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Symmetry reduction 
process of a prototypical 
many-body expression 
leading to an equivalent 
symmetry-reduced form. 
Recoupling coef" cients 
arising from the AMC 
program are shown in red.
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What is ‘ab initio’ nuclear structure?
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<latexit sha1_base64="icw5GdGWJfpSbtFnaVZVh6RwoWg="></latexit>

H|�ni = En|�ni
Sources of uncertainty

controlled expansion 
(chiral effective field theory)

stable

fission

β+

β-

⍺

decay modes

Interaction: chiral effective field theory
(low-energy EFT of quantum chromodynamics)

• Effective degrees of freedom: nucleons, pions
• Intrinsic hierarchy from power counting

• Emergence of higher-body operators

Vnucl.
<latexit sha1_base64="ZIo1WRDajjC5GCughR+2cAq3kOs="></latexit>
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What is ‘ab initio’ nuclear structure?
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<latexit sha1_base64="icw5GdGWJfpSbtFnaVZVh6RwoWg="></latexit>

H|�ni = En|�ni
Sources of uncertainty

controlled expansion 
(many-body solution)

stable

fission

β+

β-

⍺

decay modes

Many-body methods
(e.g., systematically improvable wave function techniques)

+ + +

hierarchy from excitation level

mean field single/double/triple … excitation

Ab initio promise:
Systematic control over solution with 

predictive power and uncertainty 
quantification!
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Ab initio today!
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detailed structure of 100Sn
Morris et al., PRL (2018)

charge radii in 138Xe
Arthuis et al., PRL (2020)

global mass predictions of ~700 nuclei
Stroberg et al., PRL (2021)

extension to heavy systems
Miyagi et al., PRC (2022)

uncertainty quantification in 208Pb
Hu et al., Nature Physics (2022) 

deformation physics
Novario et al., PRC (2021) 
Hagen et al., PRC (2022) 
Frosini et al., EPJA (2022)
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decay modes
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Scaling, Complexity and Symmetries
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Ab initio reach in nuclear physics

Drischler, Bogner, Few-Body Systems (2021)

4 Christian Drischler, Scott K. Bogner
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Fig. 4 Progress in microscopic nuclear structure calcula-
tions over the past 25 years (see also Ref. [46]). Data taken
from Figure 1 in Ref. [18]. See also the main text for details.

energy couplings to experimental (or lattice) data, and
approximations applied in the computational frame-
work, e.g., to keep the numerical calculations tractable
(see also Section 4).

3 Ab initio nuclear structure calculations

Figure 4 summarizes the progress in microscopic nu-
clear structure calculations over the past 25 years. Un-
til about 2010, the (approximately) linear increase in
the highest mass number A reachable in those calcu-
lations was determined by Moore’s law and the expo-
nential scaling of exact many-body methods (orange
dots). Since 2010, approximate but systematically im-
provable many-body methods with polynomial scaling
in A (see Section 3) have pushed the frontier of state-of-
the-art microscopic calculations to significantly higher
mass numbers (blue dots) [18].

Why did it take so long for these polynomially scal-
ing methods to gain a foothold in nuclear many-body
theory? The primary reason is that prior to the intro-
duction of chiral EFT, phenomenological nuclear force
models were rather hard, utilizing ultraviolet cuto↵s or
resolution scales on the order of several GeV or higher.
Since these approximate many-body methods rely on
expanding various quantities (e.g., two-body matrix el-
ements of the NN potential) in a single-particle basis, it
is essential that basis expansions converge rapidly for
calculations to be tractable. For instance, the lowest
non-trivial truncations of CC and IMSRG scale roughly
as N6, where N is the number of included single-particle
orbitals. Demanding that the single-particle basis is suf-
ficiently extended in coordinate space to capture the
spatial extent of the nucleus, and su�ciently extended
in momentum space to capture relevant momentum modes
up to the resolution scale in the nuclear potentials, one

Fig. 5 Predictions for the ground-state energies of the
oxygen isotopes obtained using several many-body frame-
works (symbols). All calculations are based on the same low-
momentum NN and 3N interaction, apart from those obtained
in nuclear lattice EFT (NLEFT). For details see the discus-
sion of Figure 5 in Ref. [18], from which the data is taken.

can use semi-classical arguments to show that N scales
as ⇤3, with the resolution scale ⇤.

