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Ab Initio symmetry-breaking many-body methods

‘ Mean Field ‘ ‘ Perturbation theory ‘ ‘ N°"r':|°e';t:°'::ti"° ‘

Closed shells
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Break U(1) 1 SU(2) Break U(1) I SU(2) Break U(1) / SU(2)

Corrections

Open shells
Broken sym.

Restore U(1)  SU(2)

m.-res. MBPT

Restore U(1)  SU(2)

Projected HFB

Corrections

Open shells
Restored sym.

Courtesy of P. Arthuis, T. Duguet

New methods recently proposed and implemented

e BMBPT [Duguet et al. 2017, Tichai et al. 2018, Arthuis et al. 2019, Demol et al. 2019]
o PBMBPT [Duguet et al. 2017, Ripoche et al. 2019, Tichai et al. 2019]

o GSCGF [Soma et al. 2011]
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Ab Initio symmetry-breaking many-body methods

‘ Mean Field ‘ ‘ Perturbation theory ‘ ‘ N°"r':|°e';t:°'::ti"° ‘

Closed shells

Conserved sym.

Break U(1) 1 SU(2) Break U(1) I SU(2) Break U(1) / SU(2)

Corrections

Open shells
Broken sym.

Restore U(1)  SU(2) Restore U(1)  SU(2) Restore U(1) I SU(2)

Projected HFB m.-res. MBPT

Corrections

Open shells
Restored sym.

Courtesy of P. Arthuis, T. Duguet

New methods recently proposed and implemented

e BMBPT — See Mikael's talk !
e PBMBPT — See Alexander's talk !
e GSCGF  — See Vittorio's talk !
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Nuclear physics and three-body forces a

Nuclear physics requires (at Ieast) a three-body Hamiltonian

_ 11 22 33 _ T T
H=h"+h"+h g /'/' E chlisxo Ch - € Chy o Clyy

- hi

e |
r “"‘/‘
]02[ 0" 1
Three-body forces are very hard to handle 1 o*
o e
e Mode-6 tensor — memory challenge ¢z 1’} L
=} r 1
e Compute and store (# EDF) Ei0of o macheme
b A JT-coupled
o 104} = Jacobi
In realistic model space (emax = 12) ; AT

e Spherical reduction of tensors . ripoche et ai. 2019]
e (A priori) truncation E3,.x = 14 < 3emax (20Gb)
e Larger model space for heavier nuclei

[R. Roth et al. 2013]

-> Need to reduce the dimensionality

J. Ripoche - CEA, DAM, DIF Normal-ordering approximation in particle-number-breaking theories



Many-body methods and three-body forces a

Three-body Hamiltonian need to be fed into the Schrédinger equation

e Formalism with explicit three-body force — Formal challenge
e A lot of effort already generated to handle three-body

o BMBPT [p. Arthuis et al. 2019]
o CC [5. Binder et al. 2013]

< SCGF [A. Carbone et al. 2013, F. Raimondi et al. 2018]

All what is covered next is relevant for all these methods (and more)
e Focus on CC and BCC
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The N-body Hamiltonian @

The N-body Hamiltonian is particle-number conserving ([H, A] = 0)

H=ht4+h2 4+ n3 4+ 4N

in which the i-body part h is given by

:llll Z cdiliag by cZ...c,Tc,Z....c,M.
Y
{e, e} ]0)  —6 —4 -2 0 +2 +4 +6
Ll B0
K2 pl
4 B2
Rl B33

Contributions to the three-body operator H
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Normal-ordering in single-particle basis a

In normal-ordered form, the N-body Hamiltonian reads

H:A00+A11—|—/\22—|-/\33+...+/\NN,

in which the i-body field A is given by

= /'/' Z bl b c,Tl...c,J[c/z,. < Clpy
-hij
{e.c'},19D) —6 —4 -2 0 +9 +4 46
Al A0
Al All
Al A2
Al AB

Contributions to the three-body operator H

J. Ripoche - CEA, DAM, DIF Normal-ordering approximation in particle-number-breaking theories



Normal-ordering in single-particle basis a

Effective zero-body part of H
N =37 i+ 3 P h5'5'+% > ik h;‘j‘iijk

Effective one-body part of H
11 _ pll 22 1 33
qu - hpq + Zi hpiqi+§ ij hpijqij

Effective two-body part of H
/\22 — h22 +Z h33

pqrs pqrs i "'pqirsi

Effective three-body part of H
A33 _ h33

pqrstu — "'pgrstu
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Normal-ordering in single-particle basis a

