation for SN2LO1
and SLy5 [24]. See text for details.

SN2LO1 SLy5

ρ0 (fm−3) 0.162 0.1603
E/A(ρ0) (MeV) −15.948 −15.98
K∞ (MeV) 221.9 229.92
J (MeV) 31.95 32.03
L (MeV) 48.9 48.15
m∗/m 0.709 0.696

C. Infinite nuclear matter

In our fitting protocol, we include information of the infinite
nuclear medium. Following Ref. [24], we have used as a
constraint three points of the EoS in PNM dervied in Ref. [66].
We can now benchmark our results against other well-known
EoS as the one derived via Brueckner-Hartree-Fock (BHF)
[84]. In Fig. 9, we compare the EoS for symmetric matter
and neutron matter obtained with BHF and the SN2LO1
interaction. For completeness the results with SLy5 are also
given. The SN2LO1 follows quite closely the BHF results,
and in particular the EoS of PNM up to 3 times saturation
density. Beyond this point the EoS becomes slightly softer.
We remind the reader that SLy5 and SN2LO1 follow each
other quite closely in PNM at low density because they have
been constrained on the same points in this density region.

On the same figure, we also give the results for spin-
polarized symmetric matter and spin-polarized pure neutron
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FIG. 10. Correlation between the effective mass and the nuclear
incompressibility in infinite nuclear matter for different values of
the power of the density-dependent term. The curves correspond
to different values of the power of the density dependence; dotted
curves correspond to standard N1LO Skyrme EDF while dashed ones
correspond to N2LO Skyrme EDF.
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FIG. 11. Difference of binding energies obtained with SN2LO1
and SLy5 and experimental values extracted from Ref. [72].

matter and compare SLy5 and SN2LO1 results. Although
these two quantities have not been fitted explicitly, we observe
a qualitative similar behavior in the two functionals. For
completeness, in Table VII, we give the main features of the
EoS of SN2LO1, i.e., saturation density ρ0, incompressibility
K∞, symmetry energy J , and slope of symmetry energy L
(not fitted). The values we obtained are in agreement with the
existing constraints [85].

As already discussed in Ref. [24], there is a strong model
correlation for N1LO between the nuclear incompressibility
and the effective mass. In our case, the correlation between K∞
and m/m∗ is of course different because the new parameters
give us more freedom in adjusting these two values. It
can be calculated analytically in infinite matter with the
result,

K∞ = −9(α + 1)
E

A
(ρ0) + 3

5
h̄2

2m
k2
F

(
3 (3α − 1)

− 2 (3α − 2)
m

m∗

)
+ 3

140
C

Mρ
0 ρk4

F (3α + 10). (63)

In Fig. 10, we observe that to obtain a reasonable value
of the nuclear incompressibility, the allowed range for α
is α ∈ [1/6,1/3]. In a future work, we plan to remove the
density-dependent term and to replace it with a real three-

∆rp = rth - rexp [10−2 fm]
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FIG. 12. Proton radii difference of two interactions
(SN2LO1/SLy5) calculated with WHISKY with experimental
radii obtained in Ref. [73].
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the table, we clearly observe that there is a natural hierarchy
in the coupling constants: The N2LO coupling constants are
one order of magnitude smaller than the N1LO ones. This
is a very important aspect because the entire idea behind
the NℓLO expansion is to have a fast convergence: From
these results, we can expect that within this scheme, the
N3LO coupling constants would be another order of magnitude
smaller.

B. Finite-size instabilities

As discussed in the introduction, several effective inter-
actions are biased by spurious instabilities [12,13,75]. To
avoid such a problem, we have developed in Ref. [16] a
new fitting protocol based on the LR formalism [76]. From
previous analysis of Refs. [10,11], we have noticed that when
a pole in the response function appears at densities lower
than ≈1.2 saturation density then it is very likely to observe
an instability also in the atomic nucleus. Of course, such a
criterion does not apply to the spinodal instability, that has
a well-defined physical meaning [77]. We have thus added
such an additional constraint on top of our fitting protocol to
guarantee stable results [see Eq. (61)]. In principle, finite-size
instabilities may appear in isospin asymmetric matter as well;
see discussion in Ref. [78]. However, we have not derived
the LR formalism for the N2LO functional in this case: As
an empirical rule, we decided to add a check on the behavior
of finite-size instabilities also in pure neutron matter even if
this does not guarantee that an instability may appear at lower
critical density for some specific asymmetry value. At present,
such a check is not possible and we leave this aspect for a near
future investigation.

