Resonances in Atomic and Molecular Physics (and Nuclear!)

Chris Greene, Purdue University

This talk represents one theorist’s point of view. But CAUTION: not all theorists
look at resonances the same way!

For instance, in this talk we will consider resonances ONLY
from the point of view of remaining on the real energy axis in
our analysis of scattering properties.

Other concepts utilized and discussed here that are less commonly covered in

theoretical treatments of scattering theory include the following:

* Inclusion of “unphysical” or “closed” channels in the scattering matrix or the
reaction matrix

 The time delay matrix of Wigner and Smith for extracting partial widths and for
computing the density of states associated with interactions

* Qualitative and Semi-quantitative analysis of collisional resonance physics by
interpreting effective potential energy curves



Outline
1.Basic Fano line shape ideas (in both energy and time)
2.Example of a complex Rydberg spectrum
3. Systematic treatment via MQDT
A) Rydberg systems

B) Ultracold atom-atom collisions

4. Extensions of collision theory beyond 2-body entrance &
exit channels: hyperspherical coordinates and potentials

5. Efimov physics and implications for 3 and more particles



Topic 1. Basic Fano resonance physics, u.
Fano, Phys. Rev. 124, 1866(1961) < a citation classic!
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Examples of different Fano ) From Fano & Cooper,
T . . S c) .
o lineshapes in rare gas atom 1968 Rev. Mod. Phys.
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Fic. 27. Profiles of autoionization lines in the rare gases obtained from experimental data (MC65, CME67, CMEG8, Ed67). (a) 25s2p P in He (g=—2.38, p*= 1); (b) Inner sub-
shell excitation in Ar, 3s3p54p 1P (g=—0.22, p*=0.86) ; (c) Two-electron excitation in Ne, 2p*(3P)3s3p 1P (g=—2.0, p?=0.17). (d) Inner shell excitation in Xe, 4d°5s*5p%p 1.9
(g~200, p2~0.0003).

Note that the occurrence of non-Lorentzian lineshapes is very
common in AMO phenomena, as in the first 3 examples above.




A more recent development:
Implications of a Fano resonance for time domain phenomena
Reference: C. Ott, et al., Science 340, 716 (2013)

Idea: The photoionization formula at a Fano resonance gives the

Imaginary part of the dielectric constant , and a
Kramers-Kronig treatment then gives the real part by computing a
principal value integral, namely

Now imagine an ultrafast laser that is essentially a delta function in time,
exciting this resonance. It will initiate an electric dipole response that
decays (with the autoionization lifetime) and oscillates with a phase, which
Is determined by the Fano lineshape g parameter: )

— W .t

~ n - LR
AE) = St =0 Flg-) e T




dm/O)uq’Uﬂlé and A~ /b.L.ase Facton, (e
(Z—Z)Z: (gz—z—])@

LW hevre @\ - — 2 Co’t——7(@

’FLI% recu(‘l' L\AQ beeﬂ Vﬁm'-Fffoe b\z

“+he O#, Ple:Fer et al e'XPfW'.ML"m‘T
Pﬂ?fen‘lftp 1a dhe XOI3 Science a-r'l")‘c‘[e




C. Ott, et al., Science 340, 716 (2013)

Fig. 2. Mapping of Fano's
q (line-shape asymmetry)
parameter to the tem-
poral response-function
phase . A bijective map
between the two parame-
ters is obtained in a range
[, 7], while the function
is periodic in 2rt. Lorentzian
line shapes are obtained
for the extreme cases of
@—2nn (integer n), cor-
responding to g——oo and
g—-+oo, respectively, where-
as between these regimes
Fano line shapes are ob-
tained, with the spedal
case of a window resonance
at @ =(2n + D, g =0.
(Insets) The absorption line
shapes o(e) (as depicted in
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Fig. 1) for selected values of g(). The laser interaction creates an additional phase shift (horizontal
arrows) that changes the character of the observed resonance line shape. The dots represent the situations
measured in the experiment and shown in Fig. 3. The shaded areas represent the errors which are given by
the experimental uncertainty in the intensity determination.



While many systems show simple Fano resonances in the energy domain, as shown
above, atomic spectra often show richer varieties of spectral shapes and patterns,
which are virtually guaranteed to exist for multichannel Rydberg spectra.

