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Where does the EDF method stand within the landscape of nuclear structure theories ?

@ Lessons from empirical EDFs

1%t lesson : Effective (pseudo-)Hamiltonians with simple forms do the job
27 lesson : Static correlations can be optimally grasped via SSBs + bosonic fluctuations of order parameters
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€ Context : Nuclear structure from a microscopic viewpoint

1) Nucleus: A interacting, structure-less nucleons
2) Structure & dynamic encoded in Hamiltonian, Functional, ...

3) Solve A-nucleon Schrodinger/Dirac equation to desired accuracy

H(Cﬁ’;‘%; )Nju,6> — Eufr |1Pu,cr>
‘ Strongly correlated WF

Rationale for grasping nucleon correlations
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@ Systematically improvable free-space Hamiltonian in YEFT
@ Solving Schrodinger equation

® Pre-processing H

@ Refined many-body schemes with controlled uncertainties
--> Cl (full space diag.) : exponential scaling
--> Hybrids (valence space diag.) : mixed scaling
--» Expansion methods (partition, expand and truncate) : polynomial scaling

How to challenge ab initio frontiers

—» 1
4 EDE )
@ Effective pseudo-Hamiltonian

® Effective in-medium

Free-space interactions ) ) .
interactions

|lyu) 0—> Complicated WF |@ H0_> Simplified
auxiliary WF
@ Various levels of realization

--> Hartree-Fock-Bogoliubov (HFB)
--> Projected Generator Coordinate Method (PGCM) 4
--> Quasiparticule Random Phase Approximation (QRPA) i

How to improve current EDFs

® How to turn EDF in EFT ? ‘)
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€ Context : Nuclear structure from a microscopic viewpoint

Quark and gluon world

dBMBPT
PGCM-PT
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@ Lessons from empirical EDFs : main idea

@® Hamiltonian H acting in #, and Schrodinger equation

H=T+V+W+-

1 . 1 1
— 1491 ai1az 4a14; aiazas ,a;azas , . _
- (11)2 : :tb1 Ab1 T (21)2 : : Vb, b, Ab1b2 T (31)2 : : Whib,bs Ab1b2b3 T qujli) - Eﬂlqjﬂ>
’ aq ’ aiay ’ aiapas
by b1b; b1bz b3

@ EDF method postulates the existence of Hgpy acting in ?/APGCM yielding the same low-energy observables than with H

Y |H|WY O, |H Q)
E, = < u| | M>:< u| EDF| u) :|@u>e QAPGC
<LPM|LPM> <®u|®u>

! . H|W,) = Eu|WL~ M Fully interacting particles
5

weak Ha . __—
Mapping same GS density 7
Ha — HEGON Projection Resummation / ﬁ'
KS particles
a b
a G /b B N 7 b+a __Ab Lo e "y 'O
Heff(Eu)|@u> = u|@u> & o ¢ / :,n - mil __1n oo ©
@ ' c

= Resulting objects are real monsters !!




@ Lessons from empirical EDFs : Lesson 1

@® Empirical effective interactions with simple forms do the job !!

Explicit
density-dependence

Non explicit
density-dependence

Galilean EDF

WW

Lorentzian EDF

Gogny D1 vertex
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DDME Lagrangians
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Bennaceur et al semi-regularized vertex
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--> Simple form & Fermi-liquid fixed point to be grasped via RG techniques ?

L’I(\IIN = [gﬁmo-lb] (X))
LIL\]UN = [9w$¥“wulb] (X)» T 9T
L = [9o0V B+ 7] (x), AR = FGM (‘zgﬁﬁ“" — o Ry ”) “’] (x)




@ Lessons from empirical EDFs : Lesson 2

@ Lesson n°2 : GS + low-lying collective excited states via horizontal expansion

@ 4 |_'°°'::._ (Iol, o)
0 O
o s

Correlated A-
nucleon WF

@ dHFB treatment

Symmetry-breaking A
independent quasinucleons WF

@ Post-HFB treatment : PGCM

-->  Symmetry-conserving (non orthogonal) mixture of symmetry-breaking HFB vacua

@ Post-HFB : QRPA

--> Excitations = coherent mixture of 2-qp excitations
--> Harmonic limit of the GCM
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--> Static correlations : fluctuations of bosonic order parameters
= (Partially-)bosonizing the theory ?

