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Outline	
  of	
  my	
  talk	
  

MulN-­‐	
  Ref.	
  (MR)-­‐GCM	
  	
  
Some	
  recent	
  discussion	
  on	
  symmetry	
  breaking	
  and	
  	
  
RestoraNon	
  in	
  Energy	
  Density	
  FuncNonal	
  theory	
  	
  	
  	
  

Self-­‐interacNon	
  problem	
  

Hamiltonian	
  vs	
  EDF	
  

Density	
  dependence	
  of	
  effecNve	
  interacNon	
  ?	
  

Can	
  we	
  interpret	
  the	
  MR-­‐EDF	
  as	
  a	
  funcNonal	
  theory?	
  	
  

ProposiNon	
  of	
  a	
  different	
  strategy	
  to	
  break	
  and	
  restore	
  symmetry	
  in	
  EDF	
  :	
  	
  
The	
  Symmetry-­‐Conserving	
  EDF	
  concept	
  

ApplicaNon	
  to	
  ParNcle	
  number	
  RestoraNon	
  

Examples	
  of	
  applicaNon	
  of	
  ProjecNon	
  before	
  or	
  
	
  AVer	
  variaNon	
  to	
  light	
  and	
  medium	
  mass	
  nuclei	
  	
  

RegularizaNon	
  in	
  EDF	
  



Single	
  Reference	
  (SR)-­‐	
  
Mean-­‐Field	
  

Configura1on	
  Mixing	
  within	
  Energy	
  Density	
  Func1onal	
  

Sly4-­‐Bender,Bertsch,Heenen,	
  PRL	
  (2005)	
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Sly4-­‐Bertsch,Sabbey,	
  Uusnakki	
  PRC	
  (2005)	
  

Energy	
  scale!	
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(Skyrme,	
  Gogny)	
  

MulN-­‐	
  Ref.	
  (MR)-­‐GCM	
  	
  

	
  Bender	
  et	
  al,	
  PRC74	
  (2006)	
  

74Kr	


Mean-­‐Field	
  
Energy	
  

0+	
  

0+	
  0+	
  

2+	
  

2+	
   2+	
  

4+	
  
4+	
  
6+	
  

8+	
  

Co
rr
el
a1

on
	
  	
  

En
er
gy
	
  

�Ψ|Ĥ|Ψ�



Breaking	
  and	
  restoring	
  symmetries	
  
Inclusion	
  of	
  correlaNon	
  through	
  symmetry	
  breaking:	
  

EDF	
  breaks	
  as	
  much	
  as	
  possible	
  symmetries	
  	
  
to	
  incorporate	
  correlaNons	
  	
  

Few	
  examples	
  

• 	
  translaNonal	
  invariance	
  

Lab	
  frame	
  

[Ĥ, P̂cm] �= 0

[Ĥ, Ĵ ] �= 0• 	
  RotaNonal	
  invariance	
  

• 	
  U(1)	
  symmetry	
  	
   [Ĥ, N̂ ] �= 0 Pairing	
  	
  
CorrelaNons	
  

-­‐	
  
Odd-­‐even	
  effects	
  

Quadrupole	
  	
  
CorrelaNon	
  

-­‐	
  
RotaNonal	
  	
  	
  
Bands	
  

Surface	
  	
  
VibraNon	
  

In	
  all	
  cases:	
  

Ring	
  and	
  Schuck	
  book	
  (1980)	
  

MulN-­‐	
  Ref.	
  (MR)-­‐GCM	
  	
  



Some	
  recent	
  discussions:	
  specific	
  aspects	
  of	
  EDF	
  

M=9	
  
19	
  
39	
  
59	
  
79	
  
99	
  

M=9	
  

M=99	
  

Divergence	
  

Jump	
  MulN-­‐	
  Ref.	
  (MR)-­‐GCM	
  	
  

M:	
  number	
  of	
  
Mesh	
  points	
  

Only	
  func1onal	
  of	
  ρ, ρ2, ρ3, ρ4, ρ5	
  could	
  be	
  used,	
  
not	
  ρα !!	



