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For the prototype case of a two-level atom stimulated by a laser, show how
the stochastic Schrodinger equation with stochastic coefficients allows to

* model non Markovian evolutions due to:
 imperfections in the stimulating laser
- a feedback loop based on the detection of the fluorescence light

 model measurements in continuous time combined with measurement based
feedback (including delay)

» compute the homodyne spectrum of the fluorescence light in order to
control:

* the atom itself (phase dacay rates)
* its fluorescence light (squeezing)

Matteo Gregoratti [ B POLITECNICO DI MILANO




Trapped two-level atom
stimulated by a coherent monochromatic laser

laser & fluorescence light
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Markovian evolution allowing for Markovian unravelling
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| Linear stochastic Schrodinger equation -

By, Bs, N1, N2, N3 “Tndependent stochastic processes in some probability space (Q, F,Q)

t
‘ Poisson processes of rates A1, A2, A3 A+ A+ A3 = A

Wiener processes

Lj(t) = ¥ |§Eg| a;o—, Q5 > 0

Ri = 1o, B eC 1] + |aol* + 1817 = v
Ry = f3y0_, R3 = B304 !52!2: |ﬂ3\2:7ﬁ
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l Linear stochastic Schrodinger equation :

1 A
do(t) = <—1H0 —iH (t) — = ZL i(t) — 5 kZRkRk + §)¢(t_)dt
2 3
3 Lo gj(———n) ) dNG(t)

3! strong solution ¢(t) for every initial condition ¢(0)

¢(t) Markov process

If we consider the master equation 7(t) = L(¢)n(t) with n(0) = |¢(0)){(¢(0)]

= ()= [ 60)e0]4Q = Eq [l#(1) 6]
\ SSE = unravelling of ME
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Linear stochastic Schrodinger equation

« Unravelling non unique

e.g. B1, B2, N1 unravel photo emission, N2, N3 unravel thermal effects

* Noise terms can get a physical interpretation by continuous
measurements performed on the environment after the interaction
(indirect measurements on the atom)

laser & fluorescence light

I (t)=B> (t)T

Huorescence fuorescence 4‘

light
‘ I (t)=B1(t)

stimulating laser
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Linear stochastic Schrodinger equation

homodyne detection

select field (square root of) efficiency

quadrature

laser & fluorescence light

?

Huorescence fuorescence 4‘

light light
lh (t)=B(t)

I (t)=B> (t)T

stimulating laser

Matteo Gregoratti [ POLITECNICO DI MILANO



. [ D
l Linear stochastic master equation

do(t) = Lo (O] di + Y (Lz-(t) o(t) + o(t) L,L-(t)*) dB;i(t)

o(t) depends on Bi(s) and Bsy(s) for 0 < s <t

3! strong solution o(t) for every initial condition o(0)

o(t) Markov process

If we consider the master equation 7(t) = L(t) n(t) with n(0) = o(0) = pg

= t) = /Q o(t)dQ = Eq [a(t)}
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processes

. . [ D
| Instruments, a posteriori states & output

For all t define the instrument on &; = O'(Bj(S)‘j =1,2; 0<s< t)

Z:(E)[po] ::/ o(t)dQ :/ p(t) dIP’tpO VE € &
E E
Markov process
satisfying
non linear SME

= o(t) non normalized a posteri

) . .
= normalized a posteriori state
Tro(t) P

P, (E) i=Te [T(E) ] = [

E

Tr [O’(t)} dQ VE € &

distribution of the outputs White noise

. ro— — 2
s Bi() =T [(L5(0) + L") (o) .] g, stdteL (1) }
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Imperfect laser & feedback

I>(t)=Bs (t)T

laser & fluorescence light

fluorescence
h. det. g
light
Q)
ft) = 5 €xp

?

light

electromodulator

?

stimulating laser

non

fluorescence

I (t)=B (t)

{-(ﬁ+wt+k+ k<

Markovian feedback

independent Brownian motion modelling non perfectly monochromatic laser
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l Imperfect laser & feedback PR
do(t) (t)] dt + Z @. (t) + a(t)) dB;(t)
-— =1 '\/

adapted stochastic processes

3! strong solution o (t) for every initial condition ¢ (0)

Zi(E)[po] := [ o(t)d VE € &,
o(t) and p(t) non Markov processes (E)lpo [E (1)dQ €

Pl (E) := Tr [It(E) [,00]} VE € &
Eg [a(t) | 3 }

Ht) = EPZO [p<t)‘8t} — Ty {EQ {J(t)|8t}}

a posteriori state

n(t) = / t)dQ = / t) AP, = Z:(2)[po] = /Q p(t) dIP%,  a priori state

p(t) and n(t) non Markov processes

do not satisty closed differential equations
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Homodyne spectrum (on the left)

Ig(t):Bg(t)’]\

fluorescence fluorescence
1g

light
11 (t)=DB1(t)
electromodulator

stimulatmg laser

laser & ﬂuorescence light
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Homodyne spectrum (on the left)

2 |asl”

—— | A
A2—|—IM2

S'énel(,u) =1+ (cos Yo sin Yo O)

cos V2 (1 + d3)
Sinﬁg(l —I—dg) + vu
—0

g Aw —kl |Ck1| sin 191 —kl |Cl41‘ sin 191
A= 1| -Aw g QO+ k |Ct1‘COS191 U= k1 |041|COSQ91
0

— (2n+1)y

Aw=wy—w d=—-A"" T =2n4+1)y+k?’+

Experimental constraints: n, v, a1, ag, ko

Control parameters: €2, Aw, 61, 02, kq

~y

k12 v = cos Vg dy + sin vy do

vy=1,ko=n=0, |o1]* = |az|* = 0.45
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Control of the squeezing of the fluorescence light
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Figure 1: Squeezing control. Si"®!(y) with and without feedback for v = 1, kg = 7 = 0,
la1]? = |az|® = 0.45 and: (solid line) ki = 0.3213, ¥ = —1.9307, ¥ = —0.1540, Aw = 1.3833,
Q = 1.6150; (dotted line) k1 = 0, ¥ = —0.1784, Aw = 1.4937, Q = 1.4360.
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Effect of the Heisenberg uncertainty
on the homodyne spectrum
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Figure 2: Effect of Heisenberg uncertainty on Si"®'(y). The parameters are v = 1, kg = 1 = 0,
la1)? = |ag)® = 0.45, k; = 0.3213, ¥ = —1.9307, Aw = 1.3833, Q = 1.6150 and: (solid line)
¥y = —0.1540; (dotted line) 1, = & — 0.1540; (dashed line) ¥, = § — 0.1540.
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Conclusions
|

e Linear SSE and/or SME with stochastic coefficients allow to model
continuous measurements also in the case of non Markovian noise and
measurement based feedback, in agreement with axiomatic structure of QM

(a) distribution of the outputs
(b) non Markovian a posteriori evolution
(c) non Markovian a priori evolution

* Introduce and compute the spectrum of the homodyne detection, in
agreement with the probability theory of stochastic processes

» Study the effects on the homodyne spectrum of the feedback and of the
other control parameters, in presence of non perfect efficiency, detuning,
thermal effects, non perfectly monochromatic laser.
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