The bottom line is that even a modest reduction in
⇤, such as that in going from the hard phenomenolog-
ical nuclear force models to the softer chiral interac-
tions, can have a profound impact on the viability of
these approximate many-body methods. The impres-
sive progress shown in Figure 4 would not have been
possible without the computational simplifications af-
forded by soft (and even softer RG-evolved) chiral in-
teractions. That said, it is ironic that the softness that
has been so central to the many-body progress is a con-
sequence of inconsistencies in Weinberg power count-
ing that prevent one from taking the cuto↵ to larger
values—see the discussion in Ref. [47].

The advancement of ab initio theory well into the
medium-mass region is an impressive feat, but the physics
value lies in the fact that such calculations are becoming
increasingly precise. Figure 5 is one such illustration,
where a wide variety of many-body methods starting
from the same SRG-evolved chiral NN and 3N potential
are in good agreement with experiment and each other
for the oxygen isotopes. Note that “good agreement”
in the present context is somewhat ill-defined since the
calculations do not come with error bars reflecting the
uncertainties in the input chiral interactions and the
subsequent many-body approximations.

For the time being, we content ourselves with the
following comments. First, while the many-body trun-

Configuration interaction
Quantum Monte Carlo

symmetry-restricted 
wave-function techniques

IM-SRG
Coupled cluster
Green’s function

Perturbation theory
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How to get a production code
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Development process in many-body theory

Formalism

Truncation 
scheme

Schematic
implementation

time

Formal stage ProductionTesting

Optimisation

Symmetry 
reduction 

up to several years ~ 6 months ~ 6 months ~ 6 months

Testing of (potentially great) ideas 
can easily take 2 years of work!

Reduction
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How to get a production code
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Development process in many-body theory

Formalism

Truncation 
scheme

Schematic
implementation

time

Formal stage ProductionTesting

Optimisation

Symmetry 
reduction 

Reduction

ADG
‘Automatic Diagram Generator’

Arthuis et al., CPC (2019/2020)

AMC
‘Angular-Momentum Coupling’

Tichai et al., EPJA (2020)

Today’s topic!

see talk by P. Arthuis!

Tichai et al., EPJA (2022)
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Interplay of symmetries
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• Encoded via linear representations of symmetry groups ( SU(2), U(1), Z2, … )

• Symmetries encode fundamental invariances of a (quantum) system

<latexit sha1_base64="17v2x/LTZCgslAPEHKci2eM3F00=">AAACInicbVDLSgNBEJz1GeMr6tFLYxASkLArGr0IAQ/mGME8ILuE2ckkGTI7u87MBkLIL/gVfoJX/QBv4knw5o84SfZgEgsaiqpuurv8iDOlbfvLWlldW9/YTG2lt3d29/YzB4c1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfv924lfH1CpWCge9DCiXoC7gnUYwdpIrUyuCWU4g2qumwcPbmxwH2PchpzbCSXmHLrgMgF3+XQrk7UL9hSwTJyEZFGCSivz47ZDEgdUaMKxUk3HjrQ3wlIzwuk47caKRpj0cZc2DRU4oMobTT8aw6lR2mBuMCU0TNW/EyMcKDUMfNMZYN1Ti95E/M9rxrpz7Y2YiGJNBZkt6sQcdAiTeKDNJCWaDw3BRDJzK5AelphoE+L8FkkHY5OKs5jBMqmdF5xi4fL+IlsqJvmk0DE6QTnkoCtUQmVUQVVE0BN6Qa/ozXq23q0P63PWumIlM0doDtb3L6WloL8=</latexit>

[H,U(g)] = 0 (�g 2 G)

• Simplifications can be done in the case where a common symmetry group exists
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Gsym = GHam = Gbas = Gref

• Symmetry groups affect many-body treatment at various stages of the formalism

Computational basis Reference state

Hamiltonian

‘unperturbed Hamiltonian’
(e.g. spherical HO/HF)

unperturbed A-body vacuum
(e.g. Slater determinant)

<latexit sha1_base64="yWzQM/Yz1kEMsLTeUPavh+nyOZc=">AAACBHicbVDLSsNAFJ3UV62vqks3wSK4Kon4WhZc2GUF+4AmlMn0ph06k4SZm2IJ3foJbvUD3Ilb/8O1P2LSZmFbD1w4nHMv53K8SHCNlvVtFNbWNza3itulnd29/YPy4VFLh7Fi0GShCFXHoxoED6CJHAV0IgVUegLa3ugu89tjUJqHwSNOInAlHQTc54xiKjn3PQfhCZM6ldNeuWJVrRnMVWLnpEJyNHrlH6cfslhCgExQrbu2FaGbUIWcCZiWnFhDRNmIDqCb0oBK0G4y+3lqnqVK3/RDlU6A5kz9e5FQqfVEeummpDjUy14m/ud1Y/Rv3YQHUYwQsHmQHwsTQzMrwOxzBQzFJCWUKZ7+arIhVZRhWtNiioJx1oq93MEqaV1U7evq1cNlpXaZ91MkJ+SUnBOb3JAaqZMGaRJGIvJCXsmb8Wy8Gx/G53y1YOQ3x2QBxtcvmeiZRA==</latexit>

