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Microscopic theory of LACM
O Open problems in GCM

O choice of optimal generator coordinates
for low-lying excitation, quadrupole moments, g20 and g22, pairing gaps An,Ap
How about for fission and fusion ?

O reliability of collective mass with real generator coordinates
complex generator coordinates ( collective momenta ) are necessary to obtain
correct mass for center of motion (Ring-Schuck)

O TDHF(B)

O semi-classical, need requantization for quantum process
O small-amplitude limit: (Q)RPA

O Adiabatic time-dependent Hartree-Fock (ATDHF(B))

O adiabatic approximation to collective motion
O goal: determination of collective coordinate
O collective path, Collective Hamiltonian, mass



Overview of ATDHF (1)

Adiabatic approximation to time-dependent variational principle (TDVP)
L0 2
(o ()| ma — Hlo(t)) =0 |o(t)) : Slater determinant

1. introduce of a few collective variables (reduction of d.o.f)
(q: collective coordinate, p:collective momentum)

2. expand TDVP in terms of collective momenta (adiabatic exp.)

3. determine collective path and collective Hamiltonian

42 MH(q,p) = —sz(q) +V(q)
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A. Bulgac, A. Klein and N.R. Walet, Phys. Rev. C40 (1989), 945.
M.J. Giannoni and P. Quentin, Phys. Rev. C21 (1980), 2060, C21 (1980), 2076.
J. Dobaczewski and J. Skalski, Nucl. Phys. A369 (1981), 123.
Klein, Walet, Dang (Ann.Phys. 208, 90 (1991))

a review
G. Do Dang, A. Klein and N.R. Walet Phys. Rep. 335 (2000), 93.



Overview of ATDHF (2)

O How should the collective variables be introduced ?

canonical variable conditions, Yamamura,Kuriyama,lida(PTP71,109(1984))

O To which order in collective momentum should the variational principle be
expanded ?

2nd order term should be included to satisfy the RPA boundary condition
Mukherjee and Pal (PLB100,457(1982), NPA373,289(1982))

O Local harmonic approach works well (Rowe-Basserman, Marumori)

Goeke, Reinhard, Rowe NPA359,408 (1981)
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Self-consistent collective coordinate (SCC) method

0 TDVP TDHFB state  Marumori et al., Prog. Theor. Phys. 64, 1294 (1980).
Matsuo et al., Prog.Theor.Phys. 76 (1986) 372.

L0 - — —ipN
5((1)] ih, — H|(t)] =0 0(1)) = |o(g,p,0,n)) = e |p(q,p,n))
_ _ collective subspace (path)
classical eq. of motion
g = oH p= _%_H (q,p) :collective coordinates and momenta
Op (p,n): angle in gauge space, number fluctuation
OH . OH L
Y = on n= _% =0 N = N — Ny fluctuation part of number operators

OO OH O 18H

d a8
(Ol 6@rm) =p+ 50 Gl g lolar.m) = ~5>
v il 8 oS

H(q,p,n) = (6(q,p, 0, n)| H |6(q, p, o, 1)) = (¢(q. p,n)| H |6(q. p. n))



Adiabatic SCC method

Matsuo et al. Prog. Theor. Phys. 103(2000) 959.
0 one of the solutions of SCC method 9 y ( )

O expansion of the basic equations of SCC up to 2nd order in p.

adiabatic approximation Thouless th.

b(q, p,n)) = 611)(2(r1)+mO((1) 5=n=0
Q(q)

= > (Qus(@akal + Qusa) asaa)

a3

— LZ < (yd (L3 Oa,ﬁj(Q)*adan)
v (a( ),a*(q)):quasiparticle operators locally

 Collective Hamiltonian defined with a(q)|¢(a)> = 0
I .
H(qg,p,n) =VI(q) + 5B(q)p“) + A(g)n

Collective potential V' (¢) = H(q, p,n)|p=0.n=0 = (0(q)| H D(q)) .