Here are some examples of such spectra observed and computed by realistic theory:

- Strontium photoionization . T
4+ (expt and theory) Atomic hydrogen photoionization in
g (a). a strong magnetic field (theory)
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With rich spectra of this type, it becomes tedious and inefficient to characterize each individual
resonance as a Fano lineshape. More desirable is to develop a theory that can describe the full
spectrum across this entire energy range: multichannel quantum defect theory (MQDT)
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8sRb

B Sanguinetti, H O Majeed, M L Jones and B T H Varcoe

1 Py B AL Mol Opt. Phys. £3 O009) 165004 B Sangussetts o1 of

Table 2. Measured froguencies for the aP, , states and respective )
quantum defects. £, n measurcd from the centre of mass of the madd
lower and upper states mnd contmns 2 small comrection to the

wavemeter calibeation. The thind sicp data are reponted cuactly

mcasured g uan s 168~ )\ '
» »
o AL O™ \, til L
n  (MH2) (MH2) &‘—/\ (x10°%) i {inith
g hﬂg::’w

¥ 26496706 1007068254 264187 213
37 23666310 1007237858 264179 2SS
3B 2%821728 1007393277 26170 27
¥ 26064479 1007536027 264175 29
0 7095906 1007667475 264177 12
41 7708 1007788783 264173 24 : . V

o Wk )
o lovemaem and "
— ]

Quantum defect (n- n*)
'

E

’ '
Q 2730406 1007900954 264176 37 w » » = W - W
4 274030 100804909 264162 40
4 237509853 1008101402 264160 43 igure 6. Quantum defocts from the three diffcrent fitting methods
8 2761995 1008191144 264156 46 Data posnts for 2 = S and & « 6 were inchaded in the calculations
% 27703191 10824740 264163 50 but are ot shown. as their quantum defects arc off the scake
47 271211 1008352760 264151 53 2707 178 and 2670 358, respectively
4 2978117 108425666 264154 ST
9 2702362 1008493911 264148 61 v .
%0 2‘70!6}‘.;5 1008557870 264185 65 meaning of the parameters.  The following three different
SI 2346352 1008617901 264167 69 fiting procedures were implemented in the analysis of our
$2 2WMIRMI I0SEM3W 264144 73 &t
S3 2MISSET9 1008727427 264160 78
S4 2IM205906 1008777455 264159 82 Method 1. The first method uses a simple it routine. The
55 23253103 1008B4651 260139 87 quantum defect can be obtained as 3 function of » if we

% 297662 100BBH210 264139 92
ST 23M3IWNWO 1008911329 264148 98
2WIWEIT 1008051 18 264158 103 a b
23417400 1008088940 264141 109 Sin)y=5+ -+ o
2451197 10D024T46 264151 118 (r-&F -&)

N& /Vk l' s nEA™ \..1 | ,-\le “)e ,u{e ,\‘f" d\‘: N

approximate 3(n) by & [20):

6)

Bge

Du:l" In  wmore C.m’lc‘ca.“(& 0\"\‘5"‘-5 l"dVl:r\g
W\U\l-{—\‘p‘e Lo Tachion ““fegLo(Js) e

awo ,.,"[‘e_,. ’

<

St mp,cgﬁ" case o‘r —_ 2
wm§a4€¢(~6+{~xj /274(:6-«7 seres

\

Note that for every enerqy level of an atomic ion,

the neutral atom will possess an infinite

Rydberg series of bound (or autoionizing) levels

plus an adjoining ionization continuum



Beyond Simple Isolated Resonance Theory, to the idea of the:
ComMPLE X RESONANC E (First considen f-channel)
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This is loose language,
because Channel 2 has not
truly been eliminated from

the problem, only its
exponential growth at
infinity has been
“eliminated”!

There will remain physically
iImportant wave functions in
Channel 2, but after the
“elimination step” those
wave functions will decay
exponentially as they must!

