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This talk represents one theorist’s point of view.  But CAUTION: not all theorists 

look at resonances the same way!  

For instance, in this talk we will consider resonances ONLY 

from the point of view of remaining on the real energy axis in 

our analysis of scattering properties.

Other concepts utilized and discussed here that are less commonly covered in 

theoretical treatments of scattering theory include the following:

• Inclusion of “unphysical” or “closed” channels in the scattering matrix or the 

reaction matrix

• The time delay matrix of Wigner and Smith for extracting partial widths and for 

computing the density of states associated with interactions

• Qualitative and Semi-quantitative analysis of collisional resonance physics by 

interpreting effective potential energy curves



Outline

1.Basic Fano line shape ideas (in both energy and time)

2.Example of a complex Rydberg spectrum

3.Systematic treatment via MQDT

A)  Rydberg systems

B)  Ultracold atom-atom collisions

4. Extensions of collision theory beyond 2-body entrance & 

exit channels: hyperspherical coordinates and potentials

5. Efimov physics and implications for 3 and more particles



Prototype system: He doubly-excited states

Topic 1. Basic Fano resonance physics, U. 

Fano, Phys. Rev. 124, 1866(1961)   a citation classic!







Examples of different Fano 

lineshapes in rare gas atom 

photoionization

From Fano & Cooper, 

1968 Rev. Mod. Phys.

Note that the occurrence of non-Lorentzian lineshapes is very 

common in AMO phenomena, as in the first 3 examples above.



A more recent development:  

Implications of a Fano resonance for time domain phenomena

Reference:  C. Ott, et al., Science 340, 716 (2013)

Idea:  The photoionization formula at a Fano resonance gives the 

imaginary part of the dielectric constant                         , and a 

Kramers-Kronig treatment then gives the real part by computing a 

principal value integral, namely

Now imagine an ultrafast laser that is essentially a delta function in time, 

exciting this resonance.  It will initiate an electric dipole response that 

decays (with the autoionization lifetime) and oscillates with a phase, which 

is determined by the Fano lineshape q parameter:





C. Ott, et al., Science 340, 716 (2013)



While many systems show simple Fano resonances in the energy domain, as shown 

above, atomic spectra often show richer varieties of spectral shapes and patterns,  

which are virtually guaranteed to exist for multichannel Rydberg spectra.

Here are some examples of such spectra observed and computed by realistic theory:

With rich spectra of this type, it becomes tedious and inefficient to characterize each individual 

resonance as a Fano lineshape.  More desirable is to develop a theory that can describe the full 

spectrum across this entire energy range:  multichannel quantum defect theory (MQDT)

Strontium photoionization 

(expt and theory)
Atomic hydrogen photoionization in 

a strong magnetic field (theory)



Bound Rydberg 

states below 

the threshold



Note that for every energy level of an atomic ion, 

the neutral atom will possess an infinite 

Rydberg series of bound (or autoionizing) levels 

plus an adjoining ionization continuum



Beyond Simple Isolated Resonance Theory, to the idea of the:

Think in terms of 

effective channel 

potentials

V -C6/R
6

(van der Waals at 

long range for 

ultracold atom-

atom collisions)













This is loose language, 

because Channel 2 has not 

truly been eliminated from 

the problem, only its 

exponential growth at 

infinity has been 

“eliminated”!  

There will remain physically 

important wave functions in 

Channel 2, but after the 

“elimination step” those 

wave functions will decay 

exponentially as they must!

Some mathematics has 

been skipped that produces 

this equation, but it is 

relatively simple.  See, e.g. 

Seaton, Rep. Prog. Phys. 46, 

167 (1983)



Note that MQDT describes this 

infinity of Rydberg autoionizing 

levels near threshold E2 with just 3 

real elements of the symmetric 2 x 2 

K-matrix plus two (nearly constant) 

electric dipole matrix elements.