We start by considering the properties of Landau pa-
rameters [79]. Their calculation for an extended Skyrme
pseudopotential was reported in Ref. [31]. These parameters
can be related to properties of infinite nuclear medium and
help us constraining some important parts of the effective
interaction [31,80– 82]. In Fig. 7, we show the density
dependence of the Landau parameters in SNM. We observe
that apart from the physical spinodal instability observed
in the F0 parameters, all the Landau inequalities [75] are
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FIG. 7. Landau parameters in SNM for the SN2LO1 pseudopo-
tential as a function of the density of the system. See text for details.
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density ρ0 and the critical density ρcrit.

respected up to two times the saturation density. The only
instability appears in the G′

0 parameter at ρ ≈ 0.35 fm− 3.
This does not represent a major issue for this study because
we do consider only finite nuclei and not astrophysical
applications [83]. In Fig. 8, we show the position of the
critical densities obtained in SNM as a function of the
transferred momentum q. The LR is calculated for each spin
(S) spin projection (M) and isospin (I) channel (S,M,I). See
Ref. [12] for more details on the adopted notation. We observe
no finite-size instabilities, apart from the physical spinodal
one [77], around saturation density. This means that our
interaction is well stable in all spin-isospin channels [10,11].
This results confirm our preliminary findings in Ref. [16]:
The LR formalism can be considered as a very simple tool to
be added in a fitting procedure to avoid exploring regions of
parameters that induce unphysical instabilities.
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N2LO Skyrme interaction. The squares represent the values obtained
from BHF calculations.
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the table, we clearly observe that there is a natural hierarchy
in the coupling constants: The N2LO coupling constants are
one order of magnitude smaller than the N1LO ones. This
is a very important aspect because the entire idea behind
the NℓLO expansion is to have a fast convergence: From
these results, we can expect that within this scheme, the
N3LO coupling constants would be another order of magnitude
smaller.

B. Finite-size instabilities

As discussed in the introduction, several effective inter-
actions are biased by spurious instabilities [12,13,75]. To
avoid such a problem, we have developed in Ref. [16] a
new fitting protocol based on the LR formalism [76]. From
previous analysis of Refs. [10,11], we have noticed that when
a pole in the response function appears at densities lower
than ≈1.2 saturation density then it is very likely to observe
an instability also in the atomic nucleus. Of course, such a
criterion does not apply to the spinodal instability, that has
a well-defined physical meaning [77]. We have thus added
such an additional constraint on top of our fitting protocol to
guarantee stable results [see Eq. (61)]. In principle, finite-size
instabilities may appear in isospin asymmetric matter as well;
see discussion in Ref. [78]. However, we have not derived
the LR formalism for the N2LO functional in this case: As
an empirical rule, we decided to add a check on the behavior
of finite-size instabilities also in pure neutron matter even if
this does not guarantee that an instability may appear at lower
critical density for some specific asymmetry value. At present,
such a check is not possible and we leave this aspect for a near
future investigation.

We start by considering the properties of Landau pa-
rameters [79]. Their calculation for an extended Skyrme
pseudopotential was reported in Ref. [31]. These parameters
can be related to properties of infinite nuclear medium and
help us constraining some important parts of the effective
interaction [31,80– 82]. In Fig. 7, we show the density
dependence of the Landau parameters in SNM. We observe
that apart from the physical spinodal instability observed
in the F0 parameters, all the Landau inequalities [75] are
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respected up to two times the saturation density. The only
instability appears in the G′

0 parameter at ρ ≈ 0.35 fm− 3.
This does not represent a major issue for this study because
we do consider only finite nuclei and not astrophysical
applications [83]. In Fig. 8, we show the position of the
critical densities obtained in SNM as a function of the
transferred momentum q. The LR is calculated for each spin
(S) spin projection (M) and isospin (I) channel (S,M,I). See
Ref. [12] for more details on the adopted notation. We observe
no finite-size instabilities, apart from the physical spinodal
one [77], around saturation density. This means that our
interaction is well stable in all spin-isospin channels [10,11].
This results confirm our preliminary findings in Ref. [16]:
The LR formalism can be considered as a very simple tool to
be added in a fitting procedure to avoid exploring regions of
parameters that induce unphysical instabilities.
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FIG. 9. Equation of state for SNM and PNM obtained with the
N2LO Skyrme interaction. The squares represent the values obtained
from BHF calculations.
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SN2LO1 applied to finite nuclei
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SN2LO1 applied to finite nuclei

♣

♣
♣

♣

♣ ♣
♣

✥
✥ ✥

✥ ✥
✥

✥ ✥

♣
♣

♣

♣

♣

♣
✥ ✥

✥
✥

✥
✥

✥

✥

✥
✥ ✥

✥

✥

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

δ 2
n

(M
eV

)

136 140 144 148 152 156 160 164 168 172 176

Neutron Number N

SLy5s1

♣

♣
♣

♣

♣ ♣
♣

✥
✥ ✥

✥ ✥
✥

✥ ✥

♣

♣
♣

♣

♣

♣
✥ ✥

✥

✥

✥
✥

✥

✥

✥
✥

✥

✥ ✥

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

δ 2
n

(M
eV

)