@mﬂ Ouo)= ﬁqu(q)

dHFB calculation

\@®
0,0

Quasi-bosonic excitation operator
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Functional theories

Based on wave function |¥) reduced quantity o
Observables O[|¥)] = (¥|0|¥) Flo]
0 G(r,r';t—t") y(r, ') =G(r,r';t—t") p(r) =y(r,r)
Functional D w[GlorE = 5?2‘” E..[y] E..[p] or vy, = 5§;c
Approx. “easy” difficult very difficult
Computationally heavy moderate light

1) Nucleus: A interacting, structure-less nucleons
2) Structure & dynamic encoded in Hamiltonian, Functional, ...
3) Solve master equation to desired accuracy

G (x,x) :Gg1(x,x')—}:(x,x’) { v2

: Bgs = Jmin ElY] —o— v (r)}d) (1) = exic(r)
H(98, )W o) = Eus Wino) h(r)fa(x)+de'2(x,x';ea)fa(x’):eafa(x) YEN-Tep 2m T e

= :



€ Towards a rigorous formulation of nuclear EDFS

: WFT perspectﬁg

Quark and gluon world

H(9%, ...)

L?Zg.kﬁ) V-SRG

Rank

IM-SRG

Reduction

— HEAN
Aco—(Il . )
Configuration space j
Ripoche, Tichai, Duguet, EPJA (2020)

Frosini, Duguet, Bally, Beaujeault-Taudiére, Ebran, Soma, EPJA (2021)

> i?(o ’)

Hgpr(e®)®

Duguet, Ebran, Frosini, Hergert, Soma, EPJA (2023)




Q Towards a rigorous formulation of nuclear EDFS : WFT perspective
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6 Towards a rigorous formulation of nuclear EDFS : WFT perspective

Quark and gluon world

H(a%%, ...)
L?Zg.kﬁ) V-SRG S
) - k = ( {1e5) -
Red::tion H(. .) . Configuratio:sjpai:”i) > H(. ’) HEDF (’ o)‘
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9 Towards a rigorous formulation of nuclear EDFS : DFT perspective

@ All the information needed to compute GS properties is encoded in a simple variable: the constituent density

i) GS density uniquely defines the system.

H=T+v+YV,

In particular, there exists an energy (HK) functional yielding
the exact GS energy when evaluated at the exact GS

density :

EHK [o(r)]

= (Ylpl[H [vlp], N[p]] [W[p])
= (Y[p]|T [N[pl]] + V [N[pl] [W[p])

ii) The exact GS density can be obtained via a variational
principle :
IS ‘UN]. ;zsp L (1—8)ps €D
. 1 —0)p2 N
PEUN (Non convex) set of densities originating from a GS WF of some
N-particle system subject to a given external potential

Eos = min min (WH[Y)  On C oy

peEMNN YW—p
(Convex) set of densities originating from arbitrary WFs with finite
kinetic energy, satisfying Pauli principle and [ d*rp(r) =N

= min { !min (WIT + V[‘F))] -+ J d>rp(r)v ([p], r)}

pEMN WY—p

o
o

= min {FL[p] —|—Jd3rp(r)v ([p],r)}.

pG‘ﬁN



Fully interacting particles

e Towards a rigorous formulation of nuclear EDFS : DFT perspective .

same GS density

s
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& Let S[@]be an arbitrary functional of some N-particle WF | ©) whose form is less complex than the exact WF | W) . —
N
© Let F5[p]be a functional of the density : F°[p] = r)nin S[O] p(r) =(Op(r)O\) p(r) = Z O(F—ry)
O—p
i ©

© Let us call RS[p] = F-[p] — F¥[p] the difference (remainder) between the Levy functional and the previous functional ©© >

& The GS energy reads:  Ege — min {FL[m +jd3rp(r>vup],r)} = min {Flo)+ R0+ [ &¥ro(riv ()} = min {[minS[@J] RO+ [ atro(ry (r)}

