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Talk Synopsis

need to raise the level of abstraction to enable many-body QM

symbolic techniques are a component of the needed many-body QM 
technology stack 

particularly needed for supporting tensor compressed/factorized 
methods (e.g., PNO)

ideas are old, let’s learn from the pioneers and make this sustainable



Outline

➤ Motivation: Richness of Tensor Algebras in Quantum Mechanics

➤ Technology Roadmap for Many-Body QM

➤ SeQuant

➤ Overview

➤ Key innovations

➤ Ongoing/Future work



Tensors



Tensors in Quantum Mechanics

Tensor structures arise naturally, and with great(est) variety

To make sense of this and understand the relevant 
problem scales let’s start with a few pictures

key objects are fields 
i.e. functions of space(time) coordinates

➧ tensor meshes 
and other PDE technologies

n-particle QM is polylinear 
state = tensor of order O(n)

➧ high-order tensors

states are data-sparse 
at least all(?) states we care about

➧
tensor networks of many kinds 

built out of block/rank-sparse tensors



QM States and Their Properties/Changes Are Tensors
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N-Body Schrödinger Equation = Tensor Eigenvalue Problem

Important simplifications

1. H is very sparse: up to 2 output indices can differ from the input indices for 2-body H 

2. For most important states Ψ is also sparse in good basis



Properties of Quantum States Are Also Tensors
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N-Body Schrödinger Equation = Tensor Eigenvalue Problem

Example: N2 molecule

N=14 M=60 (cc-pVTZ basis)

size(Ψ) = 1.5 x 1017 but only <109 elements are significant!

element sparsity can be useful, but essential to exploit general data sparsity in H and Ψ



Reducing Complexity v1: Tensor Networks

matrix product state (MPS), or 
tensor-train PEPS

tree tensor network (TTN) MERA

…
CP

physics, sometimes chemistry



Reducing Complexity v2: Cumulant/Perturbative Expansion

s1 s2 s3 s4 sN

instead of encoding joint probability amplitudes

encode differences in probability amplitudes relative to simple (usually, uncorrelated) state

|Ψ⟩ ≡

|Ψ⟩ ≈ Ŵ |0⟩ |0⟩
Ŵ

efficient if  W limited to a sum of few-body terms (e.g, 2-body in CCSD) 

tensor ≈ sum of tensor networks
chemistry and physics



|Ψ⟩ = exp( ̂T2 + ̂T3 + … + ̂TN) × |̃0⟩
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Cumulant/Perturbative Expansion: Coupled-Cluster



Roadmap for Automation



What Is Automation?
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What Is Automation?

isa.org

funding agency: product is manuscript

http://isa.org


Clearly, not a new idea …

wicked funny

oddly relevant



What Is Automation?

➤ Here: replacing tedious human work by machine work

➤ Formal manipulation

➤ Algorithm design/optimization

➤ Code transformation

➤ Code generation

➤ Performance Analysis/Optimization

➤ Graphics/table generation …

➤ Not everything can or should be automated

➤ Automation needs to be controlled, hence understandable

➤ Automation needs to be high-quality



Purposes of Automation

➤ Correctness for new (and old) methods

➤ Future-proofing

➤ Optimization: execution speed, resource use

automation = use of technology to enable many-body QM simulation



Wishlist for Automation

automation = use of technology to enable many-body QM simulation

➤ High level of abstraction: algebraic or graphical

➤ Ability to lower level of abstraction gradually (operator algebra/TN 
-> tensor algebra -> tensor data structures + algorithms -> generic 
IR

➤ Non-monolithic

➤ Deployable to large machines

➤ Open source



Again, This Has Been Known and Realized



Automation Vision
Technology 

many-body physics runtime stack

operator algebra / TN “compiler” as 
embedded DSL / library

tensor algebra engine

solvers

QM operator evaluation 



Automation Vision
Technology 

many-body physics runtime stack

operator algebra / TN “compiler” as 
embedded DSL / library

tensor algebra engine

solvers

QM operator evaluation 

ValeevGroup/TiledArray

ValeevGroup/Libint{,X}   m-a-d-n-e-s-s/madness

ValeevGroup/SeQuant



Automation Vision
Technology 

many-body physics runtime stack

operator algebra / TN “compiler” as 
embedded DSL / library

tensor algebra engine

solvers

QM operator evaluation 

ValeevGroup/TiledArray

ValeevGroup/Libint{,X}   m-a-d-n-e-s-s/madness

ValeevGroup/SeQuant

ValeevGroup/mpqc



Reusable Layers Highlight 1: Fast Hybrid All-Electron Kohn-Sham

ubiquitin (1k+ atoms, 10k+ bf)

GPU-accelerated hybrid Fock build



Reusable Layers Highlight 1: Fast Hybrid All-Electron Kohn-Sham

N.B. Open-source parallel GPU-accelerated J-engine … soon fast high-L 4-center AO integrals

ValeevGroup/LibintX

Dr. Andrey Asadchev



Reusable Layers Highlight 2: TiledArray Framework

ValeevGroup/TiledArray

• covers many domains: dense and block-
sparse arrays/tensors

• general purpose: no domain concepts, 
applicable to chemistry/physics/engineering

• for users: high-level post-einsum DSL

• for developers: powerful STL-like 
abstractions

• scalable: intra- and inter-node, >10^5 cores

• high-performance: CUDA, other backends 
in progress

• free and open source: GPL

• open development: central repo on Github
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TA 256000
CTF 32768
CTF 65536
CTF 98304
CTF 256000
ScaLAPACK 32768

dense matrix multiplication benchmark production CCSD-F12 solver 
IBM BG/Q “Mira”

~3 mins/iter!

Our Tensor Framework TiledArray Allows Us To Simulate Electrons on 
Largest Machines



Reusable Layers Highlight 2: TiledArray Framework

relativistic ground and excited state massively-parallel CCSD in ChronusQ

SciDAC collaboration with Eugene DePrince (FSU), Xiaosong Li (UW) and Chao Yang (LBL)

others are starting to use it too, e.g.



TiledArray Arithmetic: DSL

Math

C++ TArrayD R(world, ovov);

R("i,a,j,b") = G("i,a,j,b") + Fv("a,c") * T("i,c,j,b") +
                Fv("b,c") * T("i,a,j,c") - Fo("i,k") * T("k,a,j,b") -
                Fo("j,k") * T("i,a,k,b");

double energy =
     (G("i,a,j,b") + R("i,a,j,b")).dot(2 * T("i,a,j,b") - T("i,b,j,a"));

Riajb =Giajb + FacTicjb + FbcTiajc � FikTkajb � FjkTiakb

E =(Giajb +Riajb)(2Tiajb � Tibja)



TiledArray Arithmetic: DSL

Math

C++ TArrayD R(world, ovov);

R("i,a,j,b") = G("i,a,j,b") + Fv("a,c") * T("i,c,j,b") +
                Fv("b,c") * T("i,a,j,c") - Fo("i,k") * T("k,a,j,b") -
                Fo("j,k") * T("i,a,k,b");

double energy =
     (G("i,a,j,b") + R("i,a,j,b")).dot(2 * T("i,a,j,b") - T("i,b,j,a"));

Riajb =Giajb + FacTicjb + FbcTiajc � FikTkajb � FjkTiakb

E =(Giajb +Riajb)(2Tiajb � Tibja)

TArrayD = DistArray<Tensor<double>, DensePolicy>

deeply customizable:

can do lazily-evaluated tiles, tensors of tensors, sparse tensors, etc.



TiledArray Supports General Data Sparsity

dense 

element/block sparse 

rank sparse 

block-rank sparse 

Clustered Low Rank

Lewis, Calvin, Valeev, J. Chem. Theor. Comp. 12, 5868 (2016).



SeQuant



SeQuant Synopsis

S  Q

fast symbolic algebra of tensors

interpreter using parallel data-sparse tensor engine TiledArray

reusable open-source C++ library

old ideas in modern form, with some twists



SeQuant: Second Quantization Algebra System

➤ SeQuant v1 (2002-now)

➤ Implemented in Mathematica

➤ Original objective to support R12 methods development (incl. CC-R12)

➤ Extended by Martin Torheyden and Chong Peng (2007-2010) to support 
extended WT w.r.t. multi-determinant vacuum

➤ Sufficient for CCSD, MR-F12, etc.

➤ Slow, imperfect expression reduction, no factorization, etc.

