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Disclaimer

M. Bender (IP2I Lyon)

This talk is not what | had in mind when accept-
ing the invitation to present results on Skyrme
N2LO at the workshop. Instead, Hofstadter's
law applies:

It always takes longer than you expect, even
when you take into account Hofstadter’s Law.

Douglas Hofstadter, Gédel, Escher, Bach: An Eternal Golden Braid (1979)
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A brief history of Skyrme interactions with 4th order gradient terms I. Crs

@ Bell & Skyrme's paper on a contact spin-orbit force
(6,4 05) - (K x K)[a—(bk>+b*k2) 1ok . k']. . (16)
Bell & Skyrme, Philosophical Magazine 1 (1956) 1055
@ Skyrme

7. D-Wave Interactions

The shortcomings of the assumed form (6) for the effective two-body
interaction may be divided into incorrect energy dependence (i.e. upon k?
and k'?) and angular dependence (i.e. upon k - k’). Since the range of mo-
menta is much the same in all nuclei it is possible that the former type of
error may not seriously affect matrix elements; on the other hand the small
angular momenta involved in light nuclei mean that scattering at angles far
from 0 or z may be important. The form of (6) corresponds to scattering
only in S or P statﬁ the a.nnlysns of nucleon-nucleon scattering at similar
relative of D-wave (see section 9);

it is exp d therefore that an impx ion to (6) might be rep-
resented by a term

tp[k?k"— (k - k)% ()
Skyrme, Nucl. Phys. 9 (1959) 615

@ Brink & Boeker

general feature of all s-state interactions? We will show that there exist s-state inter-
actions which give a reasonable fit to the binding energies of light nuclei and of nuclear
‘matter. An example of such an interaction is

V(r) = A3(r)—B(V>5(r)+8(r)V?) + DV23(r)V2. (33)
The matrix element in momentum space is

CKIVIKY = A+ Bk +K2)+ D2k, (34)

Brink and Boeker, Nucl. Phys. 91 (1967) 1
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A brief history of Skyrme interactions with 4th order gradient terms Il

Jyvaskyla:
@ Carlsson, Dobaczewski, Kortelainen PRC 78 (2008) 044326: most general EDF with up to 6
gradients
@ Raimondi, Carlsson, Dobaczewski, PRC 83, 054311 (2011): N3LO EDF from generator
35
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FIG. 1. (Color online) Number of terms of the pseudopotential
(2), plotted as a function of the order in derivatives.

@ Both mainly use a spherical representation of the gradient operators and densities ; cartesian
expressions are also given, but leading to a non-standard representation already at NLO.

@ Local gauge invariance is linked to the form of the continuity equation (Raimondi, Carlsson,
Dobaczewski, Toivanen, PRC 84 (2011) 064303)

@ public spherical code (Carlsson, Dobaczewski, Toivanen, Vesely, CPC 181 (2010) 1641)
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A brief history of Skyrme interactions with 4th order gradient terms IlI Crs

Lyon group gets interested:
@ Unpublished study of Skyrme's D wave that does not contribute to infinite matter
Bennaceur, Pastore, Bender, Davesne, Duguet, Meyer, unpublished (2012)
@ Study of the 6 locally gauge-invariant N2LO terms that do contribute to infinite matter

d ial up to the next-to-next-to-leading order, J. Phys. G 40, 095104 (2013).

D. Davesne, A. Pastore, and J. Navarro, Skyrme effective
D. Davesne, A. Pastore, and J. Navarro, Fitting N3LO pseudopotentials through central plus tensor Landau parameters, J. Phys. G 41, 065104 (2014).

D. Davesne, J. Navarro, P. Becker, R. Jodon, J. Meyer, and A. Pastore, E: ded Skyrme d ntial deduced from infinite nuclear matter properties,

Phys. Rev. C 91, 064303 (2015).

D. Davesne, J. Meyer, A. Pastore, and J. Navarro, Partial wave decomposition of the N3LO equation of state, Phys. Scr. 90, 114002 (2015).

D. Davesne, P. Becker, A. Pastore, and J. Navarro, Infinite matter properties and zero-range limit of non-relativistic finite range interactions, Ann. Phys.
(NY) 375, 288 (2016).

D. Davesne, A. Pastore, and J. Navarro, Extended Skyrme equation of state in asymmetric nuclear matter, A & A 585 (2016) A83.

P. Becker, D. Davesne, J. Meyer, J. Navarro, and A. Pastore, Tools for incorporating a D-wave contribution in Skyrme energy density functionals, J. Phys.