¥~ Some mathematics has

been skipped that produces
this equation, but itis
relatively simple. See, e.g.
Seaton, Rep. Prog. Phys. 46,
167 (1983)
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Most of the mathematical details are worked
out in the following article by Q. Wang & CHG,
Phys. Rev. A 44, 1874 (1991). For earlier
relevant work, see Giusti-Suzor and Fano, JPB
17, 215 (1984) and Friedrich & Wintgen, PRA
32, 3231 (1985)

We are mainly interested in the energy range
E1<E<E2 between thresholds 1 and 2

vi=[—2(E—E;)] '

Noninterccting Rydbarg Series
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FIG. 1. Zeroth-order picture of a Rvdberg series converging
to three jonizaticn thresholds E, < E, <E;.



In fact we can first "eliminate" channel 3 to
obtain energy-dependent 2-channel
parameters, and then use our 2-channel math

And for photoabsorption processes that
probe these states, we need to introduce
three constant dipole amplitudes d1, d2, d3,
and the channel elimination gives two

K 3K+, K 1K, energy dependent dipole amplitudes with a
K — T Ki,— T ,
R= : ’ [ Kyd,
K23K31 K23K32 dl _ T
Ky — T K, — T— J— 3
: ’ d K,;d3
where T; =tanmv; + K 2 T,

The energy-dependent photoabsorption cross section is given by
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Most of the mathematical details are worked
out in the following article by Q. Wang & CHG,
Phys. Rev. A 44, 1874 (1991). For earlier
relevant work, see Giusti-Suzor and Fano, JPB
17, 215 (1984) and Friedrich & Wintgen, PRA
32, 3231 (1985)



A further insight into the physics contained In
multichannel Rydberg physics

Use of the Wigner-Smith time-delay matrix to analyze resonance properties

Recall that the scattering matrix in a single-channel system can be
characterized by a phaseshift 6 as

S=exp(2i9)

Eugene Wigner showed that a time-dependent wavepacket that is scattered
from a spherically symmetric potential experiences atime delay compared to a
non-interacting system that is equal to

Gl — ;Z)V\ éQ g Wigner, E. P., 1955, Phys. Rev. 98, 145
¢
AE

> — . t S A g-r Multichannel generalization by
Q — Z—E- F. T. Smith, 1960, Phys. Rev. 118, 349



Recall that at a resonance in some symmetry for any system, the sum of the
eigenphases increases by & as the energy increases through the resonance.
The energy derivative of the eigenphase sum looks Lorentzian for an isolated
resonance. This can be expressed in terms of the time delay matrix as the
trace(Q), as can be seen in some examples from atomic physics taken from
our 1996 Rev. Mod. Phys. Article (Aymar et al.), e.g. in barium doubly excited
states studied in photoionization:

Two resonances studied on the real energy axis through analysis of the time delay matrix in Ba. This
symmetry has an 18 x 18 S-matrix computed using MQDT and R-matrix theory, but each resonance is

dominated by just one of the eigenphases. FIG. 20. The Ba 6d4? °F, and 'G, resonances: (a) sum of
5000 _— eigenvalues ¢ of the time-delay matrix Q identical to TrQ (full
T i line) and individual eigenvalues g (18 other lines)—note that
4000 - the curves associated with 16 eigenvalues are almost superim-
;f 3000 - The eigenvector of Q corresponding to the
& | dominant eigenphase of each resonance (at the
o 2000'_ energy where it is maximum) provides us with the
1000 - probabilities of decay into the different individual
| decay channels. This is sometimes expressed as
0 — the partial width of the resonance in each open
20000 71000 72000 73000 74000 75000 channel, obtained by multiplying the squared
-1 eigenvector components by the total width of the
E (em™)
resonance

Note also that Q can be viewed as a density of states matrix, see our RMP 1996



These ideas are valid more generally than for the context of Rydberg states, that are characterized by a
long range attractive Coulomb potential between the electron and the residual atomic or molecular ion.
Here is an example that we have studied in negative ion photodetachment that shows many resonances

inthe K~ ion:

60 [ % a0 5 f Total K photodetachment cross
} 1\ E f sections (length and velocity) computed
30 | | \\”"‘“‘/\r\ : by Liu (PRA 2001) using R-matrix and
) ; e long range multichannel coupling
Y D R - methods.
2.8 3.0 3.2 3.4 36 38 4.0 42 44
= | Cadlles 4] ool In this study, Liu noted the interesting
I e | : . h - - 1T
P e uge negative polarizability of K(59),
S 09 © ¥ and this may have stimulated the
g 37 3.8 3.9 Hanstorp group to explore the
g1 T T implications of this unusual long-range
N R ? s; ] repulsion on the near-threshold
g: - (©) e 4 \\JKWN behavior in their 2012 PRL.
£ oy

p—y
o

Eiles & CHG (2019 PRL) carried out a detailed
analysis of new experiments to extract

dominant decay channels and the resonance
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Photodetachment of the Cs- negative ion,