Applica1on	
  of	
  conf.	
  mixing	
  in	
  EDF	
  
Needs	
  to	
  be	
  regularized	
  	
  

Lacroix	
  et	
  al,	
  PRC79	
  (2009),	
  	
  
Bender	
  et	
  al,	
  PRC79	
  (2009),	
  
Duguet	
  et	
  al,	
  PRC79	
  (2009)	
  

The	
  very	
  no1on	
  of	
  symmetry	
  restora1on	
  	
  
in	
  EDF	
  needs	
  to	
  be	
  clarified	
  

T.	
  Duguet	
  and	
  J.	
  Sadoudi,	
  J.	
  Phys.	
  G	
  37	
  (2010)	
  

What	
  should	
  be	
  the	
  density	
  to	
  be	
  used	
  in	
  the	
  effec1ve	
  interac1on	
  ?	
  

Taken	
  from	
  
L.	
  M.	
  Robledo,	
  J.	
  Phys.	
  G	
  37	
  (2010)	
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MulN-­‐Reference:	
  GeneraliNes	
  and	
  difficulNes	
  

Single	
  Reference	
  (SV)	
   MulN-­‐	
  Ref.	
  (MR)	
  	
  

Bender,	
  Duguet,	
  	
  
Int.	
  J.	
  Mod.	
  Phys.	
  E16	
  (2007)	
  

M=9	
  
19	
  
39	
  
59	
  
79	
  
99	
  

Example:	
  Par1cle	
  Number	
  Restora1on  

with 

PNR	
  (or	
  PNP)	
  on	
  a	
  mesh	
  	
  
M=9	
  

M=99	
  



Phenomenology	
  of	
  divergences	
  in	
  the	
  PNP	
  case	
  

The	
  problem	
  disappears	
  if	
  the	
  same	
  	
  
interacNon	
  (with	
  exchange	
  and	
  coulomb	
  	
  
treated	
  properly)	
  in	
  the	
  pp	
  and	
  ph	
  channels.	
  	
  

First	
  indicaNon	
  of	
  the	
  role	
  of	
  Generalized	
  	
  
Wick	
  Theorem	
  (GWT)	
  

Dobaczewski	
  et	
  al,	
  	
  arXiv:0708.0441	
  

Analysis	
  in	
  the	
  complex	
  plane	
  for	
  the	
  PNP	
  case	
  

Bender	
  and	
  Duguet,	
  Int.J.	
  Mod.	
  Phys.	
  E16	
  (2007)	
  

In	
  the	
  PNP	
  case,	
  by	
  avoiding	
  the	
  use	
  of	
  GWT,	
  one	
  can	
  cure	
  the	
  divergence	
  	
  
problem	
  even	
  when	
  different	
  effecNve	
  interacNon	
  are	
  used	
  in	
  different	
  	
  
channels.	
  	
  	
  	
  	
  

Anguiano	
  et	
  al,	
  NPA	
  696	
  (2001)	
  

Divergences	
  occur	
  when	
  a	
  level	
  crosses	
  the	
  	
  
Fermi	
  energy,	
  with	
  occupaNon	
  0.5	
  and	
  ϕ=π/2	
  
at	
  this	
  point	
  	
  

Tajima	
  et	
  al,	
  NPA542	
  	
  (1992)	
  
Early	
  warnings	
  



ConstrucNon	
  of	
  EDF:	
  Single-­‐Ref.	
  	
  
the	
  “nuclear	
  physics	
  strategy”	
  

Energy	
  Density	
  Func1onal	
  Case	
  

Breaking	
  the	
  link	
  with	
  the	
  Hamiltonian	
  

-­‐Technical	
  issues:	
  coulomb,	
  exchange…	
  	
  

Effec1ve	
  Hamiltonian	
  Case	
  (Standard	
  Wick	
  Theorem)	
  

-­‐	
  IntroducNon	
  of	
  new	
  terms	
  

-­‐ Different	
  interacNons	
  in	
  ph	
  and	
  pp	
  channels	
  

Star1ng	
  point:	
  Effec1ve	
  Hamiltonian	
  (Skyrme,	
  Gogny,…)	
  	
  