136 140 144 148 152 156 160 164 168 172 176

Neutron Number N

SN2LO1

♣

♣

♣

♣

♣

✥

✥

✥

✥

✥

✥
♣

♣

♣ ♣

♣

♣

♣

♣

♣

✥

✥

✥

✥

✥

✥

✥

✥

✥1.4

1.6

1.8

2.0

2.2

2.4

2.6

2.8

3.0

3.2

3.4

δ 2
p

(M
eV

)

88 92 96 100 104 108 112 116

Proton Number Z

SLy5s1

♣

♣

♣

♣

♣

✥

✥

✥

✥

✥

✥
♣

♣

♣
♣

♣

♣

♣

♣

♣

✥

✥

✥
✥

✥

✥

✥

✥

✥

1.4

1.6

1.8

2.0

2.2

2.4

2.6

2.8

3.0

3.2

3.4

δ 2
p

(M
eV

)

88 92 96 100 104 108 112 116

Proton Number Z

SN2LO1

♣

♣

♣

♣
♣

♣
♣

♣

✥
✥

✥
✥

✥
✥

✥
✥

✥

♣

♣

♣
♣ ♣ ♣

♣

✥
✥

✥
✥

✥
✥

✥
✥

3

4

5

6

7

8

9

10

11

12

13

14

Q
α

(M
eV

)

136 140 144 148 152 156 160 164 168 172 176

Neutron Number N

SLy5s1

♣

♣

♣

♣
♣

♣
♣

♣

✥
✥

✥
✥

✥
✥

✥
✥

✥

♣

♣

♣
♣ ♣ ♣

♣

✥
✥

✥
✥ ✥

✥

✥
✥

3

4

5

6

7

8

9

10

11

12

13

14

Q
α

(M
eV

)

136 140 144 148 152 156 160 164 168 172 176

Neutron Number N

SN2LO1

-6

-5

-4

-3

-2

-1

0

ǫ p
(M

eV
)

104

252Fm

-9

-8

-7

-6

-5

-4

-3

ǫ n
(M

eV
)

150

152

SIII SkM∗ SLy7∗ SLy5s1 SN2LO1

-1.6
-1.4
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8

E
1
q
p

(M
eV

)

SIII SkM∗ SLy7∗ SLy5s1 SN2LO1 Exp.

249Cf

Bonnard, Ryssens, Bender, in preparation

M. Bender (IP2I Lyon) Skyrme EDF @ N2LO 23 November 2023 20 / 39



Effective mass and dispersion relation in infinite matter

εk = F 1,1
q +

(
~2

2mq
+ F

(∇,∇)
q

)
k2 +

∑
µ

F∇,∇q,µµ k2
µ + F∆,∆

q k4 .

The presence of the term proportional to k4

qualitatively changes the spectrum of
eigenstates:

At NLO, ~2

2mq
+ F

(∇,∇)
q is always positive

(around saturation at least, otherwise the
isoscalar effective mass would be
negative), such that limk→+∞ εk = +∞.

At N2LO, the limit is determined by the

sign of F∆,∆
q , on which there is no direct

constraint. Positive effective mass around
saturation only requires that F∆,∆

q is

”small” compared to ~2/2mq .

For SN2LO1 F∆,∆
q is negative in

symmetric matter, limk→+∞ εk = −∞
The effective mass AT N2LO is
k-dependent. Negative F∆,∆

q implies that
the effective mass decreases with k and
becomes negative at high k-values.

ǫ k

k

ǫ k

k

Wavelength

λ(k) =
h

p
=

2π~
~k

=
2π

k
,

meaning a plane wave with k is resolved when
dz is smaller than

dzmax =
λ

2
=
π

k
.

Bender (unpublished)
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Effective mass and dispersion relation in infinite matter
ǫ k

dz

Lowest 30 eigenvalues of one nucleon species
in SINM as a function of stepsize dz.
The 10th, 20th, and 30th eigenstate are
indicated in red.

Bender (unpublished)
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Constructing the functional generator

k̂12 = − i
2

(∇1 −∇2) incoming relative momentum

k̂
′
12 = i

2
(∇′1 −∇′2) outgoing relative momentum

q̂12 ≡ k̂12 − k̂
′
12 momentum transfer

Q̂12 ≡ 1
2

(k̂12 + k̂
′
12) average momentum

For the construction of local densities and currents, it is useful to define the operators

K̂1 ≡ −i(∇1 + ∇′1)

K̂2 ≡ −i(∇2 + ∇′2)

k̂1 ≡ − i
2

(∇1 −∇′1)

k̂2 ≡ − i
2

(∇2 −∇′2)

k
(2)
1,µν ≡ 1

2

(
∇1,µ∇

′
1,ν +∇1,ν∇

′
1,µ

)
k

(2)
2,µν ≡ 1

2

(
∇2,µ∇

′
2,ν +∇2,ν∇

′
2,µ

)

K̂1 ρq(r1, r′1)
∣∣∣
r=r′

= −i∇D1,1
q (r)

k̂1 ρq(r1, r′1)
∣∣∣
r=r′

= C1,∇
a (r)

k
(2)
1,µν ρq(r1, r′1)