➤ Publicly available at github.com/ValeevGroup/SeQuant

➤ SeQuant2 (2018-now)

➤ Implemented in C++17

➤ Online symbolic manipulation now possible

➤ Can interpret expressions using external tensor backend

➤ github.com/ValeevGroup/SeQuant2



SeQuant2: Getting Started

$ git clone https://github.com/ValeevGroup/SeQuant2
$ cmake -S SeQuant2 -B SeQuant2/build -DCMAKE_PREFIX_PATH=“path-to-boost;path-to-eigen3”
$ cmake --build SeQuant2/build --target check 

➤ TL;DR

➤ Prereqs:

➤ Boost 1.67+ (can’t use 1.70, 1.77, 1.78)

➤ Range-v3 (can autobuild)

➤ (Unless BOOST_TESTING=OFF): Eigen3

https://github.com/ValeevGroup/SeQuant2


SeQuant2: Core

➤ Core of SeQuant2 provides basic support for representing and 
manipulating expressions

➤ SeQuant1 leveraged Mathematica for this job (hence its choice)

➤ Expressions are traditionally represented as trees/graphs

➤ But actual representation is some recursive data structure

�������� TreeForm[a*b + c*2*d + (1/2)*e]
������������������

Plus

Times

a b

Times

2 c d

Times

1
2 e

�������� FullForm[a*b + c*2*d + (1/2)*e]
������������������

Plus[Times[a, b], Times[2, c, d], Times[Rational[1, 2], e]]



SeQuant2: Core

➤ Expr = node on an expression tree

➤ Every type of expression (Constant, Product, Sum, etc.) must 
derive from Expr

➤ Since expressions are polymorphic they should be stored on heap 
and held via a shared_ptr; use shortcuts ExprPtr ≣ 
shared_ptr<Expr> and ex<Type>(…) ≣ 
static_pointer_cast<Expr>(make_shared<Type>(…)
)

➤ Expr is a polymorphic range of pointers (ExprPtr) to 
subexpressions

➤ Iteration over the tree trivially implemented by iterating over subexprs

auto prod = ex<Constant>(1) * ex<Constant>(2); 
for(auto& factor: *(prod)) { 
  std::wcout << "factor = " << to_wolfram(factor) << std::endl; 
}

factor = 1.000000 
factor = 2.000000



SeQuant2: Core

➤ The Expr range is mutable for many expressions, this makes it 
possible to transform expressions

➤ To make it easier dealing with polymorphic ranges, type ID of an 
Expr can be examined at runtime via  Expr::is<Type> and it 
can be cast to Type via Expr::as<Type>(this does not use 
RTTI! See Expr::get_type_id())

auto x = ex<Constant>(1) * (ex<Constant>(2) + ex<Constant>(3)); 
for(auto& factor: *(x)) { 
  std::wcout << "factor is constant? “ 
             << (factor->is<Constant>() ? “true” : “false”) << std::endl; 
}

factor is Constant? true 
factor is Constant? false

auto prod = ex<Constant>(1) * ex<Constant>(2); 
std::wcout << "Old prod = " << to_wolfram(prod) << std::endl; 
for(auto& factor: *(prod)) { 
  factor = ex<Constant>(factor->as<Constant>().value() * 2.); 
} 
std::wcout << "New prod = " << to_wolfram(prod) << std::endl; 

Old prod = Times[1.000000,2.000000] 
New prod = Times[2.000000,4.000000]



SeQuant2: Core

➤ Most operations on expressions involve traversing the tree and 
invoking a function on (visiting) every node (optionally only invoking 
it on leaves only).

➤ e.g. to_wolfram(ExprPtr) can be is implemented by a 
visitor

auto x = ex<Constant>(1) * (ex<Constant>(2) + ex<Constant>(3)); 
x->visit([](const ExprPtr& ex){ 
  std::wcout << to_wolfram(ex) 
             << (ex->is<Constant>() ? " is" : " is not”) 
             << " a Constant" << std::endl; 
});

1.000000 is a Constant 
2.000000 is a Constant 
3.000000 is a Constant 
Plus[2.000000,3.000000] is not a Constant 
Times[1.000000,Plus[2.000000,3.000000]] is not a Constant 



SeQuant2: Core

➤ Most operations on expressions involve traversing the tree and 
invoking a function on (visiting) every node (optionally only invoking 
it on leaves only).

➤ Visitor can change its argument arbitrarily! This is another way 
expressions can be transformed.

auto x = ex<Constant>(1) * (ex<Constant>(2) + ex<Constant>(3)); 
std::wcout << “Old expr = " << to_wolfram(x) << std::endl; 
x->visit([](ExprPtr& subx){ 
  if (subx->is<Constant>()) 
    subx = ex<Constant>(2); 
}); 
std::wcout << “New expr = " << to_wolfram(x) << std::endl;

Old expr = Times[1.000000,Plus[2.000000,3.000000]] 
New expr = Times[2.000000,Plus[2.000000,2.000000]]



SeQuant2: Core

➤ Tensor represents abstract tensorial quantities of finite order

➤ Covariant and contravariant modes in Einstein notation are 
referred to as bra and ket modes (in the sense of Dirac notation 
for matrix elements of operators)

➤ Tensor modes are represented by Index objects, composed 
of a label  and an IndexSpace

➤ IndexSpace represents a vector space; it has a type (Type) 
and quantum number attributes (QuantumNumbers).



SeQuant DSL

42

• Index Type
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�
<latexit sha1_base64="c69jZPRId3MFK0xqSrYCotpAAaU=">AAAB7HicbVDJSgNBEO2JW4xb1KOXRhFyCjMqxNyCXjxGMAtkhtDTqSRNenqG7hohhHxDLh4U8eqH+Ane/BDvdhbcHxQ83quiql6YSGHQdd+czNLyyupadj23sbm1vZPf3aubONUcajyWsW6GzIAUCmooUEIz0cCiUEIjHFxO/cYtaCNidYPDBIKI9ZToCs7QSjU/BGTt/JFbdGegf4m3IEcV6hfeXyZ+tZ1/9TsxTyNQyCUzpuW5CQYjplFwCeOcnxpIGB+wHrQsVSwCE4xmx47psVU6tBtrWwrpTP0+MWKRMcMotJ0Rw7757U3F/7xWit3zYCRUkiIoPl/UTSXFmE4/px2hgaMcWsK4FvZWyvtMM442n5wNwfv6vWxROluQsvcZQv2k6J0W3WubxgWZI0sOyCEpEI+USIVckSqpEU4EmZB78uAo5855dJ7mrRlnMbNPfsB5/gCkWZKD</latexit>

�
<latexit sha1_base64="kfsU6YhTB3T9gVQ73trkL0V3yTk=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiDkFGZUiLkFvXiMYBbIhFDT6UnadPcM3T1CGPINevGgiFf/w0/w5od4t7Pg/qDg8V4VVfWCmDNtXPfNySwsLi2vZFdza+sbm1v57Z2GjhJFaJ1EPFKtADTlTNK6YYbTVqwoiIDTZjA8m/jNa6o0i+SlGcW0I6AvWcgIGCs1/D4IAd18wS25U+C/xJuTQhX7xfeXG7/Wzb/6vYgkgkpDOGjd9tzYdFJQhhFOxzk/0TQGMoQ+bVsqQVDdSafXjvGBVXo4jJQtafBU/T6RgtB6JALbKcAM9G9vIv7ntRMTnnRSJuPEUElmi8KEYxPhyeu4xxQlho8sAaKYvRWTASggxgaUsyF4X79XLMrHc1LxPkNoHJa8o5J7YdM4RTNk0R7aR0XkoTKqonNUQ3VE0BW6RffowYmcO+fReZq1Zpz5zC76Aef5A2dukvQ=</latexit>

...
<latexit sha1_base64="epw3RHUjVLxQdBdUZQSjzFyn5rI=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkVwVZIq1K4sunFZwT6gDWUymbRjJzNhZlIoof/gxoUibv0fd/6Fn+A0Lb4PXDiccy/33uPHjCrtOG9Wbml5ZXUtv17Y2Nza3inu7rWUSCQmTSyYkB0fKcIoJ01NNSOdWBIU+Yy0/dHlzG+PiVRU8Bs9iYkXoQGnIcVIG6nVGwdCq36x5JSdDPZf4i5I6fwdMjT6xddeIHASEa4xQ0p1XSfWXoqkppiRaaGXKBIjPEID0jWUo4goL82undpHRgnsUEhTXNuZ+n0iRZFSk8g3nRHSQ/Xbm4n/ed1Eh2deSnmcaMLxfFGYMFsLe/a6HVBJsGYTQxCW1Nxq4yGSCGsTUMGE4H79XjOoni5Izf0MoVUpuydl57pSql/M04A8HMAhHIMLVajDFTSgCRhu4Q4e4NES1r31ZD3PW3PWYmYffsB6+QCL/ZDM</latexit>

⌦ <latexit sha1_base64="gCFVLO2YuwL22XaWFj/P46nfNrM=">AAAB+3icbVDLSgMxFL1TX7W+xrp0M1gEV2VGC7Uri25cVrAPaIeSSTNtaCYZkoxYhv6KGxeKuPVH3PkXfoLptPg+EDiccw/35gQxo0q77puVW1peWV3Lrxc2Nre2d+zdYkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF/M/PYNkYoKfq0nMfEjNOQ0pBhpI/XtYk/S4cjEQj1CMhaCq75dcstuBucv8RakdPYOGRp9+7U3EDiJCNeYIaW6nhtrP0VSU8zItNBLFIkRHqMh6RrKUUSUn2a3T51DowycUEjzuHYy9XsiRZFSkygwkxHSI/Xbm4n/ed1Eh6d+SnmcaMLxfFGYMEcLZ1aEM6CSYM0mhiAsqbnVwaYChLWpq2BK8L7+XjOoVhak5n2W0Doueydl96pSqp/P24A87MMBHIEHVajDJTSgCRhu4Q4e4NGaWvfWk/U8H81Zi8we/ID18gGSlZZ6</latexit>Core