EDF	
  



ConstrucNon	
  of	
  EDF	
  for	
  configuraNon	
  mixing:	
  
the	
  “nuclear	
  physics	
  strategy”	
  

Star1ng	
  point:	
  Effec1ve	
  Hamiltonian	
  (Skyrme,	
  Gogny,…)	
  	
  

EDF	
  

EDF	
  case	
  Effec1ve	
  Hamiltonian	
  case	
  

Si
ng
le
-­‐R
	
  

, , 

Standard	
  Wick	
  Theorem	
  

, 
,… 

Prac*cal	
  difficul*es	
  	
  

Origin	
  of	
  divergences	
  

M
ul
1
-­‐R
	
  

, 
,… 

Generalized	
  Wick	
  Theorem	
  

Balian,	
  Brezin,	
  Nuovo	
  Cimento	
  64	
  (1969)	
  	
  



Star1ng	
  points:	
  

The	
  Balian-­‐Brezin	
  (Thouless)	
  	
  
strategy	
  	
  	
  

valid	
  for	
  

Start	
  from	
  

Work	
  on	
  the	
  transformaNon	
  

The	
  Bloch-­‐Messiah-­‐Zumino	
  	
  
Strategy	
  

Work	
  directly	
  on	
  A	
  and	
  B	
   D 

C 

Simplify	
  the	
  connecNon	
  (valid	
  if	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )	
  

Ring	
  and	
  Schuck	
  Book	
  
Donau	
  PRC(1998),	
  	
  
Dobaczewski	
  PRC(2000)	
  

Methods	
  for	
  connecNng	
  different	
  quasi-­‐parNcle	
  vacua	
  
Topology	
  of	
  reference	
  state	
  	
  



Interest	
  of	
  the	
  Bloch-­‐Messiah-­‐Zumino	
  technique	
  
Some	
  Theorem	
  made	
  simple	
  	
  

(Onishi-­‐Yoshida)	
  
Overlaps	
  

Thouless	
  	
  
Theorem	
  

if	
   We	
  define 

Expecta1on	
  
values	
  

with	
  

SR	
  

MR	
  



Sources	
  of	
  problems:	
  

Lacroix,	
  Duguet,	
  Bender	
  (2007)	
  

Recovering	
  the	
  Generalized	
  Wick	
  Theorem	
  
and	
  sources	
  of	
  difficulNes	
  in	
  the	
  GWT+EDF	
  

NotaNons	
  

with	
   and	
  

!!!Condi1on!!!	
  

κκ	
  term	
  

ρρ	
  term	
  

MR	
  

MR	
  
Divergences	
  	
  

Exchange	
  (self-­‐interacRon)	
  

CondiRon	
  for	
  	
  

SR	
  

SR	
  

Summary	
  of	
  pathologies	
  

SR-­‐	
  self-­‐interac1on	
  

SR-­‐self-­‐inter	
  
/self-­‐pairing	
  

}	
  

}	
  

MR	
  self-­‐inter	
  
/self-­‐pairing	
  

MR	
  self-­‐inter	
  
/self-­‐pairing	
  

Diverg.	
  

Diverg.	
  



Prac1cal	
  and	
  conceptual	
  difficul1es	
  in	
  Configura1on	
  Mixing	
  within	
  EDF	
  
	
  	
  (I)	
  Lacroix,	
  et	
  al,	
  PRC79	
  (2009),	
  	
  (II)	
  Bender	
  et	
  al	
  PRC79	
  (2009),	
  	
  (III)	
  Duguet	
  et	
  al,	
  PRC79	
  (2009).	
  

Correc1on	
  is	
  possible	
  

Before	
  correc1on	
  

Corrected	
  

SIII	
  force	
  

E = Eρ + Eρρ + Eκκ + · · ·

Eρρ → Eρρ − Eρρ
Corr.

Eκκ → Eκκ − Eκκ
Corr.

