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Overview

Why Build New Tools?

o Drudge

» Noncommutative algebras
> Structured tensors

» Symbolic summation
o Gristmill

» Working equation optimization

» Code generation
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Drudge  Noncommutative Algebras

General Commutation Algebra

XY— Xy x=5X,Y)

o CAR algebra (fermions), CCR algebra (bosons), Lie algebras

o Normal ordering of generators

A<B<C<D<E<F

(A B _D E C F

o GenQuadDrudge > GenQuadLatticeDrudge > SU2LatticeDrudge
» Pairing su(2) generated by (PT, P, N)
PZ = CZ,C;—E, Np = c;r,cp + c‘-tc;,
> Antisymmetrized geminal power (AGP) or PBCS

T. M. Henderson, G. E. Scuseria, J. Chem. Phys. 153, 084111 (2020)
A. Khamoshi, G. P. Chen, T. M. Henderson, G. E. Scuseria, J. Chem. Phys 154, 074113 (2021)
R. Dutta, G. P. Chen, T. M. Henderson, G. E. Scuseria, J. Chem. Phys 154, 114112 (2021)
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Drudge  Noncommutative Algebras

Wickian Algebra

XY—e*XVyXx=05(X,Y)
where

PXY) = —p(Y.X), o(X.¥) = —o(¥,X)e ¥

o CAR algebra (fermions), CCR algebra (bosons)
o Wick's theorem for normal ordering
o Matrix elements between mean-field states
[l — —
(¢o|c;c3;cscr|d>1) <¢o\cpcqcsc,\¢1) (¢0|cpcqcscr|¢1) + (d>o|c;r,c2;cscr|d>1)
= (®o|®1) (PrPPSq — PraPsp + qu"'irS)

o WickDrudge > FockDrudge > GenlMBDrudge > PartHoleDrudge >
SpinOneHalfPartHoleDrudge
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Drudge  Canonicalization

Canonicalization

Upgrs = —Upgsr = —Uqgprs = Uqpsr

1 1 1 1
Z g UprqspsrC;r)Cq + Z ; Usprqprscz;cq - Z rzs UpsrqprsC;Cq - Z rzs UrpqspsrC;Cq = ; Uprqspsrc;rncq

dr.set_symm(u, Perm([1, @, 3, 2], IDENT), Perm([0, 1, 3, 2], NEG))

Jinmo Zhao, “Symbolic solution for computational quantum many-body theory development,”
Ph.D. thesis, Rice University (2018)
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Use Cases  CCSD

Example: Coupled Cluster Singles and Doubles

Guo Chen (Rice University)

(W) = eT|CD) =e
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H=e "He'

Ec = (®|H|®)
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= (®|c! G f e, H|®) =0
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Use Cases  Symmetry-Projected HFB

Example: Symmetry-Projected Hartree—Fock—Bogoliubov

o Hartree—Fock—Bogoliubov (HFB)

9) =6 1-)

,B; = Z (quch + qucq)

q

o Symmetry projection
w) =719 = [ au(@)|#(e)

£ (VHY) _ (O[PTHP|®) _ (9[HP|®)
SV (@PIP[G)  (0[P]9)

H(g) = (®[H|®(g))
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Use Cases  Symmetry-Projected HFB

Doped Hubbard Chain
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Use Cases  Symmetry-Projected HFB

Application to Doped Hubbard Chain
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Use Cases  Symmetry-Projected HFB

Application to Doped Hubbard Chain
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Use Cases  Symmetry-Projected HFB

Matrix Elements

o Nonorthogonal Wick's theorem
=l sl i
(¢o|c;(,cf7csc,|¢1) = <¢o\cf,c:;cscr\¢1> + (¢0|cf,cgcscr|d>1) + (¢o|c;r,cj7csc,|¢1)
= (bo|P1) (Prpl’sq — PrgPsp + qu“rS)
o Contractions