L |  showing how a Fano resonance
a Cs + hy—Cs +e . . .
g b _ @ overlapping a threshold region has its

L] 3 :
"-E : :.“ o’ e, “ ) /—a(TOTAL) : (a) ::."'w\%,a‘_
§ . ~ i} TotaL & Note the Wigner
o . . Pase : s 2 :
2 . Yy = E threshold law cusp
'g * * v+ C?J} "'j
A o e > / observed at the
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o * /- 2 vz T atrr vty - .'\-
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Berninger et al.. highly detailed map of bound
states and Fano- Feshbach resonances in Cs-Cs

PHYSICAL REVIEW A KT, 032517 (201 3)
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BEC  physics: "The RosSEMNOVA

fecall He  poan - EBeld ; drtca... w W <
BEC eguihion (&P -equation): Hop(x) + (V- 1) |wix)|"w(x) = eyix)
=> Alede +Het For Aep €&

7 = s;;‘frh or al atems
il-tcu; a ¥ractrin, and He
Afom Cloud i plodes and
e e xplodec ke a tmy

g PER NovA

hitps hwww.nist. gow’ news-evenis' news'2 001/ 03 implosion-and-explosion-bosg-ginsiein-condensate-bosanova

The idea here is that a BEC of 85Rb atoms is first prepared
with around 50,000 atoms, using a small positive scattering
length. Then the magnetic field is used to tune the
scattering length to a large negative value, causing the BEC
to implode and shrink onto itself, at which point
recombination processes ignite and release tremendous

energy. This causes the BEC to explode like a supernova.

“This scallen'ag leaghh cortrel alse enables
He produch'on of bigarre Feo—body :5-"*114'!3“.
We will cee #H€e€ laler /A 'y fecitire.




Confinement-induced resonances in a quasi-one-dimensional geometry

h*  2a,(E)
pa, a, + c,a,(E)

Consider collisions between two atoms confined
to a cigar-shaped cylindrically-symmetric
harmonic oscillator trap, which have a 3D
scattering length a(E). Ol'shanii(1998 PRL)
showed that the interactions can be modeled as
an effective 1D potential Veff(z)=g 52), =

Yip —

ey(k) = (% 1 —Hkay)?)

« | Is the oscillator length in the

Mathematical curiosity: Ol'shanii's derivation transverse dimension

involves "regularization™ of a divergent sum Application of this controllable "1D" effective interaction viaa
that arises, and re-expression as a Hurwiz zeta confinement-induced resonance resulted in the observation of the
function that can be analytically continued to predicted 1D quantum degenerate gas, usually called the "Tonks-
give finite answers. This is analogous to the Girardeau gas”, by at least 2 groups in 2004:

famous "resummation” of the divergent series,

e Tonks—Girardeau gas of ultracold
Numerical tests (and experiments) confirm the m inan w 'am Nl 204

validity of this result.
'~’ m'l’ 'l- ~.nL.‘_." M-‘l' .‘ ull..\'
Simen Follng' ', Ignadio Cirac’, Gera V. Shiyapaikov',
Theador W. Hinsch'~ 8 immanuel Bloch' -
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e oy Ledld ey Observation of a One-Dimensional
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Introduction to the Efimov Effect —
Preliminary considerations for 2

particles
Start with 2-body quantum
physics - in ONE DIMENSION,
any attraction however small is
enough to create a bound state.

V(x) versus x

c 6,
-=X=>
| But in THREE DIMENSIONS, two
4 particles will not bind unless the
| attraction is sufficiently strong, i.e.
V(f) larger than a certain “critical

amount”
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Efimov Physics: a review by P Naidon, 5 Endo
— 2ero vange Hheory Raports on Progress in Physics 80 (5, 056001 2017
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Clur interast was picquad in the 1980s aftar Joo Macek showad that the adiabatic hyperspharical
rapresantation is an effect way to rederive Efimov's result in the contexi of a ZERO RANGE

micdal.