E = Eρ + Eρρ + Eκκ + · · ·

with	
  

Example:	
  par1cle	
  number	
  projec1on	
  	
  

|Φ(0)�

|Φ(ϕ)�
ϕ

|HFB�
=

�

p>0

(up + vpa
†
pa

†
p̄)|−�

|BCS�
or	
  	
  

with 

Projec1on	
  on	
  	
  
Good	
  par1cle	
  number	
  

Lacroix	
  et	
  al,	
  PRC79	
  (2009)	
  
Bender	
  et	
  al,	
  PRC79	
  (2009)	
  
Duguet	
  et	
  al,	
  PRC79	
  (2009)	
  



More	
  results	
  of	
  the	
  correcNon	
  

Correc1on	
  strongly	
  	
  
Constraint	
  the	
  func1onal	
  

only	
  ρ, ρ2, ρ3, ρ4, ρ5	
  could	
  be	
  used	
  

No	
  ρα !!!	
  

Correc1on	
  leads	
  to	
  
	
  a	
  new	
  func1onal	
  

Applica1on	
  to	
  other	
  	
  
Symmetry	
  breaking	
  

See	
  M.	
  Bender	
  talk	
  



Summary	
  on	
  correcNon	
  of	
  problem	
  in	
  EDF:	
  

General	
  EDF	
  framework	
  

Keep	
  the	
  full	
  Power	
  of	
  EDF	
  
-­‐Phenomenological	
  terms	
  
-­‐Different	
  pp	
  and	
  ph	
  	
  
interacNons	
  
-­‐Exchange	
  

-­‐Self-­‐interacNon	
  	
  
in	
  SR	
  and	
  MR	
  
-­‐Divergences	
  in	
  	
  
conf.	
  mixing	
  

-­‐CorrecNons	
  are	
  possible	
  
with	
  different	
  	
  
pp	
  and	
  ph	
  interacNons	
  
-­‐Limit	
  the	
  type	
  of	
  terms	
  	
  

EffecNve	
  Hamiltonian	
  

Anguiano	
  et	
  al,	
  	
  
NPA	
  696	
  (2001)	
  

-­‐Same	
  pp	
  and	
  ph	
  interacNon.	
  
-­‐Exchange	
  and	
  coulomb	
  	
  
fully	
  treated	
  

Closer	
  to	
  an	
  Hamiltonian	
  	
  
approach	
  

-­‐No	
  Divergences	
  
-­‐But	
  EDF	
  is	
  ill	
  defined:	
  	
  
(shiV	
  invariance)	
  

Requires	
  a	
  construc1ve	
  	
  
framework	
  for	
  EDF:	
  
1-­‐to	
  construct	
  Single-­‐Ref	
  EDF	
  
2-­‐To	
  extend	
  to	
  conf.	
  mixing	
  
3-­‐Require	
  major	
  changes	
  in	
  codes	
  

4-­‐MR-­‐EDF	
  as	
  a	
  func1onal	
  theory?	
  	
  



ConfiguraNon	
  mixing	
  as	
  a	
  funcNonal	
  theory	
  
The	
  two-­‐body	
  Hamiltonian	
  case:	
  what	
  is	
  a	
  funcNonal	
  of	
  what?	
  

H =
�

ij

tij a
†
i aj +

1
4

�

ijkl

v̄ijkl a
†
i a

†
j al ak

Mean-­‐Field	
  (with	
  Pairing)	
  

|Φ0� = Πβ†
α|−�

�H� =
�

i

tiiρii +
1
2

�

i,j

vijijρiiρjj +
1
4

�

i,j

viı̄j̄κ
∗
iı̄κj̄

= ESR [ρ, κ,κ∗]

Φ0 → {ρ, κ}→ ESR

Φ0 → {ρQQ�
, κQQ�

, κ∗QQ�
}→ EMR

EMR =
��

dQdQ�N (Q, Q�)ESR(ρQQ�
, κQQ�

, κ∗QQ�
)

ProjecNon	
  

=
�

dQf(Q)|Φ(Q)�

|ΨΩ� = PΩ|Φ0�
EMR =

�

ij

tij ρΩ
ij +

1
4

�

ijkl

v̄ijklR
Ω
kl,ij

AlternaNve	
  formulaNon	
  

|ΨΩ� = PΩ|Φ0�

+
1
4

�
v̄ijkl�a†i a†j al ak�Ω

EMR =
�

tij �a†i aj�Ω

Φ0 → ΨΩ → {ρΩ, RΩ}→ EMR



What	
  about	
  the	
  EDF	
  theory?	
  