GHam

<latexit sha1_base64="LV0sWyy1QJUOOGs7s+pjdEaXb+Y=">AAACBHicbVDLSsNAFJ3UV62vqks3wSK4KonUx7LgQpcV7AOaUCbTm3boZBJmbooldOsnuNUPcCdu/Q/X/ohJm4VtPXDhcM69nMvxIsE1Wta3UVhb39jcKm6Xdnb39g/Kh0ctHcaKQZOFIlQdj2oQXEITOQroRApo4Aloe6PbzG+PQWkeykecROAGdCC5zxnFVHLueg7CEyYK/GmvXLGq1gzmKrFzUiE5Gr3yj9MPWRyARCao1l3bitBNqELOBExLTqwhomxEB9BNqaQBaDeZ/Tw1z1Klb/qhSkeiOVP/XiQ00HoSeOlmQHGol71M/M/rxujfuAmXUYwg2TzIj4WJoZkVYPa5AoZikhLKFE9/NdmQKsowrWkxRcE4a8Ve7mCVtC6q9lX18qFWqdfyforkhJySc2KTa1In96RBmoSRiLyQV/JmPBvvxofxOV8tGPnNMVmA8fUL2BqZaw==</latexit>

Gref
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Gbas
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What is a symmetry reduction?
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• Starting point: formulation using symmetry-unrestricted tensor network (SU-TN)

internal summations
(contractions)

external indices

symmetry-unrestricted tensors (SU-T’s)

(CCSD residual)

• Computational requirements are reduced by (up to) several orders of magnitudes

holes: i,j,k,l,… 
particles: a,b,c,d,…

• Many-body objects are manifestly invariant with respect to symmetry properties

Symmetries numerically enforced!

<latexit sha1_base64="Sk6YpNo5b1djNVmo84EMZhp7H6w="></latexit>

R�b�j = ... +
X

k�

X

cd
Hk�cdtdjt�ktcb�� + ...

• Reduction mediated by transformation generating symmetry-restricted tensors (SR-T)
<latexit sha1_base64="4owu5+TToblOrE9v4QmhsugDpCM="></latexit>
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ƒGsym����!
X
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Symmetries of nuclear matrix elements
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• Treatment/processing of symmetries of matrix elements crucial

• Parity conservation linked to discrete group Z2 

<latexit sha1_base64="/cQMCFE2rlOmT/VvB5m8SecYvAc="></latexit>

[H,�] = 0
<latexit sha1_base64="IF81Kfx8GeWDCEeU3oCsStqw+dc="></latexit>

�p + �q mod2 = �r + �s mod2

<latexit sha1_base64="wYpxQcUFlxxBoqtMZLyMUedCooE="></latexit>

[H, J2] = 0

• Rotational invariance linked to non-abelian SU(2) symmetry

<latexit sha1_base64="VTi6V8vXzJbIYkhB6GABes4vpZs="></latexit>mjp +mjq =mjr +mjs
<latexit sha1_base64="/13M0oGhupyHueroUsf9iFgsPeI="></latexit>

[H, Jz] = 0

• Angular-momentum projection conservation linked to abelian U(1) 

<latexit sha1_base64="2KEp+ef1luz3YdTi4ZGHvoz48Yg="></latexit>

[H,Tz] = 0
<latexit sha1_base64="WkJs2hhTJbTiW4kn34I6au/n+4M="></latexit>mtp +mtq =mtr +mts

• Isospin conservation: no conversion of protons/neutrons (only strong interaction!)Size of symmetry group dictates 
possible computational gains!