Good examples of complex 

multichannel Rydberg resonances 

observed in various systems 





A further insight into the physics contained in 

multichannel Rydberg physics

• Use of the Wigner-Smith time-delay matrix to analyze resonance properties

• Recall that the scattering matrix in a single-channel system can be 

characterized by a phaseshift d as 

S=exp(2 i d)

Eugene Wigner showed that a time-dependent wavepacket that is scattered 

from a spherically symmetric potential experiences a time delay compared to a 

non-interacting system that is equal to 

Wigner, E. P., 1955, Phys. Rev. 98, 145

Multichannel generalization by 

F. T. Smith, 1960, Phys. Rev. 118, 349



Recall that at a resonance in some symmetry for any system, the sum of the 

eigenphases increases by p as the energy increases through the resonance.  

The energy derivative of the eigenphase sum looks Lorentzian for an isolated 

resonance.  This can be expressed in terms of the time delay matrix as the 

trace(Q), as can be seen in some examples from atomic physics taken from 

our 1996 Rev. Mod. Phys. Article (Aymar et al.), e.g. in barium doubly excited 

states studied in photoionization:

Two resonances studied on the real energy axis through analysis of the time delay matrix in Ba.  This 

symmetry has an 18 x 18 S-matrix computed using MQDT and R-matrix theory, but each resonance is 

dominated by just one of the eigenphases.

The eigenvector of Q corresponding to the 

dominant eigenphase of each resonance (at the 

energy where it is maximum) provides us with the 

probabilities of decay into the different individual 

decay channels.  This is sometimes expressed as 

the partial width of the resonance in each open 

channel, obtained by multiplying the squared 

eigenvector components by the total width of the 

resonance

Note also that Q can be viewed as a density of states matrix, see our RMP 1996



Total K
-

photodetachment cross 

sections (length and velocity) computed 

by Liu (PRA 2001) using R-matrix and 

long range multichannel coupling 

methods.

In this study, Liu noted the interesting 

huge negative polarizability of K(5g), 

and this may have stimulated the 

Hanstorp group to explore the 

implications of this unusual long-range 

repulsion on the near-threshold 

behavior in their 2012 PRL.

These ideas are valid more generally than for the context of Rydberg states, that are characterized by a 

long range attractive Coulomb potential between the electron and the residual atomic or molecular ion.  

Here is an example that we have studied in negative ion photodetachment that shows many resonances 

in the K
-

ion:

Eiles & CHG (2019 PRL) carried out a detailed 

analysis of new experiments to extract 

dominant decay channels and the resonance 

classification.



Lineberger et al. expt

CHG 1990 theory (PRA)

Photodetachment of the Cs- negative ion, 

showing how a Fano resonance 

overlapping a threshold region has its 

lineshape distorted

Note the Wigner 

threshold law cusp 

observed at the 

6p(1/2) detachment 

threshold





















 Start 

from 2-body 

interactions













N-Body Recombination and the Efimov effect

Chris Greene, with Jose D’Incao, Nirav Mehta, Seth Rittenhouse (at ICAP) and 

Javier von Stecher, JILA and Physics, U. of Colorado-Boulder

•Thanks, NSF!

Depicted: 

A big universal molecule with 4 atoms, 

“attached” to a 3-body Efimov state

March 

2010 

overview



Ugo Fano’s vision around 1981, following a promising line of 

research dating back to earlier work by:

Delves, Smirnov, Macek, Lin, Schatz, Kuppermann, …

A

BC

D

ACD

B

Small 

hyperradius 

reaction 

volume

→All reactive processes can be viewed as a single 

coordinate, the hyperradius R, evolves from large 

to small and then to large values again

+

+

+



Our main theoretical tool:  

formulate the problem in 

hyperspherical coordinates, 

treating the hyperradius R 

adiabatically

The hyperradius R (squared) is a 

coordinate proportional to total moment 

of inertia of any N-particle system, i.e.:

Here ri is the distance of the i-th particle 

from the center-of-mass.  All other 

coordinates of the system are 3N-4 

hyperangles.