Occupied

Virtual

Complete  
Virtual

github.com/ValeevGroup/SeQuant2

Index i1(L"i_1");
<latexit sha1_base64="/AMnPm7MZgu15xB7fiic+hgkYqw=">AAAB6nicbVDLSgNBEOyNr5j4iIonL4NRyCnsiqjHoBePEc0DkiXMTmaTIbMzy8ysEJb4BXrxoASvfpE3/8bJ46CJBQ1FVTfdXUHMmTau++1kVlbX1jeym7n81vbObmFvv65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDG4mfuORKs2keDDDmPoR7gkWMoKNle5Zx+sUim7ZnQItE29OipXD8fNT6SRf7RS+2l1JkogKQzjWuuW5sfFTrAwjnI5y7UTTGJMB7tGWpQJHVPvp9NQROrVKF4VS2RIGTdXfEymOtB5Gge2MsOnrRW8i/ue1EhNe+SkTcWKoILNFYcKRkWjyN+oyRYnhQ0swUczeikgfK0yMTSdnQ/AWX14m9bOyd1E+v7NpXMMMWTiCYyiBB5dQgVuoQg0I9OAF3uDd4c6rM3Y+Zq0ZZz5zAH/gfP4AE0WP5Q==</latexit>

i1
<latexit sha1_base64="buAQHbRfsECEFPDSlQzcSxBfUTM=">AAAB6nicbVDLSgNBEOyNr5j4iIonL4NRyCnsiqjHoBePEc0DkiXMTmaTIbMzy8ysEJb4BXrxoASvfpE3/8bJ46CJBQ1FVTfdXUHMmTau++1kVlbX1jeym7n81vbObmFvv65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDG4mfuORKs2keDDDmPoR7gkWMoKNle5xx+sUim7ZnQItE29OipXD8fNT6SRf7RS+2l1JkogKQzjWuuW5sfFTrAwjnI5y7UTTGJMB7tGWpQJHVPvp9NQROrVKF4VS2RIGTdXfEymOtB5Gge2MsOnrRW8i/ue1EhNe+SkTcWKoILNFYcKRkWjyN+oyRYnhQ0swUczeikgfK0yMTSdnQ/AWX14m9bOyd1E+v7NpXMMMWTiCYyiBB5dQgVuoQg0I9OAF3uDd4c6rM3Y+Zq0ZZz5zAH/gfP4ABxWP3Q==</latexit>a1 Index a1(L"a_1");

<latexit sha1_base64="iUIbftP3vSTAe6ZpSYgi69ENzdE=">AAAB9XicbVC7SgNBFL3rM8ZX1NJmNAhWYVdExcagjWUE84BkE2Ynk2TI7OwwM6uEZf/DxkIRWwt/w8rOD/A/nDwKTTxw4XDOvdx7TyA508Z1v5y5+YXFpeXMSnZ1bX1jM7e1XdFRrAgtk4hHqhZgTTkTtGyY4bQmFcVhwGk16F8N/eodVZpF4tYMJPVD3BWswwg2Vmomspk0MJc9nLa8tJXLuwV3BDRLvAnJF/c+3r/j84tSK/fZaEckDqkwhGOt654rjZ9gZRjhNM02Yk0lJn3cpXVLBQ6p9pPR1Sk6sEobdSJlSxg0Un9PJDjUehAGtjPEpqenvaH4n1ePTefMT5iQsaGCjBd1Yo5MhIYRoDZTlBg+sAQTxeytiPSwwsTYoLI2BG/65VlSOSp4J4XjG5vGJYyRgV3Yh0Pw4BSKcA0lKAMBBQ/wBM/OvfPovDiv49Y5ZzKzA3/gvP0A0omWbg==</latexit>

pα1
<latexit sha1_base64="7J2RV0MGsFPVew8CYZ96euuPJS8=">AAAB9HicbVBNS8NAEN34WetXrUcvwSJ4KomKeix68VjBfkAby2Y7aZduNnF3UighP8FzLx4U8eqP8ea/cftx0NYHA4/3ZpiZ58eCa3Scb2tldW19YzO3ld/e2d3bLxwU6zpKFIMai0Skmj7VILiEGnIU0IwV0NAX0PAHtxO/MQSleSQfcBSDF9Ke5AFnFI3kpfFj2vYBadZxs06h5JSdKexl4s5JqVI6L8rxc7XaKXy1uxFLQpDIBNW65ToxeilVyJmALN9ONMSUDWgPWoZKGoL20unRmX1ilK4dRMqURHuq/p5Iaaj1KPRNZ0ixrxe9ifif10owuPZSLuMEQbLZoiARNkb2JAG7yxUwFCNDKFPc3GqzPlWUockpb0JwF19eJvWzsntZvrg3adyQGXLkiByTU+KSK1Ihd6RKaoSRJzImr+TNGlov1rv1MWtdseYzh+QPrM8fdXOU0Q==</latexit>

pβ1

auto p1A = Index(L”p⁺_1", IndexSpace::alpha);

auto p1B = Index(L"p⁻_1", IndexSpace::beta);

<latexit sha1_base64="4bAkYUgJ9+dIDYL/CTfID9zqw8U=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5W0CBgrWBiLRB9SGyLHdVurjhPZDqKK8gnMbCwMIMTKj7DxN7iPAVqOdK+OzrlXvj5BzJnSjvNt5VZW19Y38puFre2d3T17v9hUUSIJbZCIR7IdYEU5E7Shmea0HUuKw4DTVjC6mviteyoVi8StHsfUC/FAsD4jWBvJt4sp9qt3acp8NzOtkmWZb5ecsjMFWibunJRqpWpRPD3W67791e1FJAmp0IRjpTquE2svxVIzwmlW6CaKxpiM8IB2DBU4pMpLp7dn6NgoPdSPpCmh0VT9vZHiUKlxGJjJEOuhWvQm4n9eJ9H9Cy9lIk40FWT2UD/hSEdoEgTqMUmJ5mNDMJHM3IrIEEtMtImrYEJwF7+8TJqVsntWPr0xaVzCDHk4hCM4ARfOoQbXUIcGEHiAZ3iFNyuzXqx362M2mrPmOwfwB9bnD5XRlxI=</latexit>

ai1i23 Index a3(L”a_3", IndexSpace::active_occupied,  
         {i1, i2});

<latexit sha1_base64="zroESEIwhGeNHaThzgksAz3dBpo=">AAACDHicbVDLSgMxFM3UV62vUZdugkUQhDJTi7os6sJlBfuAdhwyaaYNzTxIMkIJ8wG68FfcuFDErR/gTvwQV4KZtgttPZBwzrn3ktzjxYwKaVkfRm5ufmFxKb9cWFldW98wN7caIko4JnUcsYi3PCQIoyGpSyoZacWcoMBjpOkNzrJ684ZwQaPwSg5j4gSoF1KfYiS15ZpF1fEQV730WinqHqb6qqSpmwk7E+VUK7NolawR4CyxJ6RYPTj/It93nzXXfO90I5wEJJSYISHathVLRyEuKWYkLXQSQWKEB6hH2pqGKCDCUaNlUrinnS70I65PKOHI/T2hUCDEMPB0Z4BkX0zXMvO/WjuR/omjaBgnkoR4/JCfMCgjmCUDu5QTLNlQE4Q51X+FuI84wlLnV9Ah2NMrz5JGuWQflSqXOo1TMEYe7IBdsA9scAyq4ALUQB1gcAsewBN4Nu6NR+PFeB235ozJzDb4A+PtB0croNo=</latexit>

ḡi3i4i1i2
Tensor(L"g", {Index{L"i_1"}, Index{L"i_2"}},
       {Index{L”i_3"}, Index{L"i_4"}}, 
       Symmetry::antisymm);

<latexit sha1_base64="oaUtfXvxK6g15+mpLchHCG/eqFo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkiLosKuKygn1AG8NkOmmHTiZhZiLUENz7FW5cKOLW/3AnfogrwUnbhbYeuNzDOfcyd44XMSqVZX0YuZnZufmF/GJhaXlldc1c36jLMBaY1HDIQtH0kCSMclJTVDHSjARBgcdIw+ufZn7jhghJQ36lBhFxAtTl1KcYKS255lZyfp0k1C2nqZt1O03TgmsWrZI1BJwm9pgUK/tnX+T7/rPqmu/tTojjgHCFGZKyZVuRchIkFMWMpIV2LEmEcB91SUtTjgIinWR4fQp3tdKBfih0cQWH6u+NBAVSDgJPTwZI9eSkl4n/ea1Y+cdOQnkUK8Lx6CE/ZlCFMIsCdqggWLGBJggLqm+FuIcEwkoHloVgT355mtTLJfuwdHCp0zgBI+TBNtgBe8AGR6ACLkAV1AAGt+ABPIFn4854NF6M19FozhjvbII/MN5+AIrzmb0=</latexit>

F i2
i1

Tensor(L"F", {L"i_1"}, {L"i_2"});

• Tensor Type
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• Operators
<latexit sha1_base64="Vw1cYn6cp7haTi9NaL86WfBwxsY=">AAACDnicbVC7SgNBFL0b3/EVtbRZDAGrsBtFLUUbywjmAUlc7k4myZDZBzOzQhj2C2z8FRsLRezE2s4/8C90Nkmh0QMznHvOvczc48ecSeU4H1Zubn5hcWl5Jb+6tr6xWdjarssoEYTWSMQj0fRRUs5CWlNMcdqMBcXA57ThD88zv3FDhWRReKVGMe0E2A9ZjxFURvIKJd1WjHepxvRaa+a5qbkqaeppjVmBWZF6haJTdsaw/xJ3Soqn+1+fg4NXqHqF93Y3IklAQ0U4StlynVh1NArFCKdpvp1IGiMZYp+2DA0xoLKjx+ukdskoXbsXCXNCZY/VnxMaAylHgW86A1QDOetl4n9eK1G9k45mYZwoGpLJQ72E2yqys2zsLhOUKD4yBIlg5q82GaBAokyCeROCO7vyX1KvlN2j8uGlSeMMJliGXdiDfXDhGE7hAqpQAwK3cA+P8GTdWQ/Ws/Uyac1Z05kd+AXr7Rvc3KD0</latexit>

ãi1i2a1a2
auto nop1 = FNOperator({L"i_1", L"i_2"}, {L"a_1", L"a_2"}, 
                       Vacuum::SingleProduct);

<latexit sha1_base64="YUr7txyc8RtYNONo6o3hMJ/51fY="></latexit>

ãi1i2a2

auto nop2 = FNOperator({L"i_1", L"i_2"}, {L"a_2"}, 
                       Vacuum::SingleProduct);