PENN PEMNN PENN O—p
ﬂs choice |©) = |D) Standard KS Generalized KS \
peEYN N ‘U?\, S[D] = <CD|T|(D>: Er[{di)] S[®] = (O[T + V|D)
. =Ex[{dil] + Eal{dil] + ExHdil]
o(r) = X li () R®[p] = Ealp] + Ex[e] + Eclo] Pl Rl R
) 1 R>[p] = Ec[p]
Egs = min { {min SKDJ} +R%[p] + J d*rp(r)v m} Ealp) = —JdﬂrdSr’V(r,r’)p(mp(r'),
PENN D—p 2
~ min_ {S[{cpi}] + RSl i)l + J & ro([d:); v (r)} E.lol = —% Jd3rd3r’V(r,r’)¢f(r)¢f(r’)¢i(r’)¢j(r) {Zm wot)+ ([arvineon) « T Lo
Qi ij
i Eclp) = FHlp) — Exlp) — Eqlp] — Ex[pl. - [ d*r'V(r,r’) (Z d>;‘(r)d>a(r’)> d)k(r’)1 = exPi(r).
S (1) Sp(r) KRR {—R +va(r)} br(r) = exdic(r)

d (Ex E.
\ vis(r) = v(r) + (J dSr/V(r,r’)p(r/)> UL El) /




9 Towards a rigorous formulation of nuclear EDFS : DFT perspective

& Let S[@]be an arbitrary functional of some N-particle WF | ©) whose form is less complex than the exact WF | W) .

& Let F¥[p]be a functional of the density : F° [p] = min S[O]
O—p

N
p(r) = (@p(1)IO)  p(r) =D 8(F—1i)

& Let us call RS o] = FL[p] —F° [p] the difference (remainder) between the Levy functional and the previous functional

& The GS energy reads:

PEMN

Egs = min {FL[p] + J d>rp(r)v ([D]»r)}

ﬂs choice |©) = |D)
peEYN N ‘U?\,
p(r) = X Idi(r)I°

Ege = min { {min S[CD]] +R%[p] + J d3rp(r)v (r)}

PENN O—p

\

{S[{d?i}] + R3[p{di ] + J Crp(Hdil;T)v (r)}

S
+ {6R [p] —i—v(r)} G (r) = exdr(r)

/

peEMN

= min {FS lp] + R3[p] +Jd3rp(r)v(r)} = min {[min S[@]} +RS[p] +Jd3rp(r)v (r)}

PEMNN

O—p

/pecm choice | ) =| @PHFB/PGCM)

Fully interacting particles

same GS density

/

KS particles

8o
©

o

p(r) reproduced by |®)
Very complicated potential

p(r) reproduced by |@F¢CM)
Less complicated potential




e Towards a rigorous formulation of nuclear EDFS : DFT perspective

& Let S[@]be an arbitrary functional of some N-particle WF | ©) whose form is less complex than the exact WF | W) .

© Let F5[p]be a functional of the density : F°[p] = min S[©] p(r) =(Op(r)O\) p(r) = Z O (F —
O—p ;

1
& Let us call RS o] = FL[p] —F° [p] the difference (remainder) between the Levy functional and the previous functional

PENN PEMNN PEMNN O—p

& The GS energy reads:  Eg = min {FL[m +jd3rp(r>vup],r)} ~ min {FS[m +RS[p) +jd3rp(r>v(r)} ~ min {[minS[@J] +R¥lp]+ | d¥rp(ryy (r)}

ﬂs choice |©) = |D) \ /PGCM choice | ©) =| @PHFB/PGCM) oM Zf PMoNozo |Pa)
iq
PE TN N By, V(®@alPhion 2,1 P)
TMit () — /)M |A ™M _
o(r) = X i (1) PR = (9.7 IPIrIIBLT) quq TMa).

‘ —qu (IMqlp(r)TMq") £,
Egs = min {[min S[QD]] + R>[p] +Jd31‘p(1‘)v(r)}

pEMN D—p

_ min {S[{M +R5[p[{¢im+Jd3rp([{q>iﬂ;r>v(r)}

{di}—N

+V(f)} Pi (1) = ex Py (r)

AN




6 Towards a rigorous formulation of nuclear EDFS : Pl perspective

@ Wightman/Schwinger reconstruction theorem : sequence of (tempered) n-point correlation functions completely determines Hilbert space and
algebra of fields (up to unitary equivalence) of a given quantum system.