∣∣∣
r=r′

= D∇,∇q,µν (r)

q̂12 = k̂12 − k̂
′
12 = 1

2

(
K̂1 − K̂2

)
Q̂12 = 1

2
(k̂12 + k̂

′
12) = 1

2
(k̂1 − k̂2)

k̂12 = − i
2

(∇1 −∇2) = Q̂12 + 1
2

q̂12 = 1
2

(k̂1 − k̂2) + 1
4

(K̂1 − K̂2) ,

k̂
′
12 = + i

2
(∇′1 −∇′2) = Q̂12 − 1

2
q̂12 = 1

2
(k̂1 − k̂2)− 1

4
(K̂1 − K̂2) .
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Spin space operators

operators in spin space

the unit operator 1,

the spin exchange operator

P̂σ12 ≡
1
2

(1 + σ̂1 · σ̂2)

the total spin operator (divided by 2~ to avoid having to keep track of these factors)

Ŝ12 ≡ σ̂1 + σ̂2 ,

which is a pseudovector in coordinate space and a rank one tensor in the respective spin spaces of particles 1 and 2,

the traceless rank-two tensor operator in spin space

Ŝ
(2)
12,µν ≡

3
2

(
σ̂1,µ σ̂2,ν + σ̂1,ν σ̂2,µ

)
− σ̂1 · σ̂2 δµν .

Bender and Proust, in preparation
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Operator structures that are even (η = +1) r odd (η = −1) under spatial exchange at NLO

momentum structures rank spin structures η gauge

Q2 + 1
4

q2 0 1̂σ⊗σ , P̂σ12 +1 yes

Q2 − 1
4

q2 0 1̂σ⊗σ , P̂σ12 −1 yes

Q× q 1 i Ŝ12 −1 yes

QµQν + 1
4
qµqν 2 Ŝ

(2)
12,µν +1 yes

QµQν − 1
4
qµqν 2 Ŝ

(2)
12,µν −1 yes

Operator structures that are even (η = +1) r odd (η = −1) under spatial exchange at N2LO

momentum structures rank spin structures η gauge

Q4 + 1
16

q4 0 1̂σ⊗σ , P̂σ12 +1 yes

Q4 − 1
16

q4 0 1̂σ⊗σ , P̂σ12 −1 yes

Q2q2 0 1̂σ⊗σ , P̂σ12 +1 no

(Q · q)2 0 1̂σ⊗σ , P̂σ12 +1 no

(Q2 + 1
4

q2)(Q× q) 1 i Ŝ12 −1 no

(Q2 − 1
4

q2)(Q× q) 1 i Ŝ12 +1 no

Q2QµQν + 1
16

q2qµqν 2 Ŝ
(2)
12,µν +1 yes

Q2QµQν − 1
16

q2qµqν 2 Ŝ
(2)
12,µν −1 yes

Q2qµqν + q2QµQν 2 Ŝ
(2)
12,µν +1 no

Q2qµqν − q2QµQν 2 Ŝ
(2)
12,µν −1 no

1
2

(Q · q)(Qµqν + qµQν ) 2 Ŝ
(2)
12,µν +1 no

Bender and Proust, in preparation
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Recoupling of EDF generators to density generators

When generating the EDF with the Q̂12,µ and q̂12,ν operators, one naturally arrives at an expression in terms of products
of (K1,µ − K2,µ) and (k1,ν − k2,ν ).

Those containing q̂12,ν = 1
2

(K1,µ − K2,µ) can be directly applied to density matrices when calculating the EDF. They
just generate external derivatives of local densities.

Those that contain more that one factor (k1,ν − k2,ν ) cannot be directly applied, as multiple current generators k1,ν
acting on the same density matrix, do not yield an irreducible non-redundant hermitean local density. Instead, one
recouples these operators to

kµkν = 1
4
KµKν + 1

2

(
∇µ∇′ν +∇ν∇′µ

)
= 1

4
KµKν + 1

2
k(2)
µν

Perlinska, Rohozinski, Dobaczewski, Nazarewicz, PRC 69 (2004) 014316]

Similar (but more lengthy) relations hold for higher-order products kµkνkκ and kµkνkκkλ.

Bender and Proust, in preparation
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Recoupling of EDF generators to density generators

The central NLO terms

Q2 ± 1
4

q2 → 1
4

(k1 − k2)2 ± 1
16

(K1 − K2)2 → 1
2
k

(2)
2 − 1

2
k1 · k2 + 1

8
(1± 2)K2

2

The central local N2LO terms

2Q4 ± 1
8

q4 → 1
8

(
k1 − k2

)4 ± 1
128

(
K1 − K2

)4

→ 1
4
k

(4)
2 + 1

4
k

(2)
1 k

(2)
2 + 1

2
k

(2)
1,µνk

(2)
2,µν + 1

2
K2,µK2,νk

(2)
2,µν + k1 · k

(3)
2

+ 1
4

K2
2(k1 · k2)− 1

2
(k1 · K2)(K2 · k2) + 1

16
(1± 2)K4

2

One of the non-local central N2LO terms

(Q · q)2 → 1
16

[(K1 − K2) · (k1 − k2)]2 → 1
2
K2,µK2,νk

(2)
2,µν −

1
2

(k1 · K2)(K2 · k2) + 1
8

K4
2 (1)