And then the rest of the 

problem comes down to 

calculating energy levels as a 

function of R, which we call 

“hyperspherical potential 

curves”, and their mutual 

couplings, which can then be 

used to compute bound state 

and resonance properties, 

scattering and 

photoabsorption behavior, 

nonperturbatively

This follows the formulation of the N-body problem in 

the adiabatic hyperspherical representation, as 

pioneered by Macek, Fano, Lin, Klar, and others

also r2



Strategy of the adiabatic hyperspherical representation:  FOR ANY NUMBER OF 

PARTICLES, convert the partial differential Schroedinger equation into an 

infinite set of coupled ordinary differential equations:

To solve: 

First solve the fixed-R 

Schroedinger equation, for 

eigenvalues Un(R):

Next expand the desired solution             

into the complete set of 

eigenfunctions with unknowns F(R)

And the original T.I.S.Eqn. is transformed into the following 

set which can be truncated on physical grounds, with the 

eigenvalues interpretable as adiabatic potential curves, in 

the Born-Oppenheimer sense.





Elements of Fano’s Vision
1. The vital role of eigenmodes of the most 

relevant operators in any given problem, 

usually including all or part of the 

Hamiltonian

2. The transformative importance of a 

picture, to help see pathways and 

mechanisms, as in the Born-

Oppenheimer potential curves for 

reactive processes in chemistry

3. Qualitative insight can often be extracted 

powerfully from semiclassical pictures, 

as in WKB, Landau-Zener-Stueckelberg, 

etc.

Ugo Fano, 

sketched by 

Zdenek Herman

J=0 adiabatic hyperspherical 

potential curves for He+He+He

(with Suno, Esry, & Burke, 

2002 PRA)



Various strategies for getting the potential curves:

Expand the adiabatic eigenfunction into a local basis in the hyperangles, such as 

B-splines, finite elements, DVR, etc.  For example, for the 3-body problem, this 

leads to a two dimensional eigenproblem to be solved at each hyperradius, 

typically 100x100 = 104 total basis functions

2011 J. Wang & CHG

See e.g.  Zhou, 

Lin, & Shertzer, J 

Phys B 1993

Esry, Lin, CHG 

1996 PRA

This method is 

very accurate for 

3 bodies with 

arbitrary 

interactions, but 

difficult to extend 

to N>3.



D’Incao, Esry, CHG

Three body resonances predicted in 

recombination, studied at near zero energy 

as a function of scattering length which 

can be controlled by a magnetic field.



Mathematical Detail.  Once you have this “effective dipole-type 

attractive potential curve”, the rest is ‘TRIVIAL’!

Here, ‘trivial’ means that  the solutions are simply Bessel functions (of 

imaginary order, and imaginary argument).

To understand the Efimov effect, look at the effective potential 

energy curve at unitarity, as a function of the hyperradius:

Potential 

energy
Hyperradius, R

The “Efimov 

potential curve” 

varies like:
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“Fall to the 

center”



A flurry of Efimov physics experiments in 2008-9:

BOSONS

1. Zaccanti, Inguscio, Modugno et al. Nature Phys. 5, 586 

(2009)

2. Barontini, Thalhammer, Inguscio, Minardi, et al.  PRL 103, 

043201 (2009)

3. Gross, Shotan, Kokkelmans, Khaykovich, PRL103, 163202 

(2009)

4. Pollack, Dries, Hulet, Science 326, 1683 (2009)

5. Knoop,Ferlaino,Nagerl, Grimm, et al. Nature Phys. 5, 227 

(‘09)

DISTINGUISHABLE FERMIONS

6. Ottenstein, Lompe, Kohnen, Wenz, Jochim, PRL 101, 

203202 (2008)