) r [i 1y
Ppqg = CqCp, Kpg = CqCp,  Xpqg = CpCq

ProjectedHFBDrudge(GenMBDrudge) :

@property
hfb_contractor(self):

)

eval_hfb_transition(self, tensor: Tensor):
return self.eval_vev(tensor, self.hfb_contractor)
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Use Cases  Symmetry-Projected HFB

Matrix Elements of the Hamiltonian

1
H= Z hpqc;r,cq + 1 Z upqrsc;r,cj;cscr
Pq

pars

ProjectedHFBDrudge(ctx)

= dr.ham.eval_hfb_transition()
.display()

5 Pp,rPq,sUrs,p,q 1 —Xp,qlr,sUp,q,r,s 1 p,aPp,q
DIDIP ) DIDIPIY B~ PP

pEL geL rel seL peL geL rel seL PEL qEL
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Use Cases  Symmetry-Projected HFB

Numerical Difficulties

o Nonorthogonal Wick's theorem
<¢0‘C};C¢J(qcscr‘¢1> = (®o|P1) (prppsq — PraPsp T qu’er)

p _ (Polchop|®r) _ (Polcecy|P1) N _ {Po|cheh|®1)
& (Bo|dr) = (Go|d1) (®o|®1)

o Robust Wick's theorem
(Po|®1) = pf(S) = ([ [ s

_ —1 ~r _ —1~r _ —1~r
Ppq = St Ppqs  Kpg = S Rpgy Xpg = Sr Xpg
r r r
Tt — L s s oo
<¢0|CquCq/ Cp/ |¢1> = C )\rlrz Pp/ppq/q - PP/qPq/P + XPqu’q’
rr

G. P. Chen, G. E. Scuseria, arXiv:2304.13780 (accepted by J. Chem. Phys., editor’s pick)
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Use Cases  Symmetry-Projected HFB

Low-Scaling Robust Wick’s Theorem

p=p"+p" =) s 15+~
res

1
T _ 01,R 01,R 01,5 01,R 01,R 01,5 01,5 01,5
<¢O‘CPCIIC‘7/CPI|¢1> - <¢0|¢1> qu pp q +qu pp q +qu pp q +pP‘7 ppq

__\R S 01,R O01,R S ~01,1 O1,R
=A A Ppq ppq/+::)\’1 Ppq ppq
nes

z : S 01,R~01 r1 z : ~01,r; ~01 r2
+ )\’lppq pq + )\’I’Qppq pq
nes n,nes

G. P. Chen, G. E. Scuseria, arXiv:2304.13780 (accepted by J. Chem. Phys., editor’s pick)
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Use Cases  Symmetry-Projected HFB

Low-Scaling Robust Wick’s Theorem

S R —1 ~r R
p=p"+p"=> s +p
res

rs_partition = [
dr.define(rholp, ql, rho_RIp, ql + rho_S[p, ql),
dr.define(kappalp, ql, kappa_RI[p, ql + kappa_S[p, ql),
dr.define(chilp, ql, chi_RIp, ql + chi_S[p, ql),

= tm.subst_all(rs_partition)

22222 PJPQS’SP‘]JFZZZZ pprpq,s’SPquZZZZ pavspmrfs!’q

pEL g€L rel seL pEL geL rel sEL peL gelL rel SEL
LD D)D) D) DETLLLIIIED D) D) DY DEILLIIIED B D) DY D211 I
peL g€l rel seL pEL qeL rel seL pEL q€L rel seL
(R) (5) h h
+ X,’{,”pq,rs7L p,“,“pq,rs+ qupq+ pqppq
pEL geL rel seL peL gelL rel seL peL geL peL qeL
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Use Cases  Symmetry-Projected HFB