Effective zero-body part of H
/\00 = EOHF (If |®) is solution of HF)

Effective one-body part of H

/\:}J}7 = 0 (17 ) is solution of HF)

Effective two-body part of H
A22 — h22 +Z h33

pqrs pqrs i "'pqirsi

Effective three-body part of H
A33 — h33

pqrstu — "'pgrstu
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Many-body methods and three-body forces a

A typical many-body formalism is about computing tensor network

- Contraction of Hamiltonian tensor and many-body tensors

Coupled Cluster energy equation with explicit three-body

BT = N+ 3 SRR+ SRR
ijab ijab
6 Z /\Ukabc U? Ub U+ = Z Aqkabc Uab U + % Ukabc U}jfc

ijkabc IjkabC ijkabc

Problem: Three-body force requires coupling to triples (mode-6 tensor)

- Store: Both A3% and Us (even copy and update it iteratively)
= CPU time: EC“SPT equation is a N® process (E““SP equation is N*)
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Can | get away with a two-body-like appoximation 7 a

YES: Normal-ordering two-body (NO2B) approximation [ roth et al. 2011]

Reduction of the storage (emax = 12)

- 20Gb for three-body operator (E3m.x = 14)
= 250Mb for NO2B operator
-> For only 1% of error on the energy

Reduction of the cost

- Reduces to a N* process (previously N® process)

Intermediate step between
@ Full three-body mean-field (MF) calculation
@® Effective two-body beyond MF (BMF) calculation
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NO2B approximation wrt a Slater Determinant (SD)

Normal-ordered three-body Hamiltonian with respect to a SD
3
00 11 22 33 i . .
H=N0 4 AN A2 AB =N A el e, an,
i=0 /1“./2,'

NO2B approximation

@ Put the three-body field A3 to zero (N°)
® 0,1,2-fields A%, A A22 (N*) contain parts of h33

NO2B Hamiltonian operator

> HNO2B — /\00 +/\11 +/\22
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NO2B approximation for CC with three-body forces a

1.0 NN-+3N-full
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[S. Binder et al. 2013]

- Deviation due to NO2B approximation is < 1%
= Very good description at a manageable storage and CPU cost
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NO2B approximation for CC with three-body forces a

1.0 NN-+3N-full

. 0 NN+3N-full
0s| %0 0s| “°Ca

S S

=06 =06}z

S |= S 2 A

204 %’ A Z 04}

[y 3

=l =
e M BT
" L -lm N II i

0 02 0.08 0.02 0.08
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[S. Binder et al. 2013]

- Deviation due to NO2B approximation is < 1%
= Very good description at a manageable storage and CPU cost

But what about symmetry-breaking many-body methods 7
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Wick's theorem wrt a Bogoliubov vacuum a

Bogoliubov transformation Wick's theorem
= Ujci+ Vie/ o™ = nlnl Z " oG- € Gy G
I --bn
= Ui + Vie _ . f :
Z I = n'nl Z o," [ o€ Chy e Clypy
I2n
Bogoliubov vacuum + Pyl 1 € - (:,JLl(:,M1 e Clpyy tF
LT T .
®) = CHﬂk‘0> + K DC € Chy e Clpyy
+ Kb, b, - CZ R C;LC/Z,H2 ceiClpyy P
Elementary contractions T ]
Phiy = (®lc)c, |0)/(B[®)
Ky = (D], ey |d) /(D] D) -> Apparition of anomalous contraction x
12 — 21
. -> More terms appear in Wick's theorem
ki = (@lclcl|®)/(@]).
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Normal-ordering in single-particle basis a

In normal-ordered form, the N-body Hamiltonian reads

H:A00+A20—|—/\11—|—/\02—|—...+/\NN,

in which the (i,)-field AV is given by

. 1 ;
i ij ot T .
N = i E Noottisotyy “C e Gyl e Chan -

heodig
{e.chlo)y —6 | —4 | =2 0 +2 | +4 | +6
Al A0
A2 A02 All A20
Al Al A2 A3
AlS] A3