And similar for the others.
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generic contributions to the Skyrme EDF

Central

〈HF|V̂C
i |HF〉 = 〈HF|ti (1 + xi P̂

σ
12) Ôπ(r1, r2, r′1, r′2)|HF〉

=

∫∫∫∫
d3r1 d3r2 d3r′1 d3r′2 Ôπ(r1, r2; r′1, r′2)

∑
t=0,1

[
C

0,t
c,iπ(i) ρt (r1, r′1) ρt (r2, r′2) + C

1,t
c,iπ(ti , xi ) st (r1, r′1) · st (r2, r′2)

]

Spin-orbit

〈HF|V̂LS
i |HF〉 = 〈HF|Wi Ŝ12 · Ô

π
(r1, r2, r′1, r′2)|HF〉

=

∫∫∫∫
d3r1 d3r2 d3r′1 d3r′2

∑
t=0,1

C1t
so,iπ(Wi ) Ô(r1, r2; r′1, r′2) ·

[
st (r1, r′1) ρt (r2, r′2) + ρt (r1, r′1) st (r2, r′2)

Tensor

〈HF|V̂T
i |HF〉 = 〈HF|Ŝ(2)

µν Ô
π
µν (r1, r2, r′1, r′2)|HF〉

=

∫∫∫∫
d3r1 d3r2 d3r′1 d3r′2

∑
t=0,1

C1t
t,iπ(Wi ) Ô

π
µν (r1, r2, r′1, r′2)

[
3
2
s0,µ(r1, r′1) s0,ν (r2, r′2)

+ 3
2
s0,ν (r1, r′1) s0,µ(r2, r′2)− s0(r1, r′1) · s0(r2, r′2) δµν

]

Bender and Proust, in preparation
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The EDF - central and tensor LO and NLO terms

Coupling constants of the LO
and NLO terms in the EDF.
Terms containing spin densities
DA,Bσ are multiplied by generic
coupling constants with s = 1,
whereas terms not containing
spin densities are multiplied by
generic coupling constants with
s = 0.

term C
s,t
c,0+

D
1,1
t D

1,1
t A

(0,1)
t,e = 1

D1,σ
t · D1,σ

t A
(0,1)
t,o = 1

term C
s,t
c,1+ C

s,t
c,2− C

s,t
t,1+ C

s,t
t,2−

D
1,1
t D

(∇,∇)
t A

(2,2)
t,e = + 1

2
+ 1

2

D
1,1
t

(
∆D

1,1
t

)
A

(2,1)
t,e = − 3

8
+ 1

8

C
1,∇σ
t,µν C

1,∇σ
t,µν A

(2,3)
t,e = − 1

2
− 1

2
+ 1

2
+ 1

2

C
1,∇σ
t,µν C

1,∇σ
t,νµ A

(2,X )
t,e = − 3

4
− 3

4

C
1,(∇σ)
t C

1,(∇σ)
t A

(2,X )
t,e = − 3

4
− 3

4

D1,σ
t · D

∇,(∇σ)
t A

(2,X )
t,o = + 3

2
+ 3

2

D1,σ
t · D

(∇,∇)σ
t A

(2,2)
t,o = + 1

2
+ 1

2
− 1

2
− 1

2

D1,σ
t ·

(
∆D1,σ

t

)
A

(2,1)
t,o = − 3

8
+ 1

8
+ 3

8
− 1

8(
∇ · D1,σ

t

)(
∇ · D1,σ

t

)
A

(2,X )
t,o = + 9

8
− 3

8

C1,∇
t · C1,∇

t A
(2,3)
t,o = − 1

2
− 1

2
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The EDF – time-even central and tensor N2LO terms

terms C
s,t
c,1(4)+

C
s,t
c,2(4)− C

s,t
c,3(4)+

C
s,t
c,4(4)+

C
s,t
t,1(4)+

C
s,t
t,2(4)− C

s,t
t,3(4)+

C
s,t
t,4(4)− C

s,t
t,5(4)+

D
1,1
t D

∆,∆
t + 1

4
+ 1

4

D
(∇,∇)
t D

(∇,∇)
t + 1

4
+ 1

4
D
∇,∇
t,µν D

∇,∇
t,µν + 1

2
+ 1

2

D
1,1
t

(
∇µ∇νD

∇,∇
t,µν

)
− 1

2
− 1

2
− 1

2

D
(∇,∇)
t

(
∆D

1,1
t
)

− 1
2(

∆D
1,1
t
)(

∆D
1,1
t
)