<latexit sha1_base64="MVgF2fJT1mwglpjswL1tDNhahVc="></latexit>
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Angular-momentum coupling
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• SU(2) symmetry encodes rotational invariance of quantum objects

• Symmetry-restricted tensors: angular-momentum-coupled matrix elements
<latexit sha1_base64="5FmhSWn6rEWEHT3KeO9bBKkGZkw="></latexit>

ÕJ
k̃1 k̃2 k̃3 k̃4

=
X

mk1 ...mk4

ōk1k2k3k4
Å
jk1 jk2 J
mk1 mk2 M

ãÅ
jk3 jk4 J
mk3 mk4 M

ã

<latexit sha1_base64="JptUmCCe/Iu/qSLQeKgWAsI8mM4="></latexit>

|ki = |nk �kjktkmki = |k̃mki

• SU(2)-irreducible tensor operators can be processed via Wigner-Eckart theorem

<latexit sha1_base64="pP7koOzTz0+gBV9qMgKr/fBQXUk="></latexit>

h�1j1m1|TJM|�2j2m2i = (�1)2J
1

�̂1

Å
j2 J j1
m2 Mm1

ã
(�1j1|TJ|�2j2)

‘physics’‘geometry’

• Definition of angular-momentum-coupled states from symmetry transformation 
<latexit sha1_base64="D+41XYjB8Ax5yzsUjgFocVidl1g="></latexit>

|k1i ⌦ |k2i
ƒSU(2)����! |k̃1k̃2(J)i ⌘

X

mk1mk2

Å
jk1 jk2 J
mk1 mk2 M

ã
|k1k2i

Clebsch-Gordan coeff. 
(CGC)



A. Tichai 06.06.2023ESNT workshop on ‘Automated tools in many-body theory’

Why is it such a big deal?
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2

8

20

28

50

Bohr-Mottelson shell ordering• Symmetry: degenerate s.p. energies

• Goal: sum over orbits [nlj] instead 
of individual substates [nljm]

• Substates [nljm] correspond to the 
same physics but different geometry

[nlj]

[nljm]

[001]

[013]

[011]

[025]

[101]

[023]

[037]

[013]

[035]

[211]

[049]

emax = 2
#[nlj] #[nljm]emax

2

4

6

8

10

12

40

140

336

1820 182

12

14 2740

30

56

660 90

1140 132

240

ratio

0.3

0.214

0.166

0.136

0.116

0.1

0.088

(ratio)-6

~1300

~10400

~48000

1.6 · 105

4.1 · 105

106

2.1 · 106

<latexit sha1_base64="XjxM4dCNsvfDAu0F0kZkq+o5tDw="></latexit>

e = 2n + �  emax

emax = 1

emax = 0

emax = 3
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A peek behind the curtain 

14

• Angular-momentum coupling leverages use of non-perturbative frameworks
(Green’s functions, coupled cluster, IMSRG, …)

• Nuclear applications involve time-consuming symmetry adaption of equations

• Formal expression for coupled-cluster amplitude equations look like this …

<latexit sha1_base64="1cH9wseFm1AK5+KPqPptb/DtiyE="></latexit>

R�b�j = ... +
X

k�

X

cd
Hk�cdtdjt�ktcb�� + ...

• … but what is contained in large-scale codes looks like this!

Wigner 6j-symbols

multiplicity labels

reduced matrix elements 
(Wigner-Eckart theorem)

<latexit sha1_base64="yUItH9/FCPIqC1O2NwhbYh/tcrs="></latexit>
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Example - IMSRG(2)
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• Symmetry-unrestricted contribution to IMSRG commutator (see talk by M. Heinz!)

• Plugging in all Clebsch-Gordan coefficients in the case of non-scalar operators yields

• IMSRG(3) involves ~100 additional terms with more couplings coefficients  

More systematic solution required !

reduced
matrix elements

from
Wigner-Eckart 

theorem

<latexit sha1_base64="Bp+g3YezIs56L3G7rGOwDQgJ6qw="></latexit>
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How to do it manually

• Identify substrings of CGCs and compare to documented identities
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• Check position of minus signs and correct ordering of columns
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• Keeping track of phase factor is very tedious and error-prone

• Many more complicated angular-momentum identities arise in practice

‘Quantum Theory of Angular Momentum’
Khersonskii, Moskalev, Varshalovic
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Diagrammatic notation
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• Introduction of diagrammatic notion of angular-momentum-coupling objects

�
 

j1 j2 j3
m1 m2 m3

!
=

j3m3

j1m1

j2m2

. Vertex of 
degree threeWigner 

3jm-symbol

• Wigner nj-symbols yield irreducible topologies with 2,4,6,… vertices

+

+ +

+

j2 j3

j1

j4

j6 j5

+

� �

+ +

�

j1

j7

j8

j3

j6

j5

j4

j9

j2

+ �j3

j1

j2

3j-symbol
(triangular inequality) 6j-symbol 9j-symbol

• Contractions among vertices: summation over projection quantum numbers

� �j3

j2m2

j1m1

j10m10

j20m20

� j3m3

j2m2

j1m1

�j3m3

j10m10

j20m20
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IMSRG(2) revisited
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Single-particle 
angular momenta