The	
  parNcle	
  number	
  restoraNon	
  case	
  |ΨN � = PN |Φ0�

PN =
1
2π

� 2π

0
dϕ eiϕ(N̂−N)

Mean-­‐Field	
  (with	
  Pairing)	
  

|Φ0� = Πβ†
α|−�

+
1
2

�
vρρ

ijijρiiρjj +
1
4

�
vκκ

iı̄j̄κ
∗
iı̄κj̄

ESR [ρ, κ,κ∗] =
�

tiiρii

Φ0 → {ρ, κ}→ ESR

ProjecNon	
  

EN [ΨN ] ≡
� 2π

0
dϕ ESR

�
ρ0ϕ, κ0ϕ, κϕ0�

�
NN (0, ϕ)

Φ0 → {ρ0ϕ, κ0ϕ, κ∗0ϕ}→ EN

AlternaNve	
  formulaNon	
  ?	
  

For	
  non-­‐density	
  dependent	
  effecNve	
  int.	
  

EN [ΨN ] =
�

i

tiin
N
i

+
1
2

�

i,j,j �=ı̄

vρρ
ijijR

N
ijij

+
1
4

�

i �=j,i �=̄

vκκ
iı̄j̄R

N
j̄iı̄

+
1
2

�

i

vρρ
iı̄iı̄

� 2π

0
dϕ n0ϕ

i n0ϕ
i NN (0, ϕ)

+
1
2

�

i

vκκ
iı̄iı̄

� 2π

0
dϕκϕ0

iı̄

�
κ0ϕ

iı̄ NN (0, ϕ) ,

OK	
  

?	
  
Terms	
  that	
  needs	
  to	
  be	
  corrected	
  



What	
  about	
  the	
  EDF	
  theory	
  
The	
  parNcle	
  number	
  restoraNon	
  case	
  

Mean-­‐Field	
  (with	
  Pairing)	
  

ProjecNon	
  

|Φ0� = Πβ†
α|−�

AlternaNve	
  formulaNon	
  ?	
  

|ΨN � = PN |Φ0�

PN =
1
2π

� 2π

0
dϕ eiϕ(N̂−N)

+
1
2

�
vρρ

ijijρiiρjj +
1
4

�
vκκ

iı̄j̄κ
∗
iı̄κj̄

ESR [ρ, κ,κ∗] =
�

tiiρii

EN [ΨN ] ≡
� 2π

0
dϕ ESR

�
ρ0ϕ, κ0ϕ, κϕ0�

�
NN (0, ϕ)

Φ0 → {ρ, κ}→ ESR

For	
  non-­‐density	
  dependent	
  effecNve	
  int.	
  

Φ0 → {ρ0ϕ, κ0ϕ, κ∗0ϕ}→ EN

AVer	
  regularizaNon	
  proposed	
  in	
  	
  	
  

EN [ΨN ] =
�

i

tiin
N
i

+
1
2

�

i,j,j �=ı̄

vρρ
ijijR

N
ijij

+
1
4

�

i �=j,j �=ı̄

vκκ
iı̄j̄R

N
j̄iı̄

+
1
2

�

i

vρρ
iı̄iı̄(n

N
i nN

i − δniδni)

+
1
2

�

i

vκκ
iı̄iı̄

�
nN

i (1− nN
i ) + δniδni

�
,

δni = nN
i − n0

i

OK	
  

Φ0
ΨN

Lacroix,	
  Duguet,	
  Bender,	
  PRC79	
  (2009)	
  



What	
  about	
  the	
  EDF	
  theory	
  
The	
  parNcle	
  number	
  restoraNon	
  case	
  

Mean-­‐Field	
  (with	
  Pairing)	
  

ProjecNon	
  

|Φ0� = Πβ†
α|−�

AlternaNve	
  formulaNon	
  ?	
  

|ΨN � = PN |Φ0�

PN =
1
2π

� 2π

0
dϕ eiϕ(N̂−N)

+
1
2

�
vρρ

ijijρiiρjj +
1
4

�
vκκ

iı̄j̄κ
∗
iı̄κj̄

ESR [ρ, κ,κ∗] =
�

tiiρii

EN [ΨN ] ≡
� 2π

0
dϕ ESR

�
ρ0ϕ, κ0ϕ, κϕ0�

�
NN (0, ϕ)

Φ0 → {ρ, κ}→ ESR

For	
  non-­‐density	
  dependent	
  effecNve	
  int.	
  

