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Variational quantum eigensolver

Peruzzo, Alberto, et al. "A variational eigenvalue solver on a photonic quantum processor.”
Nature communications 5 (2014): 4213. 3

VQE resilient to coherent (and some incoherent) errors!



Hamiltonian variational ansatz

Wecker et al. "Progress towards practical quantum variational algorithms." Physical Review A 92.4 (2015): 042303.

Hubbard, half filling, 4 and 8 spin orbitals
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Hardware efficient ansatz

Kandala, Abhinav, et al. "Hardware-efficient variational quantum eigensolver for small molecules and quantum magnets."
Nature 549.7671 (2017): 242.

d=1
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Low-depth circuit ansatz

Dallaire-Demers, Pierre-Luc, et al. 
"Low-depth circuit ansatz for preparing correlated fermionic states on a quantum computer.”
arXiv:1801.01053 (2018).
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The traditional VQE subroutine

Jordan-Wigner transformation

Hartree-Fock reference state

Variational unitary coupled cluster
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Hamiltonian
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The Bogoliubov transformation
Most general linear transformation

Anti-commutation relations

Reference state: Quasiparticle vacuum
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Covariance matrix notation
The Majorana transformation

The real and complex covariance matrices (Gaussian states)

The single-particle density matrix (Bloch-Messiah form)

Bloch and Messiah (1962)
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Generalized Hartree-Fock

Assuming Wick’s theorem:

Imaginary time evolution

Fixed point method

where

Kraus and Cirac (2010)
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Bogoliubov unitary coupled clusters

Constrained optimization

Parametrized state

Coupled cluster operators Jordan-Wigner

12Signoracci, Angelo, et al. 
"Ab initio Bogoliubov coupled cluster theory for open-shell nuclei." Physical Review C 91.6 (2015): 064320.



Fermionic linear optics and matchgates

Reversing the Bogoliubov transformation

6 generators

Matchgates Fermionic SWAP

DiVincenzo and Terhal (2005)
13Natural gates for SC qubits!



Bogoliubov unitary coupled clusters

Jordan-Wigner -> Matchgates

Note: Must constrain particle number!
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Preparing fermionic Gaussian states

Number of parameters

-> Generalized Hartree-Fock

𝑆𝑂 2𝑀

𝑆𝑂(4)

𝑆𝑂(2)

2𝑀 𝑀 − 1

𝑀

2𝑀* − 2

Rotations

Rotations

Total
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Non-Gaussian ansatz

Number of parameters:

5𝐿 𝑀 − 1
𝑀
2 +𝑀

10𝐿 + 8
𝑀
2

+ 4

𝑀
2

Circuit depth:

Layers/cycles:
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Gradients
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Fermi-Hubbard model
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Cyclobutadiene

where

Dimensionless parameter:
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Advanced VQE
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• Barren plateaus

• Variational imaginary time evolution

• Partial phase estimation



Barren plateaus

McClean, Jarrod R., et al. "Barren plateaus in quantum neural network training landscapes.”
Nature communications 9.1 (2018): 4812. 21



Imaginary time evolution

McArdle, Sam, et al. "Variational quantum simulation of imaginary time evolution." arXiv:1804.03023(2018).

McLachlan’s variational principle
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Fermionic marginals

Rubin et al. "Application of fermionic marginal constraints to hybrid quantum algorithms."
New Journal of Physics 20.5 (2018): 053020. 23



Accelerated VQE

Wang, Daochen, Oscar Higgott, and Stephen Brierley.
"Accelerated Variational Quantum Eigensolver." Physical review letters 122.14 (2019): 140504.

U =
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Accelerated VQE

Wang, Daochen, Oscar Higgott, and Stephen Brierley.
"Accelerated Variational Quantum Eigensolver." Physical review letters 122.14 (2019): 140504. 25



Variational quantum machine learning
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• Quantum autoencoder

• Quantum generative adversarial networks



Quantum autoencoder

Romero et al. "Quantum autoencoders for efficient compression of quantum data."
Quantum Science and Technology 2.4 (2017): 045001.