O*H(q.p.n Aoa A |
P o o) [1.Q(a)). Q)] [0(a)
ap p=0,n=0

OH(q,p.n)
on

(collective mass)! B(a) =

chemical potential  A(¢q) =

= ((q)| [H.iO(q)] |6(q)) -

p=0,n=0



Adiabatic SCC method
_ expanded up to 2nd order in p

nelViialeRiclulNalAsAToWEN] from Oth order Moving-frame Hamiltonian
A ~ ~ ~ OV .
0(p(q)| Hn(q) |9(q)) =0 Hu(@) = H = NN - 5.-Q()
moving-frame QRPA (quasiparticle RPA) equations Rige]sgiuk ¥=1ale 2ale No]fe =1

5(6(0)| at (0), Qa)] — = Ba)P(a) 16(0)) =

0 (¢(a)| [Har (@), P(@)] = iC(a)Q(q) — QB( )[[ 1(q), —Q( )].iQ(q)] —ZQNW( ) =
CO=GE g @) = i lola)
‘canonical variable conditions (906 Pla) 6(a) =
expanded up to 1st order in p (9(a)] Q) [6(a) =
X X ((5((1 IN [6(q)) =
(0(q)] [Q(q). P(q)] |o(q)) = (6(a)| 6(q) [6(q)) =
(o(@)| [N, P(q)] |6(a)) = (@) ) ] (q»:
(6(a)| [Q(a). O(9)] |6(q)) =0

<¢<q>|% (¢)) = —1



Algorithm to construct the collective path

1. HFB and QRPA (solutions at g=0, QRPA mode with lowest frequency is chosen)

2. solve moving frame HFB at g=q using Q(g-dq) (or combinations of operators)
as an initial guess of Q(q)

3. solve moving frame QRPA and update Q(q) (lowest freq. C(q) )
4. repeat 2. and 3. until the solution converges.

o o5 eqiaion
: : OV,
5(p(q)| Har(q)|o(q)) = 0 Hu(q) = H — Mq)N — —Q( )

the constrained operator in the moving-frame Hamiltonian changes as a
function of g (cf. constrained HFB)

constraints: neutron and proton numbers, and  {¢(¢)|Q(q — 5q)

(q)) = dq
" Moving-rame QRPA squations
/< Olie |¢< ) =

No(@) [Fraela), Q)] ~ = B@)P(a) l6() = 0 <¢<q>|Q<q>|¢( ) =
. . . . ~ oV
5{(o(q)| [Ha(q), %P(q)] - C(9)Q(q) - Z—SN - #(q) HHu(q)- 94 Q(q LiQ( (1 ) |lo(g)] =

O self-consistency between moving-frame HFB and moving-frame QRPA



Algorithm to construct the collective path

Moving-frame HFB eq. ‘ Moving-frame QRPA eq.

\ /

Double\iteration fok each q
Small amplitude vibrational mode around moving-frame HFB state

\lles oo

lp(q=0q)> large-amplitude shape v'bratnon
N / HFB state (prolate)

e / %5 moving-frame HFB state (vibrating state)
q

(6(9)|Q(q — 6q)|p(q)) =

potential energy

|@(q=0)> | HFB state (oblate)

[ local direction of collective coordinate is determined by moving-frame QRPA mode



1-dim collective path

0b|ate_pro|ate Shape coexistence NH et al., PhyS Rev. C80, 014305 (2009)
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one-dimensional collective path (q) in TDHB manifold mapped onto the (B,y) plane

moving-frame QRPA frequency squared B(q)C(q)=w?3(q)
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Collective Hamiltonian
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ASCC for multi-dimensional collective subspace

Collective variables Matsuo et al. Prog. Theor. Phys. 103(2000) 959.

q :(q17q2qn) D = (p17p27"'pn)
6(1)) = |6(q, p,m, @) = ¢=% N |6(q, p, m))

6(q, p,n)) = €C@PT) |4(q)) G(g.p.n) = p;Q'(q) + 0" (q)

Collective Hamiltonian
~ |
H(g,p,n) = (¢(q,p,n)| H |p(q,p,n)) = V(q) + =B (@)pip; + X (@)n()

moving-frame HFB equation

2

5 (¢(q)| Har(q) |6(q)) =0 H(q) = H -

moving-frame QRPA equations

5 (d(q)| [Hni(q), Q" (q)], —

5ol | fula) 10| - Co@@ @

oV . .
90 Q'(q) = A (q) N

1 . 1 [8V

LB QP + 5 | 550 (@).Q @) ot@) =0

L v R P
-5 || @, 520" @)|  Bi@@ @) - 5N (@) =0
o2V 1% - 0 i _Loa (0B 9By OBy
Cij(@) = 550 ~ Qj@ Fia)l¢(a)) =55 1¢(a) Tk =38 (8qj o T oq )