Φ0 → {ρ0ϕ, κ0ϕ, κ∗0ϕ}→ EN

AVer	
  regularizaNon	
  proposed	
  in	
  	
  	
  
Lacroix,	
  Duguet,	
  Bender,	
  PRC7	
  (2009)	
  

EN [ΨN ] =
�

i

tiin
N
i

+
1
2

�

i,j,j �=ı̄

vρρ
ijijR

N
ijij

+
1
4

�

i �=j,j �=ı̄

vκκ
iı̄j̄R

N
j̄iı̄

+
1
2

�

i

vρρ
iı̄iı̄(n

N
i nN

i − δniδni)

+
1
2

�

i

vκκ
iı̄iı̄

�
nN

i (1− nN
i ) + δniδni

�
,

OK	
  

δni = nN
i − n0

i

Φ0
ΨN

-140
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-136
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E
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β2

18O

SIII

MR-­‐EDF+reg	
  

Alterna1ve	
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Discussion	
  
The	
  Symmetry	
  Conserving	
  EDF	
  

Direct	
  formulaNon:	
  	
  

ΨN → {ρN , RN}→ ESC(ρN , RN )
Advantages	
  

the	
  funcNonal	
  is	
  automaNcally	
  
symmetry	
  conserving.	
  

It	
  is	
  equivalent	
  to	
  MR-­‐EDF	
  for	
  	
  
non	
  density	
  dependent	
  term	
  

It	
  could	
  be	
  extended	
  to	
  dens.	
  
dependent	
  interacNon	
  

vρρ[ρ] =⇒ vρρ[ρN ] , vκκ[ρ] =⇒ vκκ[ρN ]

Φ0
ΨN
ρN

It	
  is	
  a	
  natural	
  extension	
  of	
  	
  
SR-­‐EDF	
  

It	
  is	
  free	
  of	
  jumps/divergence	
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SC-­‐EDF	
  

MR-­‐EDF	
  
No	
  reg.	
  

Proj.	
  Aler	
  Varia1on	
  

Hupin,	
  Lacroix,	
  Bender,	
  PRC(2011)	
  arXiv	
  	
  1105.4084	
  

(Full	
  VAP	
  minimizaNon	
  possible	
  :	
  G.	
  Hupin	
  talk)	
  



Some	
  discussion	
  and	
  summary	
  
Strategies	
  to	
  restore	
  symmetries	
  within	
  EDF	
  

Φ0 → {ρ0ϕ, κ0ϕ, κ∗0ϕ}→ EN

ProjecNon	
  and	
  excited	
  states	
  

Requires	
  tedious	
  regularizaNon	
  
Does	
  not	
  seems	
  trivial	
  to	
  apply	
  
For	
  any	
  symmetry	
  breaking	
  	
  	
  	
  

Very	
  restricNve	
  for	
  the	
  funcNonal	
  	
  
to	
  be	
  used	
  	
  

MulN-­‐Reference	
  strategy	
  

Requires	
  off-­‐diagonal	
  energy	
  kernels	
  	
  

ΨN → {ρN , RN}→ ESC(ρN , RN )

For	
  lowest	
  state	
  only	
  

Large	
  flexibility	
  for	
  the	
  	
  
funcNonal	
  choice	
  	
  

ApplicaNon	
  to	
  other	
  symmetries	
  ?	
  	
  	
  

Ψ =
�

dQf(Q)|Φ(Q)� → {ρ1, R2}→ EMix

Single-­‐Reference	
  strategy	
  

No	
  off-­‐diagonal	
  energy	
  kernels	
  	
  

SNck	
  on	
  the	
  Hamiltonian	
  case?	
  