> Canonical formulation : G&T,)Ig,-.- 1. = (vacTorn ¢r, - i, |vac)

Y

JI&I = J;E,a@a:,a

B
S [ [ @ ) ()
0 RD-1

mg,C,a

- Path integral formulation : §;[3] = S [@] — J;5;

N/W e~ %5417 = W]

1l

5 G & > e~ S[%]
(n) _ - Do o1, Pr,e7 T
GIl I, — <9011 LI, - SOIn>Vac - fDQZ e_%s[gﬂ
K" " Z [ J]

Z 0] 801,07, 01, |y’

SMW L]
5J1,0J1, 01,

(n),c _gn—1
G117I27"'7I7’L o h

J=0

19




6 Towards a rigorous formulation of nuclear EDFS : Pl perspective

@® Compact way of representing the partition function : Effective action

Partition function

Z J,K,L(f%),...} (AWK L®) ]

Classical action

_ _ 1 -
SikLe ..o =S[el — Jrer — §KIJ<PIQ0J
1 3y « ~ -~
- 3_|L§,J)K§0199JSOK —
1 - -

(m)
- WLII-..Im(tQ]l B

./\/’/DQB 6_%S.JKL(3)...[¢]_
C

@® Gap equations

6 [p, GV, -] -0, Quantum effective action already contains all correlation functions at tree-level :
0pr besrCGas, Vs, = low-energy action with all quantum fluctuations integrated out
5F[¢aG7Va] -0
- )
5GI] ¢gS7GgS7VgS7'“

(it =0) = (<5 =0-1)

= 3151910 (%F(ILPI) [@ _ 8 o ]> .

EF.. = lim
= [B—0o0

Quantum action

T[6,GV, ] =W [J7K7L(3)7‘..}  Jibr
+ §KI.] (o1 + hGry) + EL”K (Pro 0K
+hG b +hGrrds +hG ko + RPVigk) + -+,

SW[J KLY, ..

5.1 B
SW [JK, LW, ...] 1 G165+ G 1]
51\'1.1 =3 DIQg Wargl,
W [J, K, L™, ... 1
[ B) ) =~ [01010K + hG10K
SLY) . 6
IJK

+hGrrdy +hG i or + Vi ],

® When minimizing field is homogeneous : ¢(x) = ¢=cst ou (T M)
F[¢] = ,BVU(¢) p = _Ugc(T7 M) ’ n = - g((:{)’u s
— p~ BV Ugc(T, 1)
G OU, (T
@ UgC(Ti ,Ll) = U(d)gS(TJ [l), T, ‘Ll) §= - oT ) e=-p+un+Ts. 20



e Towards a rigorous formulation of nuclear EDFS : Computing the effective action

@ Classical action @ Generator of correlations functions

V2 1
St y] = j d*x YT (x) !0:: - %] P(x) + 5] d*x d*y dt YT (x, )P (v, OV (x, Y)Y (@, O (%, t) + -
@ nP(P)I Effective Action

--> Couple source(s) to local field

Z[nt,n] = eWln'nl = f@lpfpwe—b‘[w*ﬂ/)]ﬂ nTy+yTy

Legendre transformation

Z[n'l',n] = eW[UTﬂ?] = J—DIIJTDIIJB_S[IPTJP]-FI ntp+pTy > 1PI EA l"[(p'l',q')]

--> Couple source(s) to bi-local composite field
—S[pt ] +2 [ Keyw! SwW

Z[K] — eW[K] — fDl/)TDlpe [ll’ ‘/)]4‘2_[ y¥x ¥y > 2P1 EA F[G] p(x) _ 25](x)

--> Couple source(s) to local composite field ]
. E PO o

Z[J] = el = Jplpfplpe—S[w*.wl%fwalwx > 2PPIEA T'[p] =sup {—W[]] + %f]xpx} Bigs = 51520 <5F =9, }>

@ Gap equation or !