Bohr Mottelson collective Hamiltonian

0 Generalized Bohr-Mottelson collective Hamiltonian
recent review: Prochniak and Rohozihski, J. Phys. G 36 123101 (2009)

Hcoll :Tvib + Trot + V(ﬁa ’7)

1 . . 1 .
Tvib :_DBB(Ba W)BQ + DBV(B? 7)‘57 + §D’YW(67 Y fy27
3
Tt :% S: T (B, 7)‘“}1% V(B, y)| collective potential
k=1 D(B, y) | vibrational collective mass

J(B, y) | rotational moment of inertia

O Zero-point energy term is absent if one derives collective Hamiltonian
from TDHF.



Microscopic derivations of functions in 5D collective Hamiltonian

ASCC for two-dimensional collective subspace (q,,9,P1,P,)

[ one-to-one correspondence between (q,,9,) and (B,y)

O |e(a4,9.)>~|9(B,y)>
] curvature term omitted
0 moving-frame Hamiltonian — CHFB Hamiltonian

NH et al., PRC82, 064313(2010)

Constrained Hartree-Fock-Bogoliubov equation collective potential
5 (p(3,7)| Heurs |6(3.7)) = 0 :> V(B Y)
Local QRPA equations (fo:' Iarge-?mplitude vibration) vibrational mass
5 (0(8,7)| [Heurs(3,7) ?, N = BB 1) Fa(B.7)16(8.7)) = 0 :> D(B, Y)
0 <<»’)(d-7)|[H<-Hm(15-7).71%,(5-7)] Co(B.7)Q(B.7) [6(3.7)) =0
Local QRPA equations for rotation rotational moment of inertia
5 (6(8.7)] [Henps. Ux(3.7)] - = () T [o(3.9) = 0. (S8, [(87), Tu] [6(8,7)) = i C> J(B, Y)

[0 QRPA on top of CHFB state
[0 Hamiltonian used in QRPA contains constraint terms
] calculations at different (3,y) is individual. easy to parallelize.



Derivation of D([3,y) from local normal mode

Kinetic energy of two LQRPA modes
v1b — Z QOé B 7
a=1,2 scaled in collective mass = 1
(91,95) <-> (B.Y)
o ()(IQ (+)
(Iqa IHZZO.Q ODé;';T [D)nl
1 : 2 . 1 - 9
Tvib — §D55(57 /Y)ﬁ + DﬁV(ﬁa 7)67 - §D77<67 7)7
D) ) . |
( = o : <(( )‘l)’l+ll)|')(')" A)> - <(( )‘ l)’m'_l)”(‘),' A)‘ ‘()(), A)>
Jq., ()(/“
vib. part of metric ~ W (8,7) = {Dss(83,7) D~ (8:7) — [Dpy(8,7)]*} 877

criterion to choose two LQRPA modes:
at each (B,y) point, choose a pair which gives smallest W(f,y)

(displacement in B-y direction is largest) 5



LQRPA frequenmes squared , vibrational part of metric
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Application to oblate-prolate shape coexistence (°8Se)

NH et al., PRC82, 064313(2010)
vibrational mass rotatlonal mass
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Effect of time-odd component

Ratio to Inglis-Belyaev vibrational/rotational mass

vibrational mass rotational mass
68 & 8Se /6\09
°Se | Dy/DI® / @
Dys/Dyy S %

S \‘.‘.

.4>
1.35 :‘ /§O°
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O time-odd component generated by quadrupole pairing
O LQRPA MOI: 1~1.5 times larger than Inglis-Belyaev values
O Deformation dependence is different between LQRPA and IB



7 EXP : Fischer et al., Phys.Rev.C67 (2003) 064318. -
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30Mg: ground state: spherical ?
“‘deformed” 1st excited 0* state found at 1789 keV
W. Schwerdtfeger et al.
Phys. Rev. Lett. 103, 012501 (2009)

32Mg: ground state deformed ?
“spherical”’ 1st excited 0* state found at 1058 keV
K. Wimmer et al.,
Phys. Rev. Lett. 105, 252501 (2010)

What about shape mixing?