<latexit sha1_base64="kYKDXh4XhRY5q61QmmaX6tkHWGs="></latexit>

ãi1i2a1a2
ãi1i2a2

auto nopseq = FNOperatorSeq({nop1, nop2});

github.com/ValeevGroup/SeQuant2

• Operator sequence

• Wick’s theorem
<latexit sha1_base64="Vw1cYn6cp7haTi9NaL86WfBwxsY=">AAACDnicbVC7SgNBFL0b3/EVtbRZDAGrsBtFLUUbywjmAUlc7k4myZDZBzOzQhj2C2z8FRsLRezE2s4/8C90Nkmh0QMznHvOvczc48ecSeU4H1Zubn5hcWl5Jb+6tr6xWdjarssoEYTWSMQj0fRRUs5CWlNMcdqMBcXA57ThD88zv3FDhWRReKVGMe0E2A9ZjxFURvIKJd1WjHepxvRaa+a5qbkqaeppjVmBWZF6haJTdsaw/xJ3Soqn+1+fg4NXqHqF93Y3IklAQ0U4StlynVh1NArFCKdpvp1IGiMZYp+2DA0xoLKjx+ukdskoXbsXCXNCZY/VnxMaAylHgW86A1QDOetl4n9eK1G9k45mYZwoGpLJQ72E2yqys2zsLhOUKD4yBIlg5q82GaBAokyCeROCO7vyX1KvlN2j8uGlSeMMJliGXdiDfXDhGE7hAqpQAwK3cA+P8GTdWQ/Ws/Uyac1Z05kd+AXr7Rvc3KD0</latexit>

ãi1i2a1a2

<latexit sha1_base64="QdBXoL7moDnhdTJlxLsTbMi2RN8=">AAACDnicbVDLSgMxFM3UV62vUZduBktBEMqMFnVZ1IXLCvYBbR0y6W0bmnmQZIQS5gd046+4caGIW9fuxA9xJZhpu9DWAwnnnnMvyT1exKiQtv1hZObmFxaXssu5ldW19Q1zc6smwpgTqJKQhbzhYQGMBlCVVDJoRByw7zGoe4Oz1K/fABc0DK7kMIK2j3sB7VKCpZZcs6BakrIOKJxcK4Xdw0RfpSRxlaJpQdMicc28XbRHsGaJMyH58v75F3zfflZc873VCUnsQyAJw0I0HTuSbYW5pIRBkmvFAiJMBrgHTU0D7INoq9E6iVXQSsfqhlyfQFoj9feEwr4QQ9/TnT6WfTHtpeJ/XjOW3ZO2okEUSwjI+KFuzCwZWmk2VodyIJINNcGEU/1Xi/Qxx0TqBHM6BGd65VlSOyg6R8XSpU7jFI2RRTtoF+0hBx2jMrpAFVRFBN2hB/SEno1749F4MV7HrRljMrON/sB4+wHiUqG5</latexit>

ãa3a4
i3i4

<latexit sha1_base64="q7OtDMQq0PrK/h8yGx8o3U3ZiEs="></latexit>

si4i1s
i3
i2
sa3
a2
sa4
a1

− si4i1s
i3
i2
sa4
a2
sa3
a1

− si3i1s
i4
i2
sa3
a2
sa4
a1

+ si3i1s
i4
i2
sa4
a2
sa3
a1

auto wick = FWickTheorem{opseq};
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auto input = ex<Constant>(1./8) *
    ex<Tensor>(L"g",{L"i_4", L"i_5"},
              {L"a_4", L"a_5"}, Symmetry::antisymm) *
    ex<Tensor>(L"t",{L"a_1", L"a_4"},
              {L"i_1", L"i_2"}, Symmetry::antisymm) *
    ex<Tensor>(L"t",{L"a_2",L"a_3", L"a_5"},
              {L"i_3", L"i_4",L"i_5"}, Symmetry::antisymm);  

<latexit sha1_base64="VPZlRCe9r8MeCH4O311bB17fWJs="></latexit>

1

8
ḡa4a5
i4i5

t̄i1i2a1a4
t̄i3i4i5a2a3a5

• Expression transcription: tensor products

<latexit sha1_base64="vWgDOLGk3pljdQhEcR0EcJ0JwGI=">AAACGnicbVDLSgMxFM3UV62vUZduBosgCGWmiLosKuKygn1AH0Mmva3BzIMkI5SQH/AH3Pgrblwo4k7ciB/iSjDTduHrQMjhnHNJ7gkSRoV03TcrNzU9MzuXny8sLC4tr9ira3URp5xAjcQs5s0AC2A0gpqkkkEz4YDDgEEjuDzK/MYVcEHj6FwOE+iEeBDRPiVYGsm3PaVOukpRv6y1n92e1lq1JWU9UFh3J5I/iWhd8O2iW3JHcP4Sb0KKlZ3jD/i8fq/69ku7F5M0hEgShoVoeW4iOwpzSQkDXWinAhJMLvEAWoZGOATRUaPVtLNllJ7Tj7k5kXRG6vcJhUMhhmFgkiGWF+K3l4n/ea1U9g86ikZJKiEi44f6KXNk7GQ9OT3KgUg2NAQTTs1fHXKBOSbStJmV4P1e+S+pl0veXmn3zLRxiMbIow20ibaRh/ZRBZ2iKqohgm7QHXpAj9atdW89Wc/jaM6azKyjH7BevwD8q6cm</latexit>

F i2
i1
ãi1i2

auto h1 = ex<Tensor>(L"F",{L"i_1"},{L"i_2"}) *        
          ex<FNOperator>({L"i_1"},{L”i_2"});

• Expression transcription: operator algebra
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<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

Sum

Product

<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .
Product

<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

Constant Tensor
<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

Tensor
<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

<latexit sha1_base64="tS6qNqesYOnJB6s35BqqR1joX6I="></latexit>

1

4
Aa1a2

i1i2
ḡi1i2a1a2

+
1

2
Aa1a2

i1i2
f i1
i3
t̄i2i3a1a2

+ . . .

Constant Tensor Tensor Tensor

github.com/ValeevGroup/SeQuant2



Ĥ2 ≡ (hκ
λ aλ

κ + 1
2 gκλ

μνaμν
κλ )

2
= (hκ1

λ1
aλ1

κ1
+ 1

2 gκ1λ1
μ1ν1

aμ1ν1
κ1λ1 ) (hκ2

λ2
aλ2

κ2
+ 1

2 gκ2λ2
μ2ν2

aμ2ν2
κ2λ2 )

Product
pf=1

Sum

Product
pf=1

Product
pf=0.5

NormalOperator
aλ1

κ1

Tensor
gκ1λ1

μ1ν1

NormalOperator
aμ1ν1

κ1λ1

Tensor
hκ1

λ1

Sum

Product
pf=1

Product
pf=0.5

NormalOperator
aλ2

κ2

Tensor
gκ2λ2

μ2ν2

NormalOperator
aμ2ν2

κ2λ2

Tensor
hκ2

λ2

math:

SeQuant: #include <SeQuant/domain/mbpt/sr/sr.hpp>
using namespace sequant::mbpt::sr::so;
auto H2 = H() * H();



SeQuant DSL

47github.com/ValeevGroup/SeQuant2

• Custom expression elements

namespace sequant::mbpt {
  template <typename QuantumNumbers, Statistics S>
  class Operator : public Expr {
     // ...
  };
  
  namespace sr {
    template <Statistics S>
    class Operator : public mbpt::Operator<QuantumNumberSet<2>> {
       // ...
    };
  }
}



SeQuant DSL

48github.com/ValeevGroup/SeQuant2

• compose CC equations at high level

using namespace SeQuant::mbpt;

// 1. construct hbar(op) in canonical form
auto hbar = op::H();
auto H_Tk = hbar;
for (int64_t k = 1; k <= 4; ++k) {
  H_Tk = simplify(ex<Constant>(rational{1, k}) * H_Tk * op::T(N));
  hbar += H_Tk;
}

for(auto p : range(0,P)) {
  // 2.a screen by ex level

  // 2.b multiply by A(P)
  auto A_hbar = simplify(op::A(p) * hbar_p);

  // 2.c compute vacuum average
  auto R_p = op::vac_av(A_hbar);
  simplify(R_p);
}



SeQuant2: Key Algorithms

➤ Tensor network automorphizer

➤ Fast(er) Wick engine

➤ Spin tracing

➤ Expression optimization

➤ Expression evaluation



SeQuant2: Tensor network automorphizer

➤ Maps tensor network onto (symmetry-preserving) colored graph 
and determines its automorphism group

➤ Used to manipulate tensor networks

➤ e.g. find topologically-equivalent parts

➤ Used to manipulate expressions involving TNs

➤ e.g. recognizing equivalent terms produced by the Wick engine



Example: CCSD

equivalent

⟨0 | L̂2(Ŵ ̂T2
2)c |0⟩ = (− 1

4 × Aa1a2
i1i2

ga3a4
i3i4

ti1i2
a1a3

ti3i4
a2a4

+

Aa1a2
i1i2

ga3a4
i3i4

ti1i3
a1a3

ti2i4
a2a4

+

− 1
4 × Aa1a2

i1i2
ga3a4

i3i4
ti3i4
a1a3

ti1i2
a2a4

+

1
8 × Aa1a2

i1i2
ga3a4

i3i4
ti3i4
a1a2

ti1i2
a3a4

+

− 1
2 × Aa1a2

i1i2
ga3a4

i3i4
ti1i3
a1a2

ti2i4
a3a4

)