+ 3
16

− 1
16

+ 1
8

+ 1
8

C
1,∇σ
t,µν C

∆,∇σ
t,µν +1 +1 −1 −1

C
1,∇σ
t,µν C

∆,∇σ
t,νµ + 3

4
+ 3

4

C
1,(∇σ)
t C

∆,(∇σ)
t + 3

4
+ 3

4

C
1,∇σ
t,µν C

∇∇,(∇σ)
t,µν + 3

2
+ 3

2

C
1,∇σ
t,µν

(
∆C

1,∇σ
t,µν

)
− 1

4
− 1

4
+ 1

2
+ 1

4
+ 1

4
− 1

2

C
1,∇σ
t,µν

(
∆C

1,∇σ
t,νµ

)
− 3

16
− 3

16
+ 3

8
+ 3

8

C
1,(∇σ)
t

(
∆C

1,(∇σ)
t

)
− 3

16
− 3

16
+ 3

8
+ 3

8(
∇µC

1,∇σ
t,µν

)(
∇κC

1,∇σ
t,κν

)
− 1

2
− 1

2
− 1

2
+ 1

2
+ 1

2
+ 1

2(
∇νC

1,∇σ
t,µν

)(
∇κC

1,∇σ
t,µκ

)
− 3

8
− 3

8
− 3

4
+ 3

4(
∇νC

1,∇σ
t,µν

)(
∇κC

1,∇σ
t,κµ

)
− 3

4
− 3

4
− 3

4

C
1,(∇σ)
t

(
∇µ∇νC

1,∇σ
t,µν

)
+ 3

4

M. Bender (IP2I Lyon) Skyrme EDF @ N2LO 23 November 2023 30 / 39



The EDF – time-odd central and tensor N2LO terms

terms C
s,t
c,1(4)+

C
s,t
c,2(4)− C

s,t
c,3(4)+

C
s,t
c,4(4)+

C
s,t
t,1(4)+

C
s,t
t,2(4)− C

s,t
t,3(4)+

C
s,t
t,4(4)− C

s,t
t,5(4)+

D
1,σ
t · D

∆,∆σ
t + 1

4
+ 1

4
− 1

4
− 1

4

D
1,σ
t · D

∆,∇(∇σ)
t + 3

4
+ 3

4

D
(∇,∇)σ
t · D

(∇,∇)σ
t + 1

4
+ 1

4
− 1

4
− 1

4

D
(∇,∇)σ
t · D

∇,(∇σ)
t + 3

4
+ 3

4

D
∇,(∇σ)
t · D

∇,(∇σ)
t + 3

4
+ 3

4
D
∇,∇σ
t,µνκ D

∇,∇σ
t,µνκ + 1

2
+ 1

2
− 1

2
− 1

2

D
∇,∇σ
t,µνκ D

∇,∇σ
t,κµν + 3

4
+ 3

4

D
(∇,∇)σ
t ·

(
∆D

1,σ
t

)
− 1

2
+ 1

2

D
∇,(∇σ)
t ·

(
∆D

1,σ
t

)
− 3

4
− 3

4(
∇ · D

1,σ
t

)(
∇ · D

(∇,∇)σ
t

)
+ 3

4
− 3

4(
∇ · D

1,σ
t

)(
∇ · D

∇,(∇σ)
t

)
+ 3

4
+ 3

4
+ 3

4
D

1,σ
t,κ

(
∇µ∇νD

∇,∇σ
t,µνκ

)
− 1

2
− 1

2
− 1

2
+ 1

2
+ 1

2
+ 1

2

D
1,σ
t,κ

(
∇µ∇νD

∇,∇σ
t,κµν

)
− 3

4
− 3

4
− 3

4(
∆D

1,σ
t

)
·
(

∆D
1,σ
t

)
+ 3

16
− 1

16
+ 1

8
+ 1

8
− 3

16
+ 1

16
− 1

8
− 1

8(
∇ · D

1,σ
t

)(
∆ ∇ · D

1,σ
t

)
− 9

16
+ 3

16
− 3

8
− 3

8
C

1,∇
t · C

∆,∇
t +1 +1

C
1,∇
t ·

(
∆C

1,∇
t

)
− 1

4
− 1

4
+ 1

2(
∇ · C

1,∇
t

)(
∇ · C

1,∇
t

)
− 1

2
− 1

2
− 1

2
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The EDF – NLO and N2LO spin-orbit terms