Contributions to the three-body operator H
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Normal-ordering in single-particle basis a

Effective zero-body part of H

A = h00—|—tr[h11p]—|—%tr[h22pp]—|—%tr[hzzl-@*m]—o—%tr[h%ppp] + 1tr[h*3K* K]
Effective one-body part of H

AYL = B+ tr[h2p] i+ 3t A3 pply, + Ftr[h*3R7 k],
NS, = (PP k]yp+ 5t [P k),

/\‘,)12,2 = %tr[hzzm*]hh—f—%tr[h33f<;*p]/1/2

Effective two-body part of H

/\%12/2/3/4 = /7/212/2/3/4 +tr[P*2pl i,

N, = stlhP K]k,

N, = strhP 6 T,

Effective three-body part of H

33 _ 133
Nibtsialsts = Mhbsilsss
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Normal-ordering in quasi-particle basis a

In normal-ordered form, the N-body Hamiltonian reads
H:H00+H20+H11—|—H02+...+HNN,

in which the (i,)-part HY is given by

e 1
HY = T Z H -kikiz1.. kigj ﬂk1 fgliﬁk!ﬂ' o 'ﬁk"“ :

Kij
8,61}, 12) —6 —4 -2 0 +2 +4 +6
) 00
H 2 ! H2
Jad 04 3 2 o3 40
Jad 06 H5 % % 2 ! 60

Contributions to the three-body operator H
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Normal-ordering in quasi-particle basis @

Effective zero-body part of H
HOO — AOO
Effective one-body part of H
20 __ 11 g y* * * * 02 \/* *
Hk1 ko — Z/l h /\/1 h U/1 ky \//2 ko /\/1 h \//2 ky U/1 ko + A/1 h U/1 kq U/2 ko A/1 h V/1 kq VIQ ko
11 11 * * 02 *
Hkl ky — lelz /\Il b Ull ky Ulzkz /\Il \/12k1 \/Il ke Alllz Ul1k1 V/zk2 - /\/112 Vl1k1 Ulzkz
02
klkz lel2 /\Illz U/2k1 Vll ka — Alllz \//1k1 U/2/<2 - Alllz \//1k1 \//2k2 + Al112 U/1k1 U/2k2
Effective two-body part of H
y
40 _ 22 * * * * * * * *
Hk1k2k3k4 - ZI1/2/3I4 Alllzl3/4 ( - U11k1 Ulzkz 3 k3 \/I4k4 + hk YV ko Ulgk;; \//4k4
* * * * * * * *
- Ull ky ‘//3/(2 \//4k3 U/Q ky - V/3/(1 U/1 ko U/2 ks V/4/(4
* * * * * *
31 /3k1 U/1k2 Inks ~ hky - V/3k1 \/14/(2 hks U/2k4
* * * * * *
+ /\/1 hisly ( + U/1 ky UIQ ko UI3 k3 V/4k4 - U/1 ky Ul2k2 \/I4k3 U/3k4
* * * * * * * *
+ U/1 ki V/4 ko U/2 k3 U/3k4 - V/4/<1 U/l ko U/2 k3 U/3 kg )
13
N (= Ui Vi Vi Vi + Vi Ui, Viek Vi

ke

V/5 k1 \/Iﬁ ko Ull k3 V/2 ka + ‘/I5 k1 \/IG ko V/z k3 Ull ks

~—

~—

31 —
Hk1k2k3k4 -
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Normal-ordering in quasi-particle basis

Effective zero-body part of H

HOO = E(%—'FB (If |®) is solution of HFB)

Effective one-body part of H
Hk1k2 =0 (If |®) is solution of HFB)

HXL =0 (it o) is solution of HFB)
kike =
Hk

Tk = = 0 (f o) is solution of HFB)

Effective two-body part of H

Hﬁf)kzk3k4 = Z:/1/2/3/4 A/212/2/3/4 ( - U/Th Uzkz V/:/Q \/IjkA + ;;h /:kz U/zks V/jk4
- U/T/q Viske Visks Uik = Vit Uitk Uitk Vik,
’3k1 U/1 k2 \//4 ks Ulz ka V/:h V/jkz ;;ks U/:k4 )