G 42, 034001 (2015).
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A brief history of Skyrme interactions with 4th order gradient terms IlI Crs

@ Parametrization for finite nuclei adding the 4 local central terms to a standard NLO form
P. Becker, D. Davesne, J. Meyer, J. Navarro, and A. Pastore, Solution of Hartree-Fock-Bogoliubov equations and fitting procedure using the N2LO
Skyrme pseudopotential in spherical symmetry, Phys. Rev. C 96, 044330 (2017).
P. Becker, A. Pastore, D. Davesne, and J. Navarro, Error analysis of the parameters of the Skyrme N2LO pseudo-potential, Nuovo Cimento C 42,
88 (2019).

Dy = D2 [ap ()2 + P4 [as(n)?

+cMe {pt(r) Q) + 720+ 23" T () T () = 237 7o (1) [V Vi e (1)
ny %

— [V )2 — 4 - nt(r)}

+c§“W5{sf(r) S F TN +2 D Kepww(0) K (1) = 2 7 Keopun () [V Vst (1)

Tz Iz
_ ; [; vth,W(r)] [; vat,W(r)] —4 ; Jt (1) vw,,(r)}

4 additional real densities

Qq(r) = AN pql(r, r’)|r:r, s Vo, uu(r) = —% (Vi — V;L) (V- V')sq,,,(r, r’)‘r:r, time even
Sq(r) = A A sq(r, r/)|’:r, , Mg, u(r) = —% (Vi — V;L) (V- V") pqlr, r’)‘r:r, s time odd
and 2 in general complex densities
-rq,“,,(r) =V, VL pq(r, r’)|r:r, s Kq,”u,i(r) =V, V; sq,r(r, r’)|r:r, s neither

Ryssens and Bender, PRC-104 (2021) 044308
r 2023 7/39
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Problems with the extension of the standard Skyrme notation to N2LO and beyond
@ How to define densities that are real and either time-even or time-odd?

@ densities might be redundant
$H{7quw (N} = 3 [Vidaw() = Vo gu(r)].
@ How to ensure to work with linearly independent densities?
Alternative second-order kinetic density
Ta() = (V' V) (V' V) po(r, )],y -
that is linearly dependent on Qq(r)

Ta(r) = Qq(r) + Arq(r) = > VuVurquu(r) .

@ Mnemonic problems with notation for additional densities and corresponding potentials

Ryssens and Bender, PRC 104 (2021) 044308
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New notation and definitions

New symbolic-computation friendly notation for generic densities and currents

D;‘*B(r) = %{A’é pq(r, r')}‘ =+ %(A'é + Aé/) pq(r, "/)‘r:r,
N St
r=r
DB (r) = R{A' Bsq(r, r)}‘ =+ 2(A'B + AB') sq(r, r)’
CPBo(r) = S{A'Bsg(r,¥ )}‘r:r/ =—$(AB—AB)sq(r,¥) Y

Cartesian tensor indices of the gradients and spin densities are suppressed for sake of compact
notation.
Advantages of the notation

o Extensibility: the notation can be extended indefinitely, up to any order in derivatives.
@ Clarity: the operator structure of any given density is incorporated directly into the notation.

@ Reality: By construction, all normal D(r) and C(r) objects are real spatial functions when
doing single-reference EDF calculations.

o Time-reversal: D(r) and C(r) objects have definite behavior under time-reversal: they are
either time-even or time-odd, never mixed.

Ryssens and Bender, PRC 104 (2021) 044308
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New notation and definitions

Time-reversal Symmetries:
(D357 (r) = +D3"5(r), DAB(r) +DEA(r)
[CAB)T () = —ClB(r), B(r) = —CBA)
(035717 (r) = D357 (r) B7(r) = +D§ (1)
[C2B7] T (r) = +CAB7(r). CAB"(r)= c(r)

Ryssens and Bender, PRC 104 (2021) 044308
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New notation and definitions

Recoupling of gradients:
DYAB(r) = vD}B(r) — DS VE(r), Y4By =vCB(r) - cMVE(r).

If a is non-zero:
a n
v, vb _ apl,vath n+1 va—n v
qul"l.u2~-~l"a+b(r) - (_1) Dqsi‘ll"Z---Ha+b(r) + Z(_]‘) H v”k Dq,#n+1-»-#a+b(r)
n=1 k=1

If b is non-zero:

b n—1
ve,vh _ brVath 1 11 va,wb-n
D ipin.opiars (N = (=1)"Dgl iy iy opu (1) + Z(*l)n H Voot | Daipisinetiaspn(F) -
n=1 k=0

If both a and b are non-zero:
Va,Vb _ b l,vaer
2quM1H2---Ma+b(r) - [(_1)a +(=1) ]Dq,u1uz-~-ua+b(r) +
From these relations follows that

ve,vb
Dy (r)

If a+ b is odd, then { .
DY 7 (r)

} is reducible.