Do spherical and prolate shapes mix in 3°Mg and 32Mg ?
Simple two-level model does hold ? |0> = a|sph> + b|def>

Quantum correlation beyond mean-field (HFB) + small-amplitude vibration (QRPA)
plays essential role in low-lying states (large-amplitude collective motion)




Calculation Details (Mg)

O Microscopic Hamiltonian (Pairing + Quadrupole Model)
Single-particle + pairing (Monopole, Quadrupole) + quadrupole (ph) force
O Single-particle model space
harmonic oscillator two major shells (sd + pf)
O Parameters in microscopic Hamiltonian
O adjusted to simulate the Skyrme HFB (HFBTHO, SKM*)
with surface pairing (Vo=-374 MeV fm-3, 60MeV cut off)
which reproduce experimental A, = 1.34 MeV of 3°Ne

For each nucleus,
O single-particle energies:
O Skyrme canonical energies after effective mass scaling (m*/m=0.79)
O pairing interaction strengths:
adjusted to reproduce Skyrme pairing gaps at spherical points
O quadrupole interaction strength:
O adjusted to reproduce deformation of Skyrme HFB states
O quadrupole pairing strength G.;:
O self-consistent value Sakamoto and Kishimoto PLB245 (1990) 321
O effective charges (e, e,) = (0.5, 1.5)
O mesh: (B, y) mesh with 60x60 points (0<B<Pmax, Bmax=0.5 for 3°Mg, 0.6 for others)
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Ground bands
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Shape changes and shape mixing in ground bands

O vibrational wave functions squared of yrast states

[ 53 [Barnc (5P
K

Mg 32Mg
Oii- Mg Oi*- Mg Oii-
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G(B,7)|z =1

34Mg

;Z-IMg

21°F

IG(B.y)|2dBdy = 28*/W(B.y)R(B.y)sin3ydpdy

R(,BJ/) == Dl(IB’y)Dz(ﬂ’y)D3(IB’V)S
W(B.v) = {Dgs(B.¥)Dyy (B.y) — [Dpy (B} B

Ti(B,y) = 4B Dy(B,y) sin® y;

w =y — (2mk/3)

transition from 3°Mg to 3*Mg in 01*
state

shape fluctuation is largest in
01* state of 32Mg

change of structure in yrast band of
30Mg and 32Mg

B-vibrational 02* and 23* in 3*Mg



Properties of K=0 excited band

energies of excited K=0 band B(E2) ratio between K=0 bands
B(E2;02*->21%)/B(E2;01*->22,3%)
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O K=0 excited band: well deformed, deviation from rotor is largest at 32Mg

O The calculation reproduce experimental 0+ energy. Shell model and beyond
mean-field calculations predict higher energies for 0,+ energy of 32Mg (1.4 — 3.1 MeV)

O B(E2) ratio (right figure) should be one
if 0+ and 2+ states of the same band have same intrinsic structure

O Shape mixing properties changes between 32Mg and 34Mg



O Collective wave function O Probability density
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R (v=0.5°) B
spherical peak disappears in probability density, due to 4 factor in G(j3,y)
O For 3%Mg, the shape coexistence picture with spherical ground
and deformed excited states holds. (shape mixing is small.)

O For 32Mg large-amplitude quadrupole fluctuation dominates both
in ground and excited 0" states.



Skyrme CHFB+LQRPA

K. Yoshida and NH et al., Phys. Rev. C83, 061302 (2011)
Skyrme HFB (SkM*) + volume pairing to=-200 MeV fm-3 -490

58
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Collectivity of neutron-rich Cr isotopes

Neutron Number
34 36 38 40 42 44
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Summary

0 determination of collective coordinates (1D collective path)
adiabatic self-consistent collective coordinate (ASCC) method

applications to Se isotopes

0 Derivation of inertial functions in 5D collective Hamiltonian
constrained HFB + local QRPA (2D ASCC)
time-odd contribution in the vibrational and rotational collective masses
applications to various phenomena
shape coexistence in Se and Kr
shape phase transition around 32Mg and %4Cr

y-soft dynamics around %°Mg

formulation using Skyrme EDF