+ AL ( + Ui Yiio Uik, Vi = Uik Yik, Vi Ui
* Uk Vi, Yiks Yk, — V/fkl Uik, Uik Uik )

+ /\’11?;2’3/4 ( - U/Tkl /:kz ’:ka V/:k4 /5k1 U/1k2 V/eks V/:kA
- V/;kkl V/:kz U/Tk3 V/:k4 + \//5/<1 V/ekz V/zk3 UZkA )

31 —
Hk1k2k3k4 -
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NO2B approximation wrt a Bogoliubov state

Normal-ordered three-body Hamiltonian wrt a Bogoliubov state

H = HOO + {H20 + Hll + HOZ} + {H40 + H31 + H22 + H13 + H04} + H[ﬁ]

Bogoliubov Coupled Cluster (BCC) energy equation

E(?CCSDT _ HOO tr[HO2 U20] + t [H04 U20 UZO] + = tr[HO4 U40]

tr[HOG U20 U20 U2O] + tr[H06 U4O U2O] + t [H06 U60]

J

NO2B approximation

@ Put the three-body part H% (A3%) to zero
® 0,1,2-body parts H%°, H%2 H° contain parts of h33
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NO2B approximation wrt a Bogoliubov state

Normal-ordered three-body Hamiltonian wrt a Bogoliubov state

H = HOO + {H20 + Hll + HOZ} + {H40 + H31 + H22 + H13 + H04} + H[ﬁ]

Bogoliubov Coupled Cluster (BCC) energy equation

E(?CCSDT _ HOO tr[HO2 U20] + t [H04 U20 UZO] + = tr[HO4 U40]

tr[HOG U20 U20 U2O] + tr[H06 U4O U2O] + t [H06 U60]

J

NO2B approximation

@ Put the three-body part H% (A3%) to zero
® 0,1,2-body parts H%°, H%2 H° contain parts of h33

This approximation is actually not well behaved !
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Single projection vs double projection

Particle-number projection operator P* (where R(yp) = e¥)
27

1 .
PA = oy ; dgoef’“oAR(go)

If an operator O commutes with A, it must also commute with PA
PA0 = PAOP*
Projected mean-field quantities
e Single projection 04 = (®|PAO|®)
e Double projection 05@ = (|PAOPA|®)
If the operator O is
e Particle-number conserving = OQ(S) = Oé(d)

e Particle-number violating = Og(s) #* Oé(d)
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Single projection vs double projection

AQ
E T T T T T T T3
— 6F 0 3
T 4E 0 © 3
= 2F 03
E e @ mmm e ®-- -
g VE e e - E
o -2F =
Z 4:_ 3
R TE ® /O nNOI1B 3
< 6f E
_8:_1 1 1 1 1 1 l_:

14 16 18 20 22 24 26

[J. Ripoche, A. Tichai, T. Duguet, in prep.]

e Filled (empty) symbol for single (double) projection
e Single and double projection different for nNO1B

What does it tell us ?
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Single projection vs double projection

AQ
E T T T T T T T3
— 6F 0 3
T 4E 0 © 3
= 2F 03
E e @ mmm e ®-- -
g VE e e - E
o -2F =
Z 4:_ 3
R TE ® /O nNOI1B 3
< 6f E
_8:_1 1 1 1 1 1 l_:

14 16 18 20 22 24 26

[J. Ripoche, A. Tichai, T. Duguet, in prep.]

e Filled (empty) symbol for single (double) projection
e Single and double projection different for nNO1B

What does it tell us ?
The approximate operator does not commute with A !
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Outline

@® Particle-number conserving NOkB (PNOkB) approximation
e Motivation
e PNOkKB approximation
e Naive vs Particle-number conserving extensions
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Motivation a

The N-body Hamiltonian in different forms

HEh00+h11+h22+h33+...+ hNN
= N0 A0 p AL A2 AN
=HO4HO 4 H {2 HVY

Requirements of the approximation
® Throw normal-ordered pieces AU (HY) of H with i+ j > k
® Get an approximate operator that still is particle-number conserving

For the naive extension of NOkB approximation
- First requirement is fulfilled but not the second one
- To do both requires to further approximate fields AV with i +j < k
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Particle-number conserving NOkB approximation