V'V ()

If a+ b is even, then { } is reducible.

q
v, vho
o (r)
Ryssens and Bender, PRC 104 (2021) 044308
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NLO:
pq(r) — DEY(r)
sq.u(r) = D;,’Z(")
74(r) = DY V(1)
Tau(r) = D5 V)7 (1)
Fau(r) = Dg Y (r)
Jau(r) = C;,’;Y(")
Jg (1) — Cl’va(")

a.uv
Jgr) = €LV (r)

M. Bender (IP2I Lyon)

N2LO as used before

Qq(r) = DA(r),
Sq,u(r) = DEE(r)
Mg,u(r) = oy YV (1)

Vo (1) = €SSV (1)
g (r) = Doy (1) + 5 [V Co (1) — V. CgY (v)]

Ka.uwn (1) = DGl (1) + 5 [Vo ool 7 (1) = Vu G 7 (v)]

Ryssens and Bender, PRC 104 (2021) 044308
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D (n) = > wy(A'B — AB)R{Gu(r)}|
J<k B
C2o ()= mg(A'B — AB) 3 {5, (r.)} |,
j<k
The spatial objects are a S =0, T3 = £1 two-body wave function

éjk(rr rl) = Z o djj(rlr U) ¢k(r7 _U) 3

=r’/

and the three components of a S =1, T3 = +1 two-body wave function

@k,u(rz rl) = Z o' ¢j("l, UI) 1/’k("7 U) <7U/|&M|U>

o0’

@ The real and imaginary parts of gy (r,+’) and i, (r,r’') have different spatial symmetries.

@ k cannot always be chosen to be real, such that all pair densities might be complex.

@ The definition guarantees that when & is complex, the pair densities and currents still adopt
the symmetries of the single-particle states.

044308
13/39
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Computational considerations

To reduce memory requirements and to reduce the computational cost of constructing densities
and applying the corresponding term in the single-particle Hamiltonian

@ Couple gradients to Laplacians whenever possible: use
o) =3{ 3 oy 3 [V (1] [Vusi Wi()] }
Jk K

instead of

Voo (£) =CS57% (1) = %{ >0 > VeVl (0] [Va Vb Wi(n)] }
Jk K

= —Ca )+ 3[ACHTT (] = 3D [VaVuCan, (0]

@ Balance the number of derivative operators on the “left” (acting on r’) and on the “right”
(acting on r)

Ryssens and Bender, PRC 104 (2021) 044308
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Informed choice of local densities and currente

NLO: N2LO as used before
pq(r) = Dg*(r) Qq(r) = DAA(r),
sq,u(r) — D;,’Z r Sq.u(r) — D(ﬁf" r)
7q(r) = DV (r) v (o)
Tau(r) = D5 V)7 (1) Camo ()
Fau(r) = DY (r) D33 (1)
Jau(r) = CY (1) Dy (1)

Ja,uv(r) = C;,’;Yua(")

Jgr) = €LV (r)

Ryssens and Bender, PRC 104 (2021) 044308
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The EDF of SN2LO1

0 0,1 1,1 0,2 1,1 1,12
Q) (=3 [alD (P12 + aP2 (03 ") (01)?]
t=0,
85(‘,ko — [A(O 1)D1 o, 1 o + AE(’),OZ)(D(%,I)O( D%’a . Di,o]
t=0,1
5(5212 S0 = [A(z 1)D1 1 ADI 1) +A(2 2)D1 1D(v v) +A (2, 3 ZCEE’CEE’ +A(Z Yp }’I(V R c}’vxa)]
t=0,1 nv
£Q () = [42Dp7 - (aDp7) + AP Dp7 - DY VT 4+ AR Y bV Al DpT (v x e Y)
t=0,1
gé:e _ [A(41) AD11)(AD11)JrA(42)D11DAAJrA(H)D(V V) p ( V)
t=0,1
4,4 V,VAV,V (4, 5 1,1
+ A0 30T oYy + AL ZD,W VuVuDy)
nv
4,6 1,V 1,v 1,V 1,v 4,8 1,Vo ~0,V
Ag,e)zct,uua Ct [_LVU Z (vﬂct /u: (VVCt una) +Ag,e)zc aCt Mud}
no Iz v