7. Huckans, Williams, O’Hara et al,  PRL 102, 165302 (2009)

8. Williams, Huckans, O’Hara et al. PRL 103, 130404 (‘09)





Nielsen and Macek, 1999 PRL;  Esry, Greene, and Burke, 1999 PRL-3-body 

recombination at large a from an adiabatic hyperspherical perspective

Other groups subsequently rederived the Efimov physics in the universality 

regime of large two-body scattering lengths, especially relevant for 3-body 

recombination, using other methods:

Braaten and Hammer, 2000-2006 – Effective field theory approach

Shepard, 2007 – Fadeev treatment in momentum space, effective theory

Lee, Köhler, Julienne, 2007 – 3-body Green’s function approach based on a 

transition matrix; basic formulation was developed in nuclear physics by 

Sandhas, Alt, and Grassman.

Gogolin, Mora, Egger, 2008 – Analytic solution of a model

Floerchinger, Schmidt, Moroz, Wetterich, 2009 – functional renormalization 

approach



How to go beyond 3 particles:

Correlated Gaussian Hyperspherical Method

von Stecher & CHG, PRA 2009

AB+AB

AB+A+B

A+B+A+B

Computed potential energy curves: 

Energy versus hyperradius for a 4-atom 

system



Applications

• Theory (Mehta et al., PRL 103, 153201 (2009)) of N-body recombination 

processes, e.g.

A + A + A + A → A3 + A

• The 4-boson system:  4-body recombination and its surprising 

importance

von Stecher, 

D’Incao, & CHG, 

Nature Phys. 2009 

D’Incao, von 

Stecher, & CHG, 

PRL 2009



Previous important studies of the 4-boson system in the 

universality regime in 3D:

“We have conjectured, that there are always two four-body 

resonances between any two three-body states.”  (i.e. 

below each Efimov state) + Also, no 4-body param.

…also found general correlations between N-

body bound levels and (N-1)-body bound levels

…conclude that a “4-body parameter” is in fact needed, but they only studied low 

(non-universal states), which is presumably why they reach a different conclusion 

from that of Platter and Hammer and also different from ours.





Our results are consistent with Hammer & Platter’s insightful conjecture, 

and also with Hanna & Blume’s calculations

Our findings





Revisiting the 2006 Grimm group experiment that was the first to see 

3-body Efimov states p.417

von Stecher, 

D’Incao, CHG

2009



But before we could actually calculate the rate of 4-body recombination 

in an ultracold gas, we had to develop some scattering theory:

And here it is, THE FORMULA for N-body recombination, i.e. for 

the process:  A+A+A+….+..A → AN-1+A  or AN-2+A+A +…etc.



Scattering amplitude, purely hyperradial

potential, phaseshifts

Some formal work to 

generalize scattering 

theory to d-

dimensions





Measurement of 

four-body state 1
Measurement of 

four-body state 2

Estimated size of this 4-body 

molecule is around 200-400 nm



1+1+1+1

2+1+1

2+2

3+1

3+1

Four-Bosons

Hyperspherical Picture

R

v

v

Fragmentation 
thresholds

All particles close  
together:
Bound and quasi-
bound states

R

J. von Stecher and C. H. Greene, arXiv:0904.1405

Interaction 

region

U
(R

)

… think Born Oppenheimer

PRA 80, 022504, (2009)



Bird’s-eye view of the higher-energy tetramer, very weakly bound



Conclusions

The tools of scattering theory can be applied to ultracold atomic systems, 

as well as to atomic and molecular Rydberg states

Multichannel quantum defect theory extends the idea of a scattering or 

reaction matrix by including CLOSED channels, which can give smooth and 

weak energy dependent quantities that characterize a very rich spectrum 

with a huge number of resonances

The time delay matrix can be used to study the decay probabilities of a 

resonance into the alternative possible decay channels

For collisions of 3- or more bodies in the N-body continuum, the adiabatic 

hyperspherical representation gives a set of potential energy curves that 

can be used to interpret the resonance properties qualitatively and even 

semi-quantitatively