term C
s,t
so,0−

D
1,1
t

(
∇ · C

1,∇×σ
t

)
A

(2,4)
t,e = −1

D
1,σ
t ·

(
∇ × C

1,∇
t

)
A

(2,4)
t,o = −1

terms C
s,t
so,1+

C
s,t
so,2−

D
1,1
t

(
∇ · C

∆,∇×σ
t

)
A

(4,X )
t,e = + 1

4
+ 1

4

D
(∇,∇)
t

(
∇ · C

1,∇×σ
t

)
A

(4,X )
t,e = − 1

4
− 1

4(
∆D

1,1
t
)(

∇ · C
1,∇×σ
t

)
A

(4,X )
t,e = − 1

4
+ 1

4

εµνκ D
∇,∇
t,αµ

(
∇νC

1,∇σ
t,ακ

)
A

(4,X )
t,e = + 1

2
+ 1

2

D
1,σ
t ·

(
∇ × C

∆,∇
t

)
A

(4,X )
t,o = + 1

4
+ 1

4

D
(∇,∇)σ
t ·

(
∇ × C

1,∇
t

)
A

(4,X )
t,o = − 1

4
− 1

4(
∆D

1,σ
t

)
·
(
∇ × C

1,∇
t

)
A

(4,X )
t,o = − 1

4
+ 1

4

D
∇,∇×σ
t,µν

(
∇νC

1,∇
t,µ

)
A

(4,X )
t,o = − 1

2
− 1

2
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New spherical coordinate-space HFB code

Ansatz for single-particle state

Ψαjα`αm(r) ≡ Ψαm(r) =
√

4π ψα(r) Ωjα`αm(ϑ, ϕ)

with the spinor spherical harmonics

Ωj`m(ϑ, ϕ) =
∑

m`ms

(
`m`

1
2
ms
∣∣ j m)Y`m` (ϑ, ϕ) χms =


(
` 1

2
j
∣∣∣m − 1

2
1
2
m
)

Y
`m− 1

2
(ϑ, ϕ)(

` 1
2
j
∣∣∣m + 1

2
− 1

2
m
)

Y
`m+ 1

2
(ϑ, ϕ)

 .

for which holds

j∑
m=−j

Ω
†
j`m

(ϑ′, ϕ′) Ωj`m(ϑ, ϕ) =
2j + 1

4π
P`(er′ · er )

Represent all spatial functions as cartesian tensors proportional to the unit tensors

E (0) = er · er =
r · er

r2
=

r2

r2
= 1 , E (1)

µ = er · eµ =
r · eµ

r
=

rµ

r
,

E (0)
µν = 1

3
δµν er · er = 1

3
δµν , E (2)

µν =
r · eµ

r

r · eν

r
− 1

3
δµν =

rµ rν

r2
− 1

3
δµν

where eµ are unit vectors in the cartesian directions x , y , z. All local functions have a structure that is a radial function times an
elementary tensor

S(r) = S(r) scalar

Vµ(r) = Vr (r)
rµ

r
vector

T (0)
µν (r) = T (0)(r) E (0)

µν isotropic rank-2 tensor

T (2)
µν (r) = T (2)(r) E (2)

µν symmetric traceless rank-2 tensor

With that all local densities and the single-particle Hamiltonian can be constructed without using angular-momentum coupling.

Bender, in preparation
M. Bender (IP2I Lyon) Skyrme EDF @ N2LO 23 November 2023 33 / 39



The local densities and currents in spherical symmetry

The non-vanishing densities in spherical symmetry are

D1,1(r) =
∑
α

(2jα + 1) ραα
∣∣ψα(r)

∣∣2 ,
D(∇,∇)(r) =

∑
α

(2jα + 1) ραα

{∣∣∣[∂r ψα(r)
]∣∣∣2 +

`(` + 1)

r2

∣∣ψα(r)
∣∣2} ,

D∇,∇µν (r) =
∑
α

(2jα + 1) ραα

{∣∣∣[∂r ψα(r)
]∣∣∣2 +

`(` + 1)

r2

∣∣ψα(r)
∣∣2} E (0)

µν

+
∑
α

(2jα + 1) ραα

{∣∣∣[∂r ψα(r)
]∣∣∣2 − 1

2

`(` + 1)

r2

∣∣ψα(r)
∣∣2} E (2)

µν ,

D∆,∆
q (r) =

∑
α

(2jα + 1) ραα

∣∣∣∣∣
[(

∆r −
`(` + 1)

r2

)
ψα(r)

]∣∣∣∣∣
2

,

C1,(∇×σ)
q,r (r) =

∑
α

(2jα + 1) ραα
〈`σ〉α

r

∣∣ψα(r)
∣∣2 ,

C∆,(∇×σ)
q,r (r) =

∑
α

(2jα + 1) ραα
〈`σ〉α

2R

{
ψ
∗
α(r)

[(
∆r −

`(` + 1)

r2

)
ψα(r)

]
+

[(
∆r −

`(` + 1)

r2

)
ψ
∗
α(r)

]
ψα(r)

}
.

with

〈`σ〉α =
[
jα(jα + 1)− `α(`α + 1)− 3

4

]
The choice of computationally-friendly densities for Cartesian 3D also leads to a simple form of the densities in spherical symmetry.
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The single-particle Hamiltonian in spherical symmetry

ĥqψα(r) =

{
−

~2

2m

[
∆r −

`α(`α + 1)

r2

]
+ F 1,1

q (r)

+
[
jα(jα + 1)− `α(`α + 1)− 3

4

]
1
r
G1,(∇×σ)
r,q (r)