Example: CCSDT

⟨0 | L̂3(Ŵ ̂T2 ̂T3)c |0⟩ = ( 1
48 × Aa1a2a3

i1i2i3
ga4a5

i4i5
ti1i2
a4a5

ti3i4i5
a1a2a3

+

1
24 × Aa1a2a3

i1i2i3
ga4a5

i4i5
ti1i4
a4a5

ti2i3i5
a1a2a3

+

1
24 × Aa1a2a3

i1i2i3
ga4a5

i4i5
ti4i5
a1a4

ti1i2i3
a2a3a5

+

1
4 × Aa1a2a3

i1i2i3
ga4a5

i4i5
ti1i4
a1a4

ti2i3i5
a2a3a5

+

1
8 × Aa1a2a3

i1i2i3
ga4a5

i4i5
ti1i2
a1a4

ti3i4i5
a2a3a5

+

1
8 × Aa1a2a3

i1i2i3
ga4a5

i4i5
ti1i4
a1a2

ti2i3i5
a3a4a5

+

1
48 × Aa1a2a3

i1i2i3
ga4a5

i4i5
ti4i5
a1a2

ti1i2i3
a3a4a5

)



Example: PNO CCSD

need complete canonization

⟨0 | L̂2(Ŵ ̂T2
2)c |0⟩ = ( 1

8 × Aai1i2
1 a i1i2

2
i1i2

gai1i2
3 ai1i2

4
i3i4

ti3i4
ai3i4

5 ai3i4
6

ti1i2
ai1i2

3 ai1i2
4

Sai3i4
5

ai1i2
1

Sai3i4
6

a i1i2
2

+

− 1
2 × Aai1i2

1 a i1i2
2

i1i2
gai1i3

3 ai1i3
4

i3i4
ti1i3
ai1i3

3 ai1i3
4

ti2i4
ai2i4

5 ai2i4
6

Sai2i4
5

ai1i2
1

Sai2i4
6

a i1i2
2

+

1
2 × Aai1i2

1 a i1i2
2

i1i2
gai1i3

3 ai2i4
4

i3i4
ti1i3
ai1i3

3 ai1i3
5

ti2i4
ai2i4

4 ai2i4
6

Sai1i3
5

ai1i2
1

Sai2i4
6

a i1i2
2

+

− 1
2 × Aai1i2

1 a i1i2
2

i1i2
gai1i3

3 ai2i4
4

i3i4
ti1i3
ai1i3

3 ai1i3
5

ti2i4
ai2i4

4 ai2i4
6

Sai2i4
6

ai1i2
1

Sai1i3
5

a i1i2
2

+

− 1
2 × Aai1i2

1 a i1i2
2

i1i2
gai3i4

3 ai1i2
4

i3i4
ti3i4
ai3i4

3 ai3i4
5

ti1i2
ai1i2

1 ai1i2
4

Sai3i4
5

a i1i2
2

)

equivalent



Example: tensor network canonization

i1 a1
i2 a2

a3
i3 i4 a4

1(A)

2(g)

3(t) 4(t)

i1
a2 i2

a1

a4
i3 i4 a3

4(t) 3(t)

1(A)

2(g)

− 1
4 × Aa1a2

i1i2
ga3a4

i3i4
ti1i2
a1a3

ti3i4
a2a4

− 1
4 × Aa1a2

i1i2
ga3a4

i3i4
ti3i4
a1a3

ti1i2
a2a4

how to determine if 2 diagrams are equivalent? 

this is a graph isomorphism problem



Tensor network canonization

represent diagram as a colored graph whose structure and 

vertex colors reflect the symmetries of the diagram … 

diagram 

line 

operator

graph 

vertex (color = line type) 

linked bra and ket vertices (color = operator type)



Tensor network canonization

i1 a1
i2 a2

a3
i3 i4 a4

1(A)

2(g)

3(t) 4(t)

i1
a2 i2

a1

a4
i3 i4 a3

4(t) 3(t)

1(A)

2(g)

represent diagram as a colored graph whose structure and 

vertex colors reflect the symmetries of the diagram … 



Tensor network canonization

… determine canonical order of its vertices …

b1=>0 k1=>1 b2=>2 k2=>3 b3=>4 k3=>6 b4=>5 k4=>7

i1=>8 i2=>9 i3=>10 i4=>11 a1=>13 a2=>12 a3=>15 a4=>14

b1=>0 k1=>1 b2=>2 k2=>3 b3=>6 k3=>4 b4=>7 k4=>5

i1=>8 i2=>9 i3=>10 i4=>11 a1=>12 a2=>13 a3=>14 a4=>15



Tensor network canonization

… compare the vertices in canonical order …

b1=>0 k1=>1 b2=>2 k2=>3 b3=>4 k3=>6 b4=>5 k4=>7

i1=>8 i2=>9 i3=>10 i4=>11 a1=>13 a2=>12 a3=>15 a4=>14

b1=>0 k1=>1 b2=>2 k2=>3 b3=>6 k3=>4 b4=>7 k4=>5

i1=>8 i2=>9 i3=>10 i4=>11 a1=>12 a2=>13 a3=>14 a4=>15

b1=>b1 k1=>k1 b2=>b2 k2=>k2 b3=>b4 k3=>k4 b4=>b3 k4=>k3

i1=>i1 i2=>i2 i3=>i3 i4=>i4 a1=>a2 a2=>a1 a3=>a4 a4=>a3



Tensor network canonization

… and combine the diagrams

a1 ↔ a2
a3 ↔ a4
b3 ↔ b4
k3 ↔ k4

− 1
4 × Aa1a2

i1i2
ga3a4

i3i4
ti1i2
a1a3

ti3i4
a2a4

− 1
4 × Aa1a2

i1i2
ga3a4

i3i4
ti3i4
a1a3

ti1i2
a2a4

= − 1
2 × Aa1a2

i1i2
ga3a4

i3i4
ti1i2
a1a3

ti3i4
a2a4

still need extra structure to support protoindices and non-symmetric tensors …



Tensor network canonization: colored graph vs others

canonicalizing Di1…iNU
π[i1…iN]

asymmetric  and D U

group-theoretic Butler-Portugal algorithm (“Wolfram”) is near optimal for asymmetric tensors



Tensor network canonization: colored graph vs others

Niehoff, Comp. Phys. Comm. 228, 123-145 (2018).

canonicalizing Di1…iNU
π[i1…iN]

totally-symmetric , asymmetric D U

graph-theoretic extension of Butler-Portugal  (“Niehoff”) can handle some symmetric cases



Tensor network canonization: colored graph vs others

canonicalizing  Di1i2Di3i4…DiN−1iNU
π[i1…iN]

asymmetric  and D U

our group-theoretic algorithm is fast for general tensor networks



SeQuant2: Fast(er) Wick Engine

➤ Thread-level concurrency (C++ threads or std::execution::par)

➤ Avoid equivalent contractions by topological info generated by 
tensor network automorphizer



Wick Theorem Optimization

➤ Further optimizations are possible if vacuum expectation values are 
wanted:

➤ By tracking quasiparticle numbers (esp. easy if normal operators 
are pure (quasi)particle creators/annihilators e.g. in single-
reference coupled-cluster)

➤ By using topological symmetry of the expression* (this is similar 
to diagram-based approaches)

➤ Topologically-equivalent ops in normal operators, e.g.  

➤ Topologically-equivalent normal operators in product, e.g.

⟨0 | ̂T†
3

̂T3 |0⟩
ãi1i2i3

a1a2a3
ãa4a5a6

i4i5i6
→ × 3 ãi1i2i3

a1a2a3
ãa4a5a6

i4i5i6
→ × 0 ãi1i2i3

a1a2a3
ãa4a5a6

i4i5i6
→ × 2

⟨0 |Ŵ ̂T2
1 |0⟩

ãp1p2
p3p4

ãa4
i4

ãa5
i5

→ × 2 ãp1p2
p3p4

ãa4
i4

ãa5
i5

→ × 0 ãp1p2
p3p4

ãa4
i4

ãa5
i5

→ × 1 ãp1p2
p3p4

ãa4
i4

ãa5
i5

→ × 1

e.g. see Xiao, Wang, Zhu, Comp. Phys. Comm. 184, 1966 (2013)



Wick Theorem Optimization: Details

➤ Topological symmetry of the input expression is determined by 
colored graph mapping and analysis similar to that used 
previously for canonization

➤ Step 1: input expression is mapped to colored graph

➤ Step 2: compute the automorphism group of the graph

➤ Step 3: test topological equivalence of operators and indices

⟨0 | ̂A2Ŵ ̂T2 ̂T2 |0⟩ ≡ 1
256 × Aa102a103

i100i101
ãi100i101

a102a103
× gp106 p107

p104 p105
ãp104 p105

p106 p107
× ti108i109

a110a111
ãa110a111

i108i109
× ti112i113

a114a115
ãa114a115

i112i113



Wick Theorem Optimization: Details

⟨0 | ̂A2Ŵ ̂T3
2 |0⟩ ≡ 1

1024 × Aa102a103
i100i101

ãi100i101
a102a103

× gκ106κ107
κ104κ105

ãκ104κ105
κ106κ107

× ti108i109
a110a111

ãa110a111
i108i109

× ti112i113
a114a115

ãa114a115
i112i113

× ti116i117
a118a119

ãa118a119
i116i117

Automorphism Group Generators:
➤ ({κ_{106}},{κ_{107}})
➤ ({κ_{104}},{κ_{105}})
➤ ({a_{102}},{a_{103}})
➤ ({i_{100}},{i_{101}})
➤ ({a_{110}},{a_{111}})
➤ ({i_{108}},{i_{109}})
➤ ({a_{114}},{a_{115}})
➤ ({a_{118}},{a_{119}})
➤ ({i_{112}},{i_{113}})
➤ ({i_{116}},{i_{117}})
➤ ({a_{114}},{a_{118}})({a_{115}},{a_{119}})({i_{112}},{i_{116}})({i_{113}},{i_{117}})