2 qubits -> 1 qubit
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Quantum GANS

Dallaire-Demers, Pierre-Luc, and Nathan Killoran. 
"Quantum generative adversarial networks." Physical 
Review A 98.1 (2018): 012324.
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𝜌 = 𝑝3, | ⟩𝜓3 ; 𝑝*, | ⟩𝜓* ;… ; 𝑝:, | ⟩𝜓:

Quantum GANs
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| ⟩0 ⨂<
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Out R

Bath R
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Out G
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Quantum sources of data

30



𝑍 Out D| ⟩0Out D

Bath D

Out R|G

Label D
𝐷 𝜃L
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Quantum discriminator
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𝑍 Out D

| ⟩0 ⨂<

| ⟩0Out D
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Bath R|G
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The cost function

Can we formulate this in the language of quantum mechanics? 32



𝑍 Out D
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Bath R|G
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tr 𝜌?
L@ 𝜃⃗L − 𝜌?

LD 𝜃⃗L, 𝜃⃗D, 𝑧 𝑍

𝜃⃗Lfg3 = 𝜃⃗Lf + 𝜒Lf𝛻be𝑉 𝜃⃗Lf, 𝜃⃗Df

𝜃⃗Dfg3 = 𝜃⃗Df − 𝜒Df𝛻bc𝑉 𝜃⃗Lf, 𝜃⃗Df𝑅

𝐺 𝜃D
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The quantum cost function

Gradient update rules:
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Flip
coin

Source Source   

Tail Head

Training
heuristic

𝐺 𝜃⃗D

𝑉 𝜃⃗L, 𝜃⃗D
converged?

No Yes

𝑅
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be

𝑉 𝜃⃗L, 𝜃⃗D

Train
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𝑉 𝜃⃗L, 𝜃⃗D

𝜃⃗D∗
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Start
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𝐻 𝐻 𝑊 𝑍 Grad =
𝜕
𝜕𝜃q

𝑃 𝜃

𝑈q:3 𝑈u:qg3 𝑃ℎq

| ⟩0

𝑃 𝜃⃗ = tr 𝜌k𝑈w 𝜃⃗ 𝑃𝑈 𝜃⃗

𝜕
𝜕𝜃q

𝑃 𝜃⃗ = −
𝑖
2
tr 𝜌k𝑈3:q

w 𝑈qg3:u
w 𝑃𝑈u:qg3, ℎq 𝑈q:3

𝑍 Grad = Pr P y𝑥Grad = | ⟩0 − Pr P y𝑥Grad = | ⟩1

⋯𝑈3 𝜃3 𝑈u 𝜃u𝑈u|3 𝜃u|3𝑈* 𝜃* 𝑃 𝜃

ℎq = ℎq
w = ℎq|3

| ⟩0
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Self-adjoint & unitary

A quantum circuit for gradients
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𝑅
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Ansatz
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Solving the simple example
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Performance analysis

𝑉L@ 𝜃L =
1
4Λ

Z
?[3

\

tr 𝜌?
L@ 𝜃L 𝑍

𝑉LD 𝜃L, 𝜃D = −
1
4Λ

Z
?[3

\

tr 𝜌?
LD 𝜃L, 𝜃D, 𝑧 𝑍

𝑉 𝜃L, 𝜃D =
1
2
+ 𝑉L@ 𝜃L +𝑉LD 𝜃L, 𝜃D

Numerical training

Pr Success 𝐷 𝜃⃗L |𝜃⃗D∗ =
1
2

𝛻be𝑉 𝜃⃗L, 𝜃⃗D∗ = 0

𝛻bc𝑉 𝜃⃗L, 𝜃⃗D∗ = 0

𝑟min ≤ 𝐶 𝜃⃗D ≡ tr 𝜌@𝜌D 𝜃⃗D ≤ tr 𝜌

1
2
𝐶 𝜃⃗D ≤ Pr Success 𝐷 𝜃⃗L |𝜃⃗D ≤ 1 −

1
2
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Quantum cross-entropy

𝑆 𝜌?@ ∥ 𝜌?
D = tr 𝜌?@ log* 𝜌?@ − log* 𝜌?

D
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Thank you!
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