Low-Scaling Robust Wick’s Theorem

expand_singular_part_per_term(term: Term):
assert len(term.vecs) ==
factors, coeff = term.amp_factors

order = @
factors_new = []
for factor in factors:
if factor.base.name.endswith("_S"):
indices_new = factor.indices + (s_dumms[order],)
factors_new.append(factor.base[indices_new])
order += 1
else:
factors_new.append(factor)

if order ==
amp = lambda@ * term.amp
sums = term.sums
else:
dumms = s_dumms[:order]
amp = coeff * lambda_bases[order-1] [dumms] * Mul(xfactors_new)
sums = term.sums + tuple((dumm, s_range) for dumm in dumms)

return Term(sums, amp, ())

tm = tm.map(expand_singular_part_per_term)
tm.display()

Guo Chen (Rice University) Drudge/Gristmill 6/5/2023



Use Cases  Symmetry-Projected HFB

Low-Scaling Robust Wick’s Theorem

A
)DPIDIP DETLILIINES D) D) D) DD DE U7 412 N

pEL gel rel sel pEL gel rel sel r1€S
(s) NG FORC)
+2° 222235 >‘r1 EASTPED DD 3D DD DD DD DL N L e
pEL geL rel sel r1€$ pEL g€l rel sel r1€5r2€5

+ZZZZ XPRL)7 (VR;UP""’S-’_ZZZZZ >‘r1) (rRs)Xququrs

pEL geL rel sel pEL geL rel sel rIES

LD ) D) DD DELIIGLZ IS D) D) D) D) DY D 2T I A

pEL geL rel sel r1€$ peL qel rel sclL r1€$r265
Dp
+ZZ>‘°th"pq+ZZ ZA1 Pqppyq,q
pEL gL pEL gL €S

o FLOP count of Gristmill optimized code: O(4m"*ns)
> m: size of the one-particle basis

> ng: size of the (near-)zero {s.}
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Use Cases  Symmetry-Projected HFB

Exploiting Sparsity

o Sparsity in hpg and uUpgrs

o Hubbard Hamiltonian

H= - Z Z tpq<cpacqg+hc>+UanTan

pq oe{t,l}

B D) DEVG.ISE 20 ) DEVIUFCLND ) DEW: I8

pEL qEL pEL gEL  ES peL gL
(s11) (R01 1o (FOD) 1) RDl) (S01)
- Z Z Z >\,1 tpvqpp,q,q + Z UXo 0Xp,p Fp,p + Z Z Ux; p.p Xp.p,ry
pEL geL n €S peL pELnES
(Ro1) _(S01) (501) ,(01) (R11)
+ Z Z U’\'l XPP PP”1 + Z Z Z U>‘r1 rnXp,p,r ¥p,p.ry Z Uo pp,p ppp
pELnES pELESHES pEL
(1) (Ro0) (S11) (1) (R11) (S00) (S00) (S11)
+Z Z UN oo Propyry +Z Z UN oo Propyry +Z Z Z U)‘rl rzppprlppp,rz
pEL rES pEL rES pEL ESRES
(01) (10)
- Z Uo pp P pp P
pelL
o’

Guo Chen (Rice University) Drudge/Gristmill



Use Cases  Symmetry-Projected HFB

Matrix Elements of Higher-Body Operators

o Gradient w.r.t. Thouless rotation

(o] B3 B H| 1)

o Kernels in PHFB-based correlated methods

> Projected coupled cluster

Y. Qiu, T. M. Henderson, T. Duguet, G. E. Scuseria, Phys. Rev. C 99, 044301 (2019)
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Final Remarks

Summary

Qo

Drudge (https://github.com/tschijnmo/drudge)
Gristmill (https://github.com/tschijnmo/gristmill)

Automated derivation, optimization, and code generation

©

Correctness, generality, and efficiency “T SPRD A LOT OF THE ON THETHSK.

T SHOULD LIRITE A PROGRAM AUTOMATING IT!*

o Interactive and reproducible

(7]

Python ecosystem

o Parallel

RETMNKING __ __ NoTME FOR
{(€] RSK
J. Zhao, PhD thesis, Rice University (2018) ORHN%

G. P. Chen, G. E. Scuseria, arXiv:2304.13780 (2023) TIME.

xked.com/1319
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