4 4,1 1, 1, 4,2) 1, ALA 4,3)(V,V v,V
Sék?o(") = Z [A(r,o)(ADt 0) : (ADt U) + Ag,o )Dt 7 D; 7+ Ag,o )Dg ). Dg )
t=0,1

4, 4 V V v,V 4,5 v,V 1,
ALD S DYYTDYYT L AR S Y7 (7,9, D57)
nrk HUK
4,6) 1,V 1,v (4,7) 1,v 1,v 4,8) -1,V ~A,V
+ Ag,o )ct : (Acr ) + At,o (V . cr )(V : Ct ) + AE,O )Ct : Ct ]
Ryssens and Bender, PRC 104 (2021) 044308
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The single-particle Hamiltonian of SN2LO1

4
hg(ro,v'o’) = Z [hg'z)e(ro, fo')+ hg’g(ra, r'o’)]

n=0
WO o,V 0’) = 5,50 Fat ()60

0) L
hf;, (ro,r'c’) = Z(U|0H|G Fq,Z(’)‘srr’ )

i ~ 1,V 1,V
B (ro v o) = =4 S (016010") [V G YT () + Go VT () V] 8,0t
w

(1)(r0' ro )*—7 O.O.IZ VG (")+G (')vu]érr”
W0, 0") = —6,00 SV Fy iy () V0 by, s
%

WA (o, v' o) = = S (016kl0" )V Fy e S (0 Vo by

KUK
Ko ' o) = =3 3 (oloulo’) [V 67 (0 A+ A6 (V0] 6,0,

nr

hg3)(r0' ro’)*—f GO./Z{VM (r)A+AG (r)VM] Syt s

W (ro, ¥ 0") = 6,00 AFRAW)AS,
W (o, v' o’y = 3 (ol6ulo Y AR (1) A S,
m
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SN2LO1

TABLE VII. Infinite matter properties at saturation for SN2LO1 0.5
and SLy5 [24]. See text for details. SN2LO1
SN2LO1 SLy5 0.4
po (fm™3) 0.162 0.1603
E/A(po) (MeV) —15.948 —15.98 5 03
Koo (MeV) 221.9 229.92 ‘s
J (MeV) 31.95 3203 = P
L (MeV) 489 48.15 0.2 ¢
m*/m 0.709 0.696 Po
0.1
40 120 -\
30 .’ /4 100 0 . . . .
< 20| Symmetio mater o te0s 0O 1 2 3 4 5 6 7 8 9
= ‘ 602 -1
< fm
H ) wd qlfm™]
Neuronmatter | 20 FIG. 8. Critical densities in SNM as a function of transferred
“720 momentum ¢. The horizontal dashed lines represent the saturation
<] — L - 100 density py and the critical density pi.
140 . >
3120 e 8=
2100 . 60 =
5%
40 L 20
2 Neutron spin-polarized matter
0 0
0 01 02 03 04 0 01 02 03 04
p [im] o (im*]

FIG. 9. Equation of state for SNM and PNM obtained with the
N2LO Skyrme interaction. The squares represent the values obtained
from BHF calculations.

Becker, Davesne, Meyer, Navarro, Pastore, PRC 96 (2017) 044330
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SN2LO1 applied to finite nuclei

Nd y
2
20— SN2LO1
—m- SLys* -/' "
__15F—*— LDM 174 . N\
E —— Exp. Z RN
o LOF = ~~e
S| a f A\
L 05 \,
= \
S
0.0f or ~.
1 1 1 1 1 N,
X X X X X —05 00 05 10 15 20 25
130 134 138 142 146 150 154 Quadrupole deformation o
Mass number A
140 ===~ SLy5*
o= SN2LO1 —— SLyssl A
e SLys — 130 —— snx2L01 —=
T B . L -0 Ex
' Z 120 s
Z =
Z oo N = Hor
2 g
= N 100
Z 01F
a ’l’ 90F —"
/ L L L L
00f, ) ) ) ) ) 0.1 0.2 0.3 0.4
130 134 138 142 146 150 154 Rotational frequency w (MeV h™")

Mass number A
Ryssens and Bender, PRC 104 (2021) 044308
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SN2LO1 applied to finite nuclei

by (MeV)

Qa (MeV)

w e o

34
32
3.0
2.8
2.6
24
22
2.0
18
16
14
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Skyrme EDF @ N2L
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e

— oo

7p2ans)
1/2°a]
— opzp
s/l
— 'l

= 72t
— <o

Bonnard, Ryssens, Bender, in preparation
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Effective mass and dispersion relation in infinite matter

_ Fl,l 4 h2 + F(Vvv k2 4 Z FV v k2 FA,A k4
€k =g 2myg q g Ku 1 Fq :
The presence of the term proportional to k* 1B . .“*“i??"ﬁ”‘”“"” B
qualitatively changes the spectrum of o[ e ]
eigenstates: o
@ At NLO, + F(V V)is always positive

& (MeV)

(around saturatlon at least, otherwise the ~ =
isoscalar effective mass would be o
negative), such that limy_, 1 o €4 = +00. !