=—J(x) 2PPI EA is extremal at the exact, physical density
op(x) 2

z,vr[p 2,11 [ZAL

Jom,i 2o -

z 21 (P ()
@ Inversion method

k1+ Ry <i 5Fmt
ol " Wi— (kg 4+ o] Jo(x) =
I += 6 + Z f Wik + z Z f CREL Jo
| [p] = =W;[Jo] i,0 f Jo(x)p(x) RGeS Jie () il 2 5Jo D) . 8)a () Jie, (x1) ]km(xm dp(x)
_ z AT, ok s s
w W,
; At 0% order : Iolp]l = —Wylp] + = f]op = p(x) =2——=2 0
B Zli] 6J(x)  6Jo(x)
- l 5F0 W, 5]0 6Jo 1 Jo(x) = potential reproducing the exact density p(x) in the non-interacting
L Pt Fo _
5], 5p Sp (A = 0) system !l
i
Z AW, U Furnstahl, Turning the nuclear energy density functional method into a proper effective field theory: reflections. Eur. Phys. ). A 56, 85 (2020) 21
i Fraboulet, Ebran, Addressing energy density functionals in the language of path-integrals I: comparative study of diagrammatic techniques applied to the (0+0)-D O(N)-
symmetric p4~-theory. Eur. Phys. J. A59, 91 (2023)



e Towards a rigorous formulation of nuclear EDFS : Computing the effective action

® Renormalization group transformation : Wilson-Kadanoff procedure

RIS YV S N s Y

U @ et (b) ' k

'i.iﬁ#,#f' 'i"'f' . DL Hl 157}

R 2
:7'(0[{5,?}] Decimation Renormalization H1[{S}}]
@ Renormalization group transformation : FRG Licaloal = S[W]  k=a
--> Central object of FRG : scale-dependent (or average) effective action I} I[0:] "k Incorporation
interpolating between the S and T kLPk : of fluctuations .
i of modes with ) Ri(@)
Li=ol@ol =T[p] k=0 a>k ¥
1
> Massterm S + ASy, ASy = Ef YR (DY (=)

1 -1 (@; ; 0% | .
OnLklp] = 2 tr {5lch (Ff)[w] + Rk) } L} [e] = 50 Lk (] 2 q
--> Exact RG (or Wetterich) equation =
<_
5 5

o [iv] = o (T o 0] + i) e [, 9] = =l 9] ;
S Y A A

Fraboulet, Ebran, Addressing energy density functionals in the language of path-integrals Il: comparative study of functional renormalization group techniques applied to the (0+0)-D O(N)-
symmetric p4-theory. Accepted in EPJA
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6 Towards a rigorous formulation of nuclear EDFS : FRG perspective

Quark and gluon world

H(o%%, ...)

:::hkk V-SRG

Momentum space

FRG

IM-SRG

Rank
Y ] Red:ction H(° .) ( .

> H(s *) > Hgpp(s®)®

}i}

Conflguratlon space

Ripoche, Tichai, Duguet, EPJA (2020)
Frosini, Duguet, Bally, Beaujeault-Taudiére, Ebran, Soma, EPJA (2021)

Option 1 : Start from a Hamiltonian/Lagrangian for nucleons in free space
Compute the effective action for nuclear matter and check saturation properties
Apply to finite nuclei with the usual techniques

Duguet, Ebran, Frosini, Hergert, Soma, EPJA (2023)




6 Towards a rigorous formulation of nuclear EDFS : FRG perspective

Quark and gluon world

FRG
H(s°%2, ...)
:::ﬁ) =l IM-SRG
Momentum space :
Rank 23 , ~
I h Red::tion H(. .) \“(\\. . o > H(o ’) HEDF (, 0)‘

Ripoche, Tichai, Duguet, EPJA (2020) Duguet, Ebran, Frosini, Hergert, Soma, EPJA (2023)
Frosini, Duguet, Bally, Beaujeault-Taudiére, Ebran, Soma, EPJA (2021)

Option 1 : Start from a Hamiltonian/Lagrangian for nucleons in free space
Compute the effective action for nuclear matter and check saturation properties
Apply to finite nuclei with the usual techniques

Option 2 : Start from a Hamiltonian/Lagrangian for nucleons in free space
Compute the effective action for finite nuclei by accounting for all types of fluctuation
Compute all the desired correlation functions




6 Towards a rigorous formulation of nuclear EDFS : FRG perspective

Quark and gluon world
i . >
n N\ = /psat
FRG
H(o%%, ...)