(t,t)(bra2a,bra2a)(ket2a,ket2a)(bka,bka)(ã,ã)(bra2a,bra2a)(ket2a,ket2a)
(bka,bka)

➤ ({a_{110}},{a_{114}})({a_{111}},{a_{115}})({i_{108}},{i_{112}})({i_{109}},{i_{113}})
(t,t)(bra2a,bra2a)(ket2a,ket2a)(bka,bka)(ã,ã)(bra2a,bra2a)(ket2a,ket2a)
(bka,bka)



Example: SR CC timings (seconds)

Screen*/Topology Simple H**

F/F T/F F/T T/T

SD 2.4 0.14 0.04 0.02 0.02

+T 6540 6.0 1.8 0.14 0.07

+Q - 1210 115 1.35 0.43

+P - - - 16.0 3.5

+H - - - - 43

Intel Core i7 7820HQ/ Apple Clang 10 / Hoard 3.13 malloc
* Screen operator products by possible excitation level
** Nonredundant BSH expansion of CC Hbar, i.e. combine H T1 T2 and H T2 T1

further screening improvements are straightforward …



SeQuant2: Optimization

➤ Evaluation of individual tensor networks uses exhaustive or heuristic 
search to determine optimized evaluation order

➤ Evaluation of sets (e.g., sums) of tensor networks uses CSE

➤ Fusion is also possible, not yet deployed in production

<latexit sha1_base64="cGKt6OfQkuS0YoIdiZtiWUIKGPY=">AAAB+nicbVDJSgNBEK2JW4zbRMGLHpoEIbmEGRH1ImS5eIxgFkhC6On0JE16Frp7lDDmU0TwoIgnwS/x5t/YWQ6a+KCox3tVdPVzQs6ksqxvI7Gyura+kdxMbW3v7O6Z6f26DCJBaI0EPBBNB0vKmU9riilOm6Gg2HM4bTjDysRv3FEhWeDfqlFIOx7u+8xlBCstdc10E12hXKmcr+heypUr+a6ZtQrWFGiZ2HOSLWYg8XT4cVztml/tXkAij/qKcCxly7ZC1YmxUIxwOk61I0lDTIa4T1ua+tijshNPTx+jE630kBsIXb5CU/X3Row9KUeeoyc9rAZy0ZuI/3mtSLmXnZj5YaSoT2YPuRFHKkCTHFCPCUoUH2mCiWD6VkQGWGCidFopHYK9+OVlUj8t2OeFsxudRhlmSMIRZCAHNlxAEa6hCjUgcA+P8AKvxoPxbLwZ77PRhDHfOYA/MD5/APC7ksA=</latexit>

X = (AB)C = A(BC)

<latexit sha1_base64="KxUD1HF6g+Kudu+wOsmD/n2TGfw=">AAACDXicbVDJSgNBEK2JW4xbVPCihyZRiAhhRkQFEbJcPEYwG0kIPZ2epEnPYnePEEJ+wIuf4C/owYMiXr1782/sLAdNfNDw6r0qquvZAWdSmea3EZmbX1hcii7HVlbX1jfim1sl6YeC0CLxuS8qNpaUM48WFVOcVgJBsWtzWra7+aFfvqNCMt+7Ub2ANlzc9pjDCFZaasb3K+gSZXPoCKWyucO8LqqaV/MX9dsQt3QxdJvxpJk2R0CzxJqQZCYBkced571CM/5Vb/kkdKmnCMdS1iwzUI0+FooRTgexeihpgEkXt2lNUw+7VDb6o2sG6EArLeT4Qj9PoZH6e6KPXSl7rq07Xaw6ctobiv95tVA5540+84JQUY+MFzkhR8pHw2hQiwlKFO9pgolg+q+IdLDAROkAYzoEa/rkWVI6Tlun6ZNrnUYOxojCLiQgBRacQQauoABFIHAPT/AKb8aD8WK8Gx/j1ogxmdmGPzA+fwCgeZhw</latexit>

X = AB + (AB)C = Y + Y C; Y = AB

<latexit sha1_base64="4uOI1FDAEEflIXm8TrL92nZG48Q=">AAAB/nicbZDJSgNBEIZr4hbjFhW96KFJECKBMCOiXoQsF48RzALJEHo6PUmTnoXuHiEMAd9EvHhQRLz5HN58GzvLQRN/aPj4q4qq/p2QM6lM89tILC2vrK4l11Mbm1vbO+ndvboMIkFojQQ8EE0HS8qZT2uKKU6boaDYczhtOIPKuN64p0KywL9Tw5DaHu75zGUEK2110gdNdI1KZZRHpcqYUK6cr5x20lmzYE6EFsGaQbaYgcTj4cdxtZP+ancDEnnUV4RjKVuWGSo7xkIxwuko1Y4kDTEZ4B5tafSxR6UdT84foRPtdJEbCP18hSbu74kYe1IOPUd3elj15XxtbP5Xa0XKvbJj5oeRoj6ZLnIjjlSAxlmgLhOUKD7UgIlg+lZE+lhgonRiKR2CNf/lRaifFayLwvmtTqMMUyXhCDKQAwsuoQg3UIUaEIjhCV7g1Xgwno03433amjBmM/vwR8bnD483k44=</latexit>

X = AB +AC = A(B + C)



SeQuant2: Single Term Optimization / TN Binarization

<latexit sha1_base64="z8BjaDYSDhCpoXTUDniCsozQg30="></latexit>(
ḡa3a4
i3i4

ti2i4a3a4

)
ti1i3a1a2

<latexit sha1_base64="l+kvHAEr7gU7NY6CuEC8QSEbrTY="></latexit>(
ḡa3a4
i3i4

ti1i3a1a2

)
ti2i4a3a4

<latexit sha1_base64="l+kvHAEr7gU7NY6CuEC8QSEbrTY="></latexit>(
ḡa3a4
i3i4

ti1i3a1a2

)
ti2i4a3a4

<latexit sha1_base64="l+kvHAEr7gU7NY6CuEC8QSEbrTY="></latexit>(
ḡa3a4
i3i4

ti1i3a1a2

)
ti2i4a3a4

<latexit sha1_base64="l+kvHAEr7gU7NY6CuEC8QSEbrTY="></latexit>(
ḡa3a4
i3i4

ti1i3a1a2

)
ti2i4a3a4

<latexit sha1_base64="A5OMN4tlENLQc7u8TBgTQu1N0VQ=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCIpSZWtRlURe6q2Av0I5DJk3b0ExmSDJCGeYF3LjxVdy4UMStK3fig7gSTKcVtPVAws/3n0Nyfi9kVCrLejempmdm5+YzC9nFpeWVVXNtvSqDSGBSwQELRN1DkjDKSUVRxUg9FAT5HiM1r3cy8GvXREga8EvVD4njow6nbYqR0sg1d8/dmLpxMYHIje30LiTJVYxSRn/YfpK4Zs7KW2nBSWGPRK60d/pJvm4+yq751mwFOPIJV5ghKRu2FSonRkJRzEiSbUaShAj3UIc0tOTIJ9KJ05USuK1JC7YDoQ9XMKW/J2LkS9n3Pd3pI9WV494A/uc1ItU+cmLKw0gRjocPtSMGVQAH+cAWFQQr1tcCYUH1XyHuIoGw0ilmdQj2+MqTolrI2wf54oVO4xgMKwM2wRbYATY4BCVwBsqgAjC4BffgETwZd8aD8Wy8DFunjNHMBvhTxus3V9ehvA==</latexit>

Ia4i1a3
i4a1a2

<latexit sha1_base64="JLzmyJXKNU5otNC25ispo5ceTU8=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCV2WmirosutFdBfuAOg6ZNG1DMw+SjFCGWbnxV9y4UMStKz/AnX/gX2g67UJbDySce869JPd4EWdSWdankZubX1hcyi8XVlbX1jfMza2GDGNBaJ2EPBQtD0vKWUDriilOW5Gg2Pc4bXqDs5HfvKVCsjC4UsOIOj7uBazLCFZacs3dCzfBbmKnSN+VNL1JWFaxrHLNolW2MqBZYk9IsVr6/uofvEPNNT+uOyGJfRoowrGUbduKlJNgoRjhNC1cx5JGmAxwj7Y1DbBPpZNka6RoXysd1A2FPoFCmfp7IsG+lEPf050+Vn057Y3E/7x2rLonTsKCKFY0IOOHujFHKkSjTFCHCUoUH2qCiWD6r4j0scBE6eQKOgR7euVZ0qiU7aPy4aVO4xTGyMMO7EEJbDiGKpxDDepA4A4e4AmejXvj0XgxXsetOWMysw1/YLz9ANSEnG4=</latexit>

Ii1i2a1a2

<latexit sha1_base64="UF723p/nVoo15Qh/sDiO67eOvc0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqUY9EL97ERBYSWEi3FKh0203bNSEb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8MOZMG9f9dnIrq2vrG/nNwtb2zu5ecf/A1zJRhNaJ5FI1Q6wpZ4LWDTOcNmNFcRRy2ghHN1O/8USVZlI8mHFMgwgPBOszgo2V/LvOud+pdIslt+zOgJaJl5ESZKh1i1/tniRJRIUhHGvd8tzYBC lWhhFOJ4V2ommMyQgPaMtSgSOqg3R27QSdWKWH+lLZEgbN1N8TKY60Hkeh7YywGepFbyr+57US078KUibixFBB5ov6CUdGounrqMcUJYaPLcFEMXsrIkOsMDE2oIINwVt8eZn4Z2Xvoly5d0vV6yyOPBzBMZyCB5dQhVuoQR0IPMIzvMKbI50X5935mLfmnGzmEP7A+fwBooKOgw==</latexit>