Two-body
total angular momenta

Spherical tensor ranks

Angular-momentum network (Yutsis graph)

Subdiagram
(apply 2-cycle rule)
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Reduction rules

• Simplification of Yutsis graph while inducing irreducible 3nj-Wigner symbols

� + =

n
j1 j2 j3

o

|̂23

j1

j2

j3m3 j30m30 j3m3

• 2-cycle rule: Simplest reduction corresponds to orthogonality relation

�

� �
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j4

j6j5
=

(
j1 j2 j3
j4 j5 j6

)
+

j3m3

j2m2
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• 3-cycle rule: generation of 6j-symbol from removing three summations

� �

� �
j2m2 j1m1

j3m3 j4m4

j5

j8j6

j7

=
X

jx

(�1) j7� j1� j4� j5 |̂2x

(
j1 jx j4
j7 j8 j5

)(
j2 jx j3
j7 j6 j5

)
⇥ + �jx

j2m2

j3m3

j1m1

j4m4

• 4-cycle: generation of two 6j-symbols and an additional dummy summation
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IMSRG(2) revisited
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Final result
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Intrinsic workflow
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• Symmetry transformation: replace m-scheme with J-scheme matrix elements 

• Canonicalization: transform all CGCs to Wigner 3jm-symbols

• Output: generation of abstract expression of symmetry-reduced tensor network 

Many-body framework written in terms of SU(2)-invariant objects

• Formation of Jutsis graph: build contractions from internal summation 

Output: cubic angular-momentum network

<latexit sha1_base64="x+ZdlI9cK3z0B4OfGjHNJhEydns="></latexit>Å
j1 j2 j3
m1 m2 m3

ã
⌘

1

�̂1
(�1)j2� j3�m1

Å
j1 j2 j3
�m1 m2 m3

ã

• Symmetry reduction: find closed subgraphs in the network

Application of 2-, 3- and 4-cycle rules

keep track of 
global prefactor
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�̂global
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How to use AMC
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• Text file: specify tensor mode, tensorial properties and LaTeX output

• Execution: call the AMC program to generate an output LaTeX file

amc imsrgtens.txt  imsrgtens.tex -option

declare C { mode=(2,2), latex="C", scalar=False }
declare S { mode=(2,2), latex="S", scalar=False }
declare T { mode=(2,2), latex="T", scalar=False }
declare nbar { mode=2, diagonal=true, latex="\bar{n}" }

C_pqrs = 1/2 * sum_tu(nbar_t * nbar_u * S_pqtu * T_turs);

• Text file: symmetry-unrestricted working equations of many-body formalism

• Possible options enable for fine-tuning of output for various end-users 

- Switches for using reduced/unreduced matrix elements

- Various phase conventions for Wigner-Eckart theorem 

- Using 9j-symbols instead of products of 6j-symbols
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Possible output: IMSRG(3)
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plus 14 more pages …
(derived in less than a second)
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Bogoliubov coupled cluster

• Quasi-particle extension of CC theory 

24

• Cluster operator in Bogoliubov algebra

• Use of Bogoliubov reference state

• Open-shell nuclei at (rather) low cost 
by exploiting rotational invariance

• Many-body uncertainty estimate due to 
missing triples correlations Tichai, Demol, Duguet (in preparation, 2023)
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Calculations for neutron-rich tin 
isotopes ongoing (A~150)!
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• Symmetry-adaption may provide significant computational gains

Things to remember

Conclusion and outlook

• SU(2)-reduction is an extremely tedious and error-prone task

• Automated AMC tool condenses months of derivation in a second

Ongoing developments

• Transfer to CC codes in atomic physics (see talk by Reitsma/Chamorro Mena)

• Extension to quasi-particle-based many-body frameworks (P. Demol)

<< pip3 install amc

• Systematic understanding of ‘best coupling order’ for higher-body operators
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Final remark for discussion

• Nuclear physics: a lot progress on automated derivation and symmetry reduction

• Missing link: automated code generation of many-body tensor networks

• Solution: generic tensor-contraction library for block-sparse storage formats

So far we only have hand-optimized code 
with limited scalability!

What are existing 
technologies in other 

communities?

How can we leverage 
GPU acceleration?

Can we easily implement 
abelian symmetries?

How can we account for 
decomposed tensors
(RI/DF techniques)