−
[
∂rF

(∇,∇)
q (r)

]
∂r − F (∇,∇)

q (r)

[
∆r −

`α(`α + 1)

r2

]
−
{
∂r [F∇,∇](0)

q (r)
}
∂r − [F∇,∇](0)

q (r)

[
∆r −

`α(`α + 1)

r2

]
−
{
∂r [F∇,∇](2)

q (r)
}
∂r − [F∇,∇](2)

q (r)

[
∆r +

1

2

`α(`α + 1)

r2

]
+ 1

2

[
jα(jα + 1)− `α(`α + 1)− 3

4

] [
∆r −

`α(`α + 1)

r2

]
1
r
G∆,(∇×σ)
q,r (r)

+ 1
2

[
jα(jα + 1)− `α(`α + 1)− 3

4

]
1
r
G∆,(∇×σ)
q,r (r)

[
∆r −

`α(`α + 1)

r2

]

+

[
∆r −

`α(`α + 1)

r2

]
F (∆,∆)
q (r)

[
∆r −

`α(`α + 1)

r2

]}
ψα(r) .

The new operator structure introduce additional dependences on orbital angular momentum ` of kinetic and spin-orbit terms.
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The single-particle Hamiltonian that is actually diagonalised

The single-particle Hamiltonian is represented as a matrix in coordinate space that acts on reduced wave functions

φα(r) = r ψα(r), where derivatives are represented as Lagrange-mesh derivatives D
(2)
ij in coordinate space

hij = −
~2

2m
D

(2)
ij +

~2

2m

`α(`α + 1)

r2
i

δij

+ F
1,1
q,i δij

+ G
1,(∇×σ)
r,q,i

〈`σ〉α
ri

δij

− 1
2
D

(2)
ij F

(∇,∇)
q,j − 1

2
F

(∇,∇)
q,i D

(2)
ij + 1

2

[
∆rF

(∇,∇)
q

]
i
δij + F

(∇,∇)
q,i

`α(`α + 1)

r2
i

δij

− 1
2
D

(2)
ij

[
F (∇,∇)](0)

q,j −
1
2

[
F (∇,∇)](0)

q,i D
(2)
ij + 1

2

{
∆r
[
F (∇,∇)](0)

q

}
i
δij +

[
F (∇,∇)](0)

q,i

`α(`α + 1)

r2
i

δij

− 1
2
D

(2)
ij

[
F (∇,∇)](2)

q,j −
1
2

[
F (∇,∇)](2)

q,i D
(2)
ij + 1

2

{
∆r
[
F (∇,∇)](2)

q

}
i
δij − 1

2

[
F (∇,∇)](2)

q,i

`α(`α + 1)

r2
i

δij

+
∑
k

D
(2)
ik

F
(∆,∆)
q,k

D
(2)
kj
− D

(2)
ij

`α(`α + 1)

r2
j

−
`α(`α + 1)

r2
i

D
(2)
ij + F

(∆,∆)
q,i

`2
α(`α + 1)2

r4
i

δij

+ 1
2
D

(2)
ij G

∆,(∇×σ)
q,r,j

〈`σ〉α
rj

+ 1
2
G

∆,(∇×σ)
q,r,i

〈`σ〉α
ri

D
(2)
ij − G

∆,(∇×σ)
q,r,i

〈`σ〉α
ri

`α(`α + 1)

r2
i

δij

= hji .

The first derivatives (that are not symmetric matrices on the radial mesh) are substituted with (the symmetric matrices) of
second derivatives to ensure that the matrix hji can be diagonalised with standard matrix techniques (Hooverman, NPA 189 (1972)
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Technical developments

implementation in MOCCa will be taken care of by hephaestos (see talk by W. Ryssens)

Ryssens, work in progress

Newly designed spherical coordinate-space code (see previous slides)

Newly designed semi-infinite matter HF code (see previous slides) that can handle arbitrary
asymmetries up to the drip line

(symmetric) semi-infinite matter calculation in ETF(2)-Fermi designed to handle N2LO
EDFs - solving traditional ETF would become a complicated self-consistent problem so one
needs an additional approximation to bring it back to the computational simplicity of
ETF(4) for NLO EDFs.

Proust, Lallouet, Davesne, Meyer, PRC 106 (2022) 054321

Completely rewritten code for parameter adjustment

Bonnard, Bender, Bennaceur (unpublished)
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Preliminary (and possibly premature) conclusions

N2LO offers new degrees of freedom

effective mass becomes momentum dependent in matter
The N2LO kinetic terms dominate the single-particle energy at high k, and, when used
with a standard density dependence, it also dominates E/A at high density.
higher-order angular-momentum-dependent contributions to the potential, effective
mass, spin-orbit potential in nuclei that depend on orbital angular momentum
direction dependent effective mass in finite nuclei (and anisotropic nuclear matter)
non-local terms that only act on the surface, not in bulk matter, and (probably)
impact the the transport of nucleons in the nucleus
generalized spin-orbit interaction
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