O3V 4

<latexit sha1_base64="UF723p/nVoo15Qh/sDiO67eOvc0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqUY9EL97ERBYSWEi3FKh0203bNSEb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8MOZMG9f9dnIrq2vrG/nNwtb2zu5ecf/A1zJRhNaJ5FI1Q6wpZ4LWDTOcNmNFcRRy2ghHN1O/8USVZlI8mHFMgwgPBOszgo2V/LvOud+pdIslt+zOgJaJl5ESZKh1i1/tniRJRIUhHGvd8tzYBC lWhhFOJ4V2ommMyQgPaMtSgSOqg3R27QSdWKWH+lLZEgbN1N8TKY60Hkeh7YywGepFbyr+57US078KUibixFBB5ov6CUdGounrqMcUJYaPLcFEMXsrIkOsMDE2oIINwVt8eZn4Z2Xvoly5d0vV6yyOPBzBMZyCB5dQhVuoQR0IPMIzvMKbI50X5935mLfmnGzmEP7A+fwBooKOgw==</latexit>

O3V 4

<latexit sha1_base64="z8BjaDYSDhCpoXTUDniCsozQg30="></latexit>(
ḡa3a4
i3i4

ti2i4a3a4

)
ti1i3a1a2

<latexit sha1_base64="z8BjaDYSDhCpoXTUDniCsozQg30="></latexit>(
ḡa3a4
i3i4

ti2i4a3a4

)
ti1i3a1a2

<latexit sha1_base64="z8BjaDYSDhCpoXTUDniCsozQg30="></latexit>(
ḡa3a4
i3i4

ti2i4a3a4

)
ti1i3a1a2

<latexit sha1_base64="JLzmyJXKNU5otNC25ispo5ceTU8=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCV2WmirosutFdBfuAOg6ZNG1DMw+SjFCGWbnxV9y4UMStKz/AnX/gX2g67UJbDySce869JPd4EWdSWdankZubX1hcyi8XVlbX1jfMza2GDGNBaJ2EPBQtD0vKWUDriilOW5Gg2Pc4bXqDs5HfvKVCsjC4UsOIOj7uBazLCFZacs3dCzfBbmKnSN+VNL1JWFaxrHLNolW2MqBZYk9IsVr6/uofvEPNNT+uOyGJfRoowrGUbduKlJNgoRjhNC1cx5JGmAxwj7Y1DbBPpZNka6RoXysd1A2FPoFCmfp7IsG+lEPf050+Vn057Y3E/7x2rLonTsKCKFY0IOOHujFHKkSjTFCHCUoUH2qCiWD6r4j0scBE6eQKOgR7euVZ0qiU7aPy4aVO4xTGyMMO7EEJbDiGKpxDDepA4A4e4AmejXvj0XgxXsetOWMysw1/YLz9ANSEnG4=</latexit>

Ii1i2a1a2

<latexit sha1_base64="W+ESy3zSj4lvy0sibHtnXIgHwsE=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRZBEEpSRV0WdaG7CvYBbQyT6W07dDIJMxOhhvyAv+DGhSJu/RR34oe4Epw+Ftp64HIP59zL3Dl+xKhUtv1hZObmFxaXssu5ldW19by5sVmTYSwIVEnIQtHwsQRGOVQVVQwakQAc+Azqfv9s6NdvQUga8ms1iMANcJfTDiVYackz85c3CfWSUpp6uh+knlmwi/YI1ixxJqRQ3j//gu/7z4pnvrfaIYkD4IowLGXTsSPlJlgoShikuVYsIcKkj7vQ1JTjAKSbjA5PrV2ttK1OKHRxZY3U3xsJDqQcBL6eDLDqyWlvKP7nNWPVOXETyqNYASfjhzoxs1RoDVOw2lQAUWygCSaC6lst0sMCE6WzyukQnOkvz5JaqegcFQ+vdBqnaIws2kY7aA856BiV0QWqoCoiKEYP6Ak9G3fGo/FivI5HM8ZkZwv9gfH2A7W7l5Y=</latexit>

Ii2i3

<latexit sha1_base64="E5wDl2XwyVy/GdwDs7dof+pMSvo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiUY9EL97ERBYSWEi3FKh0203bNSEb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8MOZMG9f9dnIrq2vrG/nNwtb2zu5ecf/A1zJRhNaJ5FI1Q6wpZ4LWDTOcNmNFcRRy2ghHN1O/8USVZlI8mHFMgwgPBOszgo2V/LvOmd+pdIslt+zOgJaJl5ESZKh1i1/tniRJRIUhHGvd8tzYBClWhhFOJ4V2ommMyQgPaMtSgSOqg3R27QSdWKWH+lLZEgbN1N8TKY60Hkeh7YywGepFbyr+57US078KUibixFBB5ov6CUdGounrqMcUJYaPLcFEMXsrIkOsMDE2oIINwVt8eZn4lbJ3UT6/d0vV6yyOPBzBMZyCB5dQhVuoQR0IPMIzvMKbI50X5935mLfmnGzmEP7A+fwBn3qOgQ==</latexit>

O3V 2

<latexit sha1_base64="E5wDl2XwyVy/GdwDs7dof+pMSvo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiUY9EL97ERBYSWEi3FKh0203bNSEb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8MOZMG9f9dnIrq2vrG/nNwtb2zu5ecf/A1zJRhNaJ5FI1Q6wpZ4LWDTOcNmNFcRRy2ghHN1O/8USVZlI8mHFMgwgPBOszgo2V/LvOmd+pdIslt+zOgJaJl5ESZKh1i1/tniRJRIUhHGvd8tzYBClWhhFOJ4V2ommMyQgPaMtSgSOqg3R27QSdWKWH+lLZEgbN1N8TKY60Hkeh7YywGepFbyr+57US078KUibixFBB5ov6CUdGounrqMcUJYaPLcFEMXsrIkOsMDE2oIINwVt8eZn4lbJ3UT6/d0vV6yyOPBzBMZyCB5dQhVuoQR0IPMIzvMKbI50X5935mLfmnGzmEP7A+fwBn3qOgQ==</latexit>

O3V 2



SeQuant2: TN Set CSE

<latexit sha1_base64="0lLxUgbynRi/rTexgDO/6PUb1mQ=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASLIAglqaIui7pwWcFeoI3hZDpph04uzEyEEoIbV76HGxeKuPUp3IkP4kpw0nahrT8MfPznHM6c340YFdI0P7TczOzc/EJ+sbC0vLK6pq9v1EUYc0xqOGQhb7ogCKMBqUkqGWlGnIDvMtJw+2dZvXFDuKBhcCUHEbF96AbUoxikshx9q+0CT7qpk1CnDI6VXieQwUHq6EWzZA5lTIM1hmJl//yLfN9/Vh39vd0JceyTQGIGQrQsM5J2AlxSzEhaaMeCRID70CUthQH4RNjJ8ITU2FVOx/BCrl4gjaH7eyIBX4iB76pOH2RPTNYy879aK5beiZ3QIIolCfBokRczQ4ZGlofRoZxgyQYKAHOq/mrgHnDAUqVWUCFYkydPQ71cso5Kh5cqjVM0Uh5tox20hyx0jCroAlVRDWF0ix7QE3rW7rRH7UV7HbXmtPHMJvoj7e0H0zGbhA==</latexit>

ḡa2a3
i2a1

<latexit sha1_base64="mVoAaUjkPvG95QLKm4b76QqRQhM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYhByCrtR1GPQi8cI5gHJusxOJsmQ2dl1pjcQlnyHFw+KePUz/ABv/oF/oZPHQRMLuimqupmeCmLBNTrOp7W0vLK6tp7ZyG5ube/s5vb2azpKFGVVGolINQKimeCSVZGjYI1YMRIGgtWD/tXYrw+Y0jyStziMmReSruQdTgkayUM/JX5pdJdy0/1c3ik6E9iLxJ2RfLnw/dU7eYeKn/totSOahEwiFUTrpuvE6KVEIaeCjbKtRLOY0D7psqahkoRMe+nk6JF9bJS23YmUKYn2RP29kZJQ62EYmMmQYE/Pe2PxP6+ZYOfCS7mME2SSTh/qJMLGyB4nYLe5YhTF0BBCFTe32rRHFKFocsqaENz5Ly+SWqnonhVPb0walzBFBg7hCArgwjmU4RoqUAUK9/AAT/BsDaxH68V6nY4uWbOdA/gD6+0Hq82Vvg==</latexit>

ti2a2

<latexit sha1_base64="N7G/PvpssAre0QLo9Ts8dmLlTgE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvQVZmxoi6LbnRXwT6gHYdMmmlDM5kxyRTK0O9w40IRt36GH+DOP/AvNH0stPXAvRzOuZfcHD/mTGnb/rQyS8srq2vZ9dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv3859hsDKhWLxK0extQNcVewgBGsjeRe36XYK488052Rly/YJXsCtEicGSlUit9fvfI7VL38R7sTkSSkQhOOlWo5dqzdFEvNCKejXDtRNMakj7u0ZajAIVVuOjl6hI6M0kFBJE0JjSbq740Uh0oNQ99Mhlj31Lw3Fv/zWokOzt2UiTjRVJDpQ0HCkY7QOAHUYZISzYeGYCKZuRWRHpaYaJNTzoTgzH95kdSPS85p6eTGpHEBU2ThAA6hCA6cQQWuoAo1IHAPD/AEz9bAerRerNfpaMaa7ezDH1hvP1xllYs=</latexit>