@ At N2LO, the limit is determined by the ) ™)

sign of FqA’A, on which there is no direct Wavelength

constraint. Positive effective mass around h 27h 27

| ; AAS Mky=-—=22=20
saturation only requires that Fg '™ is P Rk K
"small” compared to 7%/2mq. . . .
meaning a plane wave with k is resolved when

@ For SN2LO1 FqA’A is negative in dz is smaller than

symmetric matter, limy_, ;o €4 = —00 -
@ The effective mass AT N2LO is dzmax = 2T %

k-dependent. Negative FqA’A implies that
the effective mass decreases with k and
becomes negative at high k-values.

Bender (unpublished)
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Effective mass and dispersion relation in infinite matter

0w

& (MeV)

L L L o
0.28 03 032 0.34 0.36 B R TR B A
dz (fm)
Lowest 30 eigenvalues of one nucleon species
in SINM as a function of stepsize dz.

(z)

The 10th, 20th, and 30th eigenstate are
indicated in red.

Bender (unpublished)
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Constructing the functional generator

ki =
o
kip =

- é(Vl —V>) incoming relative momentum
é(V{ - V;) outgoing relative momentum
ko — kip momentum transfer

%(ng + Riz) average momentum

For the construction of local densities and currents, it is useful to define the operators

_ . ’ N
1 = —i(Vi+ V) Ry pg(re, r;)‘ , = —ivDLi(r)
~ r=r
Ky = —i(Va+V5) R 1
¢ i , k1 pq(r1, ri)| , =Y
P\ ) r=r
- : (2) ’ _ pVv.,Vv
ke = —5(V2-WVh) ki Pa(rLs rl)\,:,, =D (1)
2 _ 1 ’ ’
ki,z;u = 3 (ViuVi, +ViwVi,)
2 _ 1 ’ ’
kzg,zw = 2 (V2,uv2,u + V2,Vv2,u)
dp =kip —kj, =3 (K1 — Ry)
Qu2 = (ka2 +kjp) = 1 (ks — ko)
ki2 = =3(V1 = V2)=Qu2 + 3812 = (k1 — ko) + 3 (K1 — Ko),
ki = +3(V] — V3) = Q2 — Sapn = L(ki — ko) — 2(Ry — Ky

Bender and Proust, in-preparation
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Spin space operators

operators in spin space
@ the unit operator 1,
@ the spin exchange operator
) — 1 Ao A
Pf'z = 5(1 + 61 - 62)

@ the total spin operator (divided by 2/ to avoid having to keep track of these factors)

Sip =61 +62,
which is a pseudovector in coordinate space and a rank one tensor in the respective spin spaces of particles 1 and 2,

@ the traceless rank-two tensor operator in spin space

&2 _ A A N A ~ A
3y =3 (b1 62,0 + 610 62.) — 6162 60 -

Bender and Proust, in preparation

Skyrme EDF @ N2L 23 November 2023 24 /3
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Operator structures that are even (n = +1) r odd (n = —1) under spatial exchange at NLO

momentum structures rank spin structures n gauge

Qz + 11q22 0 ZI.(,@(,, I?ﬁ +1 yes

Q 0 1A‘7®" P -1 yes

Q x q 1 iS12 -1 yes
a(2

QuQu + %QMQU 2 S{Z)VHV +1 yes
a2

QuQu — %qqu 2 5{231“) -1 yes

Operator structures that are even (n = +

momentum structures rank spin structures n gauge

Q* + fq 0 a®a, P12 +1 yes

Q* — 16 q4 0 1a®a, F‘12 -1 yes

Q%q? 0 logo. P +1 no

(Q-q)? 0 1,90, P +1 no

(@ + 1a%)(Q x ) 1 i812 -1 o

(@ - 1a%)(Q x q) 1 i81 41 no
a2

Q?QuQu + Ed’quan 2 5£2?W +1 yes
a2

@aua ket 2 S -
a2

Q%quar +9%QuQu 2 S{Z?W +1 no
a2

Q®quqy — a°QuQu 2 80, -1 no
a2

1Q-a)(Quav +a9,@) 2 89, 41 no

M. Bender (IP2l Lyon)

Skyrme EDF @ N

1) r odd (n = —1) under spatial exchange at N2LO

Bender and Proust, in-preparation

23 November 2023
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Recoupling of EDF generators to density generators

@ When generating the EDF with the Ou,# and §12,,, operators, one naturally arrives at an expression in terms of products
of (Kl,y - KZ,H) and (k1 — k2,0)-

@ Those containing §12,, = % (K1, uw— Ko H) can be directly applied to density matrices when calculating the EDF. They
just generate external derivatives of local densities.