‘. L?Zﬁﬁ) V-SRG IM-SRG
37 : - ” - ( T T -
HA (. .'. &) =en Redta1:ti0n H(. .) \\. Configuratio:;pai:”i) ” H(’ ’) HEDF (' o)‘

Ripoche, Tichai, Duguet, EPJA (2020) Duguet, Ebran, Frosini, Hergert, Soma, EPJA (2023)
Frosini, Duguet, Bally, Beaujeault-Taudiére, Ebran, Soma, EPJA (2021)

L
I

Option 1 : Start from a Hamiltonian/Lagrangian for nucleons in free space
Compute the effective action for nuclear matter and check saturation properties
Apply to finite nuclei with the usual techniques

Option 2 : Start from a Hamiltonian/Lagrangian for nucleons in free space
Compute the effective action for finite nuclei by accounting for all types of fluctuation
Compute all the desired correlation functions

Option 3 : Start from QCD
Compute the effective action for nucleons in free space/ infinite nuclear matter / finite nuclei

25




6 Towards a rigorous formulation of nuclear EDFS : FRG perspective

® Renormalization group transformation : Wilson-Kadanoff procedure

T @ i sty

Y
a -
>
Hol{S)}] Decimation Renormalization H1[{S}}]
@ Renormalization group transformation : FRG Tocaloal = Sl k=2
--> Central object of FRG : scale-dependent (or average) effective action I r [{p ] k Incorporation
interpolating between the S and T kL7 k : of fluctuations .
i of modes with R, (q)
li=olpol =Tlp] k=0 a>k %
1
--> Mass term S+ ASy ASy = E_]- YR (DY (=)

1 -1 (@; ; 0% | .
OnLklp] = 2 tr {5kRk (Fg)[w] + Rk) } L} [e] = 50 Lk (] | 2 q
--> Exact RG (or Wetterich) equation . =
R 5

T[] = —or {ourn (1 [0.0] + ) ) o e
S T A

= :




6 Towards a rigorous formulation of nuclear EDFS : FRG perspective

@ Truncation of the effective action oL, [E, d)} _ { 0. R, (P}j’l) W’ w] N Rk>_1} _ @
re) = [ Y 6.0/@)
--> Derivative expansion : . )
LPA: T = [ {Uklel + 5(0u)*}
@ Expand in spatial derivative | ) )
Keep all F,En)vertex functions DE2: Ty = fx {Uk [e] + §Zk [90](au90) }

K the full field d d
eep eiulinie epen ence DE4 (Canet etal. ’03): rk — fX {Uk[cp] + %Zk [gp](aﬂgp)2 + %Wa’k[go]((?,uaygﬁy +
5 Wik 01002 0(8,0)? + 5 Weiklel (0np)* }

® @

n
@ Further expansion in fields Uy, [(,0] = 2 Ui k (p — Qoo)i
i
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6 Towards a rigorous formulation of nuclear EDFS : FRG perspective

L:Bonn :@E [Za - M - goc0 — 955 T
--> Start with a phenomenological ab initio Lagrangian _ ﬁvr’é’n _ f_”/ys(‘}ﬁ-’ 7
' m

My
(]w‘# _ 4f].\[ O-IUIQ/W _(]/)% 7= 4‘?\/’[ (J'“'/R/”/ T] n
> Put it in medium : extra u Ty factor in the Lagrangian

1 5 1 =
+ 2 (('),,,0(')“0 — 'H'I,(Z,(fz) + = ((()“(5 oM — 7715(52)

1 9 o 1 o e
+3 (Dund*n —min?) + 3 (0,7 - 0"7F — m27?)
1/1 , 1 /1= = ‘ .
+ 5 (EQ'IUJQ;U/ + miw“wu> + 5 (ﬁRl“j ' R/U/ + mzﬁ’“ ' P/.L)
--> Ansatz for the average effective action o

_ 1
T, = f d*x 1/)[ FOE + M+ go0 — V2 (igupwl + w)| + 56506,’;0 + U, (u, o, a)o)}
--> Plug in Wetterich equation = Flow equation for effective potential + beta functions for Yukawa couplings

--> Obtain a NL-like Lagrangian L, = [i(? — M- gyo— 7%”75(27? T = gt — Gop - ﬂ "
L, ., 1
+ 5(),,,00’ o —Ulo] Ulo] = 51712(72 + g_; 3+ %04
1 1 nv 2 1 1 _'/UJ 23 2 L =
+ 3 551 Quy +miwhw, | + 3 §R Ry, + mopt - Py

--> Check properties of nuclear matter