Ia3
a1

<latexit sha1_base64="SurwC0wQAs19c0ZlEY9lb58+avI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovQVUlU1GXRjcsK9gFtDJPppB06mcSZSaGEfIcbF4q49TP8AHf+gX+h08dCWw9cOJxzL/fe48ecKW3bn1ZuaXlldS2/XtjY3NreKe7uNVSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD67GfnNIpWKRuNWjmLoh7gkWMIK1kVx9lzLPybwUeyeZVyzZFXsCtEicGSlVy99f/ZN3qHnFj043IklIhSYcK9V27Fi7KZaaEU6zQidRNMZkgHu0bajAIVVuOjk6Q0dG6aIgkqaERhP190SKQ6VGoW86Q6z7at4bi/957UQHF27KRJxoKsh0UZBwpCM0TgB1maRE85EhmEhmbkWkjyUm2uRUMCE48y8vksZxxTmrnN6YNC5hijwcwCGUwYFzqMI11KAOBO7hAZ7g2Rpaj9aL9TptzVmzmX34A+vtB6vxlb4=</latexit>

ti1a3

<latexit sha1_base64="jm4uChqiQHnUTjxeiK+id3ijj90=">AAAB/HicbVDJSgNBEK2JW4zbaI5eGoOQU5iJQT0GvXiMYBZI4tDT6Uma9Cx09wjDMP6KFw+KePUT/ABv/oF/oZ3loIkPCh7vVVFVz404k8qyPo3cyura+kZ+s7C1vbO7Z+4ftGQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbHV9O/PYdFZKFwY1KItr38TBgHiNYackxi+o2ZY7NnGrmpNipYqeWOWbJqlhToGViz0mpXv7+Gp28Q8MxP3qDkMQ+DRThWMqubUWqn2KhGOE0K/RiSSNMxnhIu5oG2Keyn06Pz9CxVgbIC4WuQKGp+nsixb6Uie/qTh+rkVz0JuJ/XjdW3nk/ZUEUKxqQ2SIv5kiFaJIEGjBBieKJJpgIpm9FZIQFJkrnVdAh2IsvL5NWtWKfVmrXOo0LmCEPh3AEZbDhDOpwBQ1oAoEEHuAJno1749F4MV5nrTljPlOEPzDefgAPL5gY</latexit>

ti1i2a2a4

<latexit sha1_base64="/11hIEBCm8+NDEDvakX6nadb2dU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvQVZnRoi6LbnRXwT6gHYdMmmlDM5kxyRTK0O9w40IRt36GH+DOP/AvNH0stPXAvRzOuZfcHD/mTGnb/rQyS8srq2vZ9dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv3859hsDKhWLxK0extQNcVewgBGsjeReeyn2nNFdykz38gW7ZE+AFokzI4VK8furd/IOVS//0e5EJAmp0IRjpVqOHWs3xVIzwuko104UjTHp4y5tGSpwSJWbTo4eoSOjdFAQSVNCo4n6eyPFoVLD0DeTIdY9Ne+Nxf+8VqKDczdlIk40FWT6UJBwpCM0TgB1mKRE86EhmEhmbkWkhyUm2uSUMyE4819eJPXjknNaKt+YNC5giiwcwCEUwYEzqMAVVKEGBO7hAZ7g2RpYj9aL9TodzViznX34A+vtB2WNlZE=</latexit>

Ii1a1

<latexit sha1_base64="nKMTJjZdTYlUSind0nTmfNORcfw=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NF6KokVdRl0Y3uKtgLtDFMppN26OTCzEQIob6KGxeKuPURfAB3voFvodPLQlt/GPj4zzmcM78XcyaVZX0auaXlldW1/HphY3Nre8fc3WvKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tlje8GNdbd1RIFoU3Ko2pE+B+yHxGsNKWaxav3Ay7Nnaro9uMuTbT4Jolq2JNhBbBnkGpVv7+Ghy9Q901P7q9iCQBDRXhWMqObcXKybBQjHA6KnQTSWNMhrhPOxpDHFDpZJPjR+hQOz3kR0K/UKGJ+3siw4GUaeDpzgCrgZyvjc3/ap1E+WdOxsI4UTQk00V+wpGK0DgJ1GOCEsVTDZgIpm9FZIAFJkrnVdAh2PNfXoRmtWKfVI6vdRrnMFUe9uEAymDDKdTgEurQAAIpPMATPBv3xqPxYrxOW3PGbKYIf2S8/QDF1Zfq</latexit>

Ii1i2a1a2

<latexit sha1_base64="oNoBvjFSfBjC398zq7kVb2w6PUs=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASLIAgl0aIui7pwWcFeoI3hZDpph04uzEyEEoIbV76HGxeKuPUp3IkP4kpw0nahrT8MfPznHM6c340YFdI0P7TczOzc/EJ+sbC0vLK6pq9v1EUYc0xqOGQhb7ogCKMBqUkqGWlGnIDvMtJw+2dZvXFDuKBhcCUHEbF96AbUoxikshx9q+0CT7qpk1DnEBwrvU4gg3Lq6EWzZA5lTIM1hmJl//yLfN9/Vh39vd0JceyTQGIGQrQsM5J2AlxSzEhaaMeCRID70CUthQH4RNjJ8ITU2FVOx/BCrl4gjaH7eyIBX4iB76pOH2RPTNYy879aK5beiZ3QIIolCfBokRczQ4ZGlofRoZxgyQYKAHOq/mrgHnDAUqVWUCFYkydPQ/2gZB2VypcqjVM0Uh5tox20hyx0jCroAlVRDWF0ix7QE3rW7rRH7UV7HbXmtPHMJvoj7e0H18+bhw==</latexit>

ḡa3a4
i3a1

<latexit sha1_base64="V6vS8KZMFz4yCku7Sfw4LHgA5Dw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eFoOQU9hVUY9BLx4jmAck6zI7mSRDZmfXmd5AWPIdXjwo4tXP8AO8+Qf+hU4eB00s6Kao6mZ6KogF1+g4n1ZmaXlldS27ntvY3Nreye/u1XSUKMqqNBKRagREM8ElqyJHwRqxYiQMBKsH/auxXx8wpXkkb3EYMy8kXck7nBI0kod+SvyT0V3KTffzBafkTGAvEndGCuXi91fv5B0qfv6j1Y5oEjKJVBCtm64To5cShZwKNsq1Es1iQvuky5qGShIy7aWTo0f2kVHadidSpiTaE/X3RkpCrYdhYCZDgj09743F/7xmgp0LL+UyTpBJOn2okwgbI3ucgN3milEUQ0MIVdzcatMeUYSiySlnQnDnv7xIascl96x0emPSuIQpsnAAh1AEF86hDNdQgSpQuIcHeIJna2A9Wi/W63Q0Y8129uEPrLcfrt2VwA==</latexit>

ti3a3

<latexit sha1_base64="Gecx0z+/dR6PZmFNSwQOdkVdjNc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvQVZnRoi6LbnRXwT6gHYdMmmlDM5kxyRTK0O9w40IRt36GH+DOP/AvNH0stPXAvRzOuZfcHD/mTGnb/rQyS8srq2vZ9dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv3859hsDKhWLxK0extQNcVewgBGsjeRe36XYK488052Rly/YJXsCtEicGSlUit9fvZN3qHr5j3YnIklIhSYcK9Vy7Fi7KZaaEU5HuXaiaIxJH3dpy1CBQ6rcdHL0CB0ZpYOCSJoSGk3U3xspDpUahr6ZDLHuqXlvLP7ntRIdnLspE3GiqSDTh4KEIx2hcQKowyQlmg8NwUQycysiPSwx0SannAnBmf/yIqkfl5zTUvnGpHEBU2ThAA6hCA6cQQWuoAo1IHAPD/AEz9bAerRerNfpaMaa7ezDH1hvP13wlYw=</latexit>

Ia4
a1



SeQuant2: Evaluation

➤ Uses TiledArray (BTAS for reference testing; can add others) 

➤ Rudimentary resource management

➤ Limited to conventional expressions (protoindex-free)

➤ Work underway to extend to protoindex-containing expressions

➤ Requires more functionality in TA



DATA-SPARSE TENSOR ALGEBRA



Better: Tensors in CC Networks are Data-Sparse!

conventional/dense CCSD(T) = O(N7) data-sparse CCSD(T) = O(N)

Pavosevic, Peng, Pinski, Riplinger, Neese, Valeev, J. Chem. Phys. (2017)

DLPNO-CC-F12 can be done 
on entire proteins now!●●●
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Data Sparsity Patterns Suggest New Tensor Formats

dense T2 tensor block-rank compressed (PNO) T2 tensor
Edmiston (1960s), Meyer (1970s), Neese (2000s)

i

j

i

j

fixed subspace from crude guess

from solving CC eqn in subspace

order-4 tensor of scalars

T3,1 ⌘ {t31ab} T3,1 ⇡ U3,1 t3,1
�
V3,1

�†

order-2 tensor of order-2 tensors



Conventional vs PNO CC Methods



Complex Noncovariant Tensor Networks in PNO CC Methods



Manually-Written PNO MP2 Implementation in MPQC



Progress: Automating PNO-CCSD implementation
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Talk Synopsis

need to raise the level of abstraction to enable many-body QM

symbolic techniques are a component of the needed many-body QM 
technology stack 

particularly needed for supporting tensor compressed/factorized 
methods (e.g., PNO)

ideas are old, let’s learn from the pioneers and make this sustainable
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