@ Those that contain more that one factor (ki,,, — ka,,,) cannot be directly applied, as multiple current generators ki ,,
acting on the same density matrix, do not yield an irreducible non-redundant hermitean local density. Instead, one
recouples these operators to

- 1 1 / 7y 1 1,42
kyky = ZKMKV+§(vuvu+vVvu)_KKMKV+§kuu
Perlinska, Rohozinski, Dobaczewski, Nazarewicz, PRC 69 (2004) 014316]

@ Similar (but more lengthy) relations hold for higher-order products ky, ky ki, and ky, ky ki kx -

Bender and Proust, in preparation
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Recoupling of EDF generators to density generators

The central NLO terms

@+l - Llkg—k)?+E(Ki—K)? = kD — kg ko + L1+ 2)K}

The central local N2LO terms

20 £ 1gt = Lk —k)t £ g (K- Kp)*

4 2), (2 2 2 2 3
= 3 I+ 3, + bR ke kD, k)
+3K3 (k1 - ko) — (k- Ko)(Ka - ko) + F5(1 + 2)K3
One of the non-local central N2LO terms
Q-9 = L[(Ki —Ka)- (k1 —ka)? =  Lko uKo kD  — Lky - K)(Ka - ko) + 1K3 1)
i6 "1 2 1 2 202,uf2,vky = 3 KL R2)(R2 - K2 g2

And similar for the others.

Bender and Proust, in preparation

M. Bender (IP2I Lyon) Skyrme EDF @ N2LO 23 November 2023 27/39



generic contributions to the Skyrme EDF

Central
(HF|VCHF) = (HF|t; (1 + x;P) O™ (11, r2, vy, 1) [HF)

_ /// ¢ din & a7 O mirl 1) 3 [0 () pelras ) pelra ) + L (1) selrn, ) - ser2, 13)]

t=0,1

Spin-orbit
(HF| VS |HF) = (HF|W; §; - 6"(r1,r2,ri,r;)|HF>
= ////d3r1 &’n d* & Z o i (W) Oy, 12 v7,13) - [se(r1, v7) pe(ra, 13) + pe(ry, 1) se(ra, r5)
0,1
Tensor

T 2)
(HF| VT [HF) = (HFISE), 0T, (r1,r2, vy, 1)) [HF)

3 3 3 3 1 A
= [[[[¢n drndd @h S ) 0f et ) [§ s ) o, (2 1h)
t=0,1

+ 3 50,0 (r1, 1)) 50,51 (r2,15) — so(r, 1)) - s0(r2,15) 8,00 |

Bender and Proust, in preparation
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The EDF - central and tensor LO and NLO terms

. s,t s, t s,t s, t

Coupling constants of the LO term Cny G Ghy G
and NLO terms in the EDF.. ) ol p(V.¥) 422 _ 1 1
Terms containing spin densities Tt te T 2 2

A,Bo P : plt(apht) AGY - 3 +1
D”F? are multiplied by generic t t te = 8 8

. . clVo (1,Vo 423 _ 1 1 1 1

coupling constants with s =1, topr Ctluv R -3 -3 +3 +3
whereas terms not containing vy AP = -3 -3
spin densities are multiplied by Vo) ch(ve) AZ0 - -3 -3
eneric coupling constants with
T pp7 DYV a0 2

=0. "

1, v,V 2,2) _ 1 1 1 1
Dy - DY V) Al = +4 +3 ~3 —3
term . DT (anr?) F T B S
’ 1, 1, 2,X) _ 9 3
1,141,1 (0,1) (VD7) (V- D7) A5>0)_ +3 -3
pbiph ALY - 1 chV . eV 423 _ _1 _1
1,0 nl,o 6,1) t t t,0 2 2
D" - Dy At,o = 1