The particle-number conserving NOkB (PNOkB) Hamiltonian operator

HPNOkB = 600 + 611 + 522 + 533 + L= § 5nn

with

_ § : ~nn i
= n|n| O,1 CI1 . CI,,C/Zn co o Clyy
/ /2n

and where 8" | (n < k) are recursively defined in decreasing order by

~ kk kk
oy . A

- nn(mm)
o, = Z Ny, forn<k
m=n+1

Leading argument
- Same normal fields A" = A™

-> For details on the derivation p. ripoche, A. Tichai, T. Duguet, in prep]
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Particle-number conserving NOkB approximation a

PNOKB operator in its normal-ordered form in the single-particle basis

max(i,j)<k max(i,j)<k
HPNOKE — N AT > AN AT
i,j=0 i,j=0

where the extra term AJ are possibly non-vanishing for i # j and N > 4
-> For anomalous fields of an original four-body operator (or higher rank)

In practice the PNO2B approximation of a three-body Hamiltonian gives

max(i,j)<2

HPNO2B — Z /\U
i,j=0
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Naive vs Particle-number conserving extensions -

(Naive ext. of) NOkB approximation PNOKB approximation

i+j<k max(i,j)<k

HnNOkB Z /\IJ HPNOkB — Z AU

i+j=0 i+j=0

NO2B approximation of a three-body operator

HnNO2B _ /\00 HPNO2B _ AOO
+ A2 AH 702 + A0 4 A p02

+ A A B + A%

HnNOZB — 500 HPNO2B — 500

4520 4 3l 4 302 NP

4+ 3% 4 32 4 313 + 5%
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Naive vs Particle-number conserving extensions -

(Naive ext. of) NOkB approximation PNOKB approximation

i+j<k

max(i,j)<k
HnNOkB Z /\IJ HPNOkB — Z AU
i+j=0 i+j=0
NO1B approximation of a three-body operator

HnNOlB _ /\00 HPNOlB _ AOO
+ A0 4 AL A2 + At

HnNOlB — 500 HPNOlB — 500
+ 0% + 3™ + 3% + o1
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Outline

©® NO1B approximation results
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Projected energy for some isotopic chains
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[J. Ripoche, A. Tichai, T. Duguet, in prep.]

e Empty circle are farther to zero than filled ones

e Filled and empty squares lie on top of one another — PN conserving
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Projected variance for some isotopic chains

3T T T T T T ] L S S S S B B B N
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=z 2f 4 2F E
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[J. Ripoche, A. Tichai, T. Duguet, in prep.]

e Projected neutron-number variance is indeed vanishing

e Filled and empty squares lie on top of one another — PN conserving
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Outline

® Conclusion
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Conclusions a

Nuclear structure

¢ Three-body forces requirement

© Storage/cost problem

NOkB approximation
¢ Intermediate step between MF and BMF

© Powerful tool to reduce storage/cost

Extension to symmetry-breaking normal-ordering
¢ Naive extension leads to particle-number non-conserving operator

¢ Particle-number conserving extension needs further approximation
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Singly /doubly gauge-rotated mean-field kernels a

Gauge-rotated Bogoliubov state
[®()) = R(p)[®) -
Singly- and doubly-rotated mean-field norm kernels

NO(p) = (0()|®),
NO(p, o) = (d(p)|0(¢)) = NO(p - ).

Singly- and doubly-rotated mean-field operator kernels
0(p) = (¢(9)|0|®),
0 (p,¢") = (9()|0]O(¢')) -
Connected singly- and doubly-rotated mean-field operator kernels
oD(p) = 00(p)/NO(¢),
o (p,¢') = 00, 0") INO (g, ¢).
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Single projection vs double projection a

Single projection
0, = (o|PhOJ0)

27

do .

= [ 52 NNO).
0 m

Double projection
05 = (0| PAOPA|®)

2w 21 /
. dp dp i(o—@")A (0) Y A/(0) !
_AAZW%e o, WO (p — ¢').
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Mean-field Hamiltonian kernel for O18

Real part Imaginary part
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[J. Ripoche, A. Tichai, T. Duguet, in prep.]
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Potentiel energy surface
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