Bender and Proust, in preparation
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The EDF — time-even central and tensor N2LO terms

st st st st s,t st s,t s,t st
terms Con@r Cen@— 3@t Coa@r Cta@s 2@ — @y Cta@— Crs@)s
op TR
D(V V) D(V V) +% +%
SV V.V 1 1
t, ;lw t v +3 +3
1 1 1
(Vv Dt;u/) -2 2 T2
D(V V) 1,1 1
t 1,1 ( ltl) 3 1 _1§ 1
(aD;>7) (AD, ™) +16 — 16 +5 +5
chVo A Ve 1 1 -1 1
Ry
Ctl”uv" c V" +3 +3
1(Vo) A(VU) +3 +3
1 Vo VV (Vo) 3 3
AN R
o o 1 1 1 1 1 1
Ctl“vy (Ac1V ) -1 -1 +1 +x +1 —2 ,
o o 3 _3 3 3
Ctl,’;(% )(Act,lil;(l,v) ) ~16 16 +3 ]
N o o 3 3 3 3
G i v(A ’ 1)V ) ) A +3 +3 )
- -
(Vuci%u )(v tlnvu ) =3 -3 -3 +3 +3 +3
Vo 3 3 3 3
(Vvcny (T I R
o o
(V( Ceouw N (Ve Celen ) -2 -2 -2
Ve 3
Ct (VMVV t,pv ) +z
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The EDF — time-odd central and tensor N2LO terms

terms oy Caw— s Coawr Snr Saw— Sawes Saw— e
o} 0 27 R -
017 o ¥(¥) 4+
ng,v)a D(V V)o +% +% _% _%
Dg ,V)o . tV (Vo) +% +%

D, (Vo) DV (Vo) +% +%
D&VU zﬂv” +3 +3 -1 -1

# V)aDt e V1 I 1 +% +% 1

v (Vo) A ADI o') 2 +Es 3

D, - (app?) -2 -1
(v - 0p) (v oY V)7) 3 -3
<v ob7)(v o7 (T)) +3 0 43 +3

D7 (VuVuD ;YS) -3 -3 -3tz +3 +3

D“'(vw DY) -3 -3 -3
(8D} R AP S Y S St R S -3
(V. 0y (a v 0p7) - i 3 -8
Y e +1 +1
eV ach) 14
(v-cVyw-chVy -1 -1 -1
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The EDF — NLO and N2LO spin-orbit terms

term Css‘;fo_
(V cl on) AEZ"‘) _ 1
e
1 5.4
o7 (wxepY) Al -
s, t s,t
terms Cso,1+ Co,2—
v, CA an) AE4,X) _ 41 +%
e 4
AR IIVES T .
,e
(aD, 1,1)(v c1,v><a) AE X)) _ ,% +%
,e
1,Vo (4.X) _ 1 1
CuVR Dt ap (V Ctlak ) At,é - +3 2
0}7 (v x et Y) S R
R T T S
(@op7) - (wxcpY) o ald- -1 4
V,Vxo 1,V (4,X) _ 1 1
D¢ i (VoG Ato = T2 T2
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New spherical coordinate-space HFB code

Ansatz for single-particle state
Vajotlam(t) = Vam(r) = Var pa(r) Qg oo m(9, #)

with the spinor spherical harmonics

(=33, 4100

1 .
Qiem(9,0) = > (Emg 5 ms |im)Yem, (9, 0) Xm; = 1 11 2
(chlms d ~ 3m)v,, 000
for which holds
i %
> (0 2") Qiem(9, ¢) = T Pele,s - <)
=—J
Represent all spatial functions as cartesian tensors proportional to the unit tensors
2
r-e, r 1) roeu M
E(O):e'e: =—==1 EC =e ey = —— = —
r-er 2 2 5 M r-ep . L
0 _ 1 _1 @ _ e e _ ey g
E‘w_§6uye,~e,_§5lw, E; = . f—gé‘w—T——é‘w

where ey, are unit vectors in the cartesian directions x, y, z. All local functions have a structure that is a radial function times an
elementary tensor

S(r) = S(r) scalar
"
Viu(r) = Vi(r) oy vector
T(O) (r)= T(O)(F) E(O) isotropic rank-2 tensor
T(2 =T 2)( )5(2 symmetric traceless rank-2 tensor

With that all local densities and the single-particle Hamiltonian can be constructed without using angular-momentum coupling.
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The local densities and currents in spherical symmetry

The non-vanishing densities in spherical symmetry are

DY) = 3 (@ + 1) paa |Yal()]?,

D(V,V)(’) = Z(zja +1) paa {“ar wa(f)]’2 l(£+1) |'¢’o¢ | }7
DT () = S Cia + 1) pac {0 va ] + L5 wa( } £

+3 @ +1) paa {][ar va(][ - %M; D pan)] }Eff.l ,

D) = 5o + 1) | [ (8 - D) van] y
750 = T @ia + D pae “2 [paln)?,
Cﬁ;(v“"(r):;(zjaﬂ)pw( e Lo [(a = 52 va] + [(a - L2 )uz0)] watn}

with
(Lo)a = [ja(ja +1) = La(la +1) — %]

The choice of computationally-friendly densities for Cartesian 3D also leads to a simple form of the densities in spherical symmetry.
Bender, in preparation
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The single-particle Hamiltonian in spherical symmetry

R 2 lo(bo +1
hgalr) = { - [A, - %]
+FPNn

+ [ja(ja +1) = Lo (o +1) — %] 1 Gl (VXU)(r)

_ (V. V) (, _ V.9, Lot +1)
[0V 0, — FT Do) [, - 2252

_ {3, [FV,V](O }3 FY Yy )(r) [Ar _ @]

,{ar[Fv,v](z }8 [FY: V1@ (r)[A’Jriw]

lo(la +1
M] % Gq, (VXU)(r)

r

+ 3 [ialia +1) = £alta +1) - 3] [A, _
43 [jalin + 1) = falta +1) = 3] 3 624770 [, - M]

2
+[Ar*M] AA)()[ w]}wa(n.r

r2 2

The new operator structure introduce additional dependences on orbital angular momentum £ of kinetic and spin-orbit terms.
Bender, in preparation
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The single-particle Hamiltonian that is actually diagonalised

The single-particle Hamiltonian is represented as a matrix in coordinate space that acts on reduced wave functions

(2)

@a(r) = ria(r), where derivatives are represented as Lagrange-mesh derivatives D,.j in coordinate space

R o) B La(fa +1)
hj == D+ 9

2m 2m r

+Fl 8
V X <e‘7)a
6 5
fi

1 5@ (Y.9) 1 ((V.V) p@) 1 (v.,v) (v.9) falla +1) o

-2 by R — 3Ry D' +3 [ArFg 1; 8 +F TJ'J

i

Lo(lo +1)
oY (T 4 PO 0 1 ([T 5 (RO el )

i
9. ,[2 y

2 2 2) (2 2) La(la +1)
_1 Dlij) [FV-V)@) _ i [F(V’V)]E,,); D5)+ 1 {Ar[F(V’v)}f,z)}ié,-j -1 [F(V:¥))@) Lalfa 5

2 q,Jj q,i ’,'2
2 2
@ p8.8) 5@ _ 5@ falla+1)  Lalla+l) o) (an) falla+1)
FRO R B - By 2 Dt N
J 1 i

41 p@ AT xa) (fo)a 41 65(Tx0) (lo)a p® _ AV x0) (lo)a La(la +1) 5
27 Ta.r. r 2 Tq,r,i r ij q,r,i ’. 2 y
j i i f

= hj.

The first derivatives (that are not symmetric matrices on the radial mesh) are substituted with (the symmetric matrices) of
second derivatives to ensure that the matrix hj; can be diagonalised with standard matrix techniques (Hooverman, NPA 189 (1972)
155) Bender, in preparation
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Technical developments

@ implementation in MOCCa will be taken care of by hephaestos (see talk by W. Ryssens)
Ryssens, work in progress
@ Newly designed spherical coordinate-space code (see previous slides)

@ Newly designed semi-infinite matter HF code (see previous slides) that can handle arbitrary
asymmetries up to the drip line

@ (symmetric) semi-infinite matter calculation in ETF(2)-Fermi designed to handle N2LO
EDFs - solving traditional ETF would become a complicated self-consistent problem so one
needs an additional approximation to bring it back to the computational simplicity of
ETF(4) for NLO EDFs.

Proust, Lallouet, Davesne, Meyer, PRC 106 (2022) 054321

@ Completely rewritten code for parameter adjustment

Bonnard, Bender, Bennaceur (unpublished)
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Preliminary (and possibly premature) conclusions

@ N2LO offers new degrees of freedom

o effective mass becomes momentum dependent in matter

o The N2LO kinetic terms dominate the single-particle energy at high k, and, when used
with a standard density dependence, it also dominates E/A at high density.

o higher-order angular-momentum-dependent contributions to the potential, effective
mass, spin-orbit potential in nuclei that depend on orbital angular momentum

o direction dependent effective mass in finite nuclei (and anisotropic nuclear matter)

e non-local terms that only act on the surface, not in bulk matter, and (probably)
impact the the transport of nucleons in the nucleus

o generalized spin-orbit interaction
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