But with my PhD studant Brett Esry and othar collaborators, we testad whather the Efimov efiact
survivas awen for extendad (but finite) rangs 2-body interaction poteniials.

And we found that it did survive: there is a universal behavior even for large but
fintte A which differs qualitatively for positive versus negative A.

References to our early papers calculating the problem
from an adiabatic hyperspherical viewpoint:

—=Esry et al., 1. Phys. B: At. Mol Opt. Phys. 29 (1996) L51-157
—=Espy et al, Phys. Bew. Lett 83 1751 (1999)

—=and at almost the same time Mielsen and Macek published some
simitar resoits and reached zome overapping conchisions {inareroe

range model) in PRL 83, 1566 (19949,

Through-our numerical studies, we found
that there is a universal behavior at
positive A, namely there is-a fully repulsive
3-body entrance channel and a high-lying
recombination channel representing
(dimer+atom)

Whereas there is also a universal but VERY
DIFFERENT behavior gt negative A, namely
there is a partially repulsive 3-body entrance
channel but with a potential barrier that can
support shape rescnances, and only deep

recombination channels representing ("deeply

bound dimer" + atom)
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Affar carrying out couplad channel calkculations, including the nonadiabatic
coupling of thesa channels, wa found the following univarsal behavior of
recombination rates of 3 aqual mass particles (githar idantical bosons or
distinguishable particles) as a functicn of the wo-body scattaring langth.

At (a<0) the potential barner suppons a
shape rescnance at cartain anargias or

cartain values of the scattaring length a. At (-0} thama is no polential barmer supporting shape resonances
=rid thara arg an infinita sariag DTF?IEIEH (Efimoy resonancas) & alll 2ut a cartain valuss of the scatkening
EFIMOV resonances (at a<0), soparated langth a there are a series of Stuackalbarg interfarance MINIMA, |,
by the universal Efimov scaling facior 22.7, in the recombination rate into deep dimers, also separated by the

racombining into deap dimars, shown Efimovscaling factor 227, via the pathways shiown bolow

Esry & CHG, Nature News & Views 2006
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Evidence for Efimov quantum states in an ultracold
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The full spectrum of universal Efimov levels near unitarity,
where the scattering length (|a]) is much larger than the

Infinite ladder of 3-body energy levels (sqrt)

versus 1/a
£ Braaim, H.-W Howmer £ Phvsics Roporty-£208 ¢ 0G| 250 3490
Efimmow
rEsonNances 1
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I-body :
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N-Body Recombination and the Efimov effect

Chris Greene, with Jose D’Incao, Nirav Mehta, Seth Rittenhouse (at ICAP) and
Javier von Stecher, JILA and Physics, U. of Colorado-Boulder

March
2010
ove

Depicted:

i wrms here represent oee view of 2 wavelfimction fora
ound dimers composed of fermicnss atowas, The
e are at the focefroat of theoeetcal wark that

A big universal molecule with 4 atoms,
ey Bady o “attached” to a 3-body Efimov state

Univarcality in

*Thanks, NSF!



Ugo Fano’s vision around 1981, following a promising line of
research dating back to earlier work by:

Delves, Smirnov, Macek, Lin, Schatz, Kuppermann, ...

ACD

Small
hyperradius
reaction
volume

->All reactive processes can be viewed as a single
coordinate, the hyperradius R, evolves from large
to small and then to large values again



Our main theoretical tool:
formulate the problem in
hyperspherical coordinates,
treating the hyperradius R

adiabatically And then the rest of the
problem comes down to

The hyperradius R (squared) is a calculating energy levels as a
coordinate proportional to total moment function of R, which we call
of inertia of any N-particle system, i.e.: “hyperspherical potential

used to compute bound state

, 1 j curves”, and their mutual
RJ—' — o N et . .
V/ mir; also p2 couplings, which can then be
d
! and resonance properties,

Here r;is the distance of the i-th particle scattering and
from the center-of-mass. All other photoabsorption behavior,
coordinates of the system are 3N-4 nonperturbatively

hyperangles.

This follows the formulation of the N-body problem in
the adiabatic hyperspherical representation, as
pioneered by Macek, Fano, Lin, Klar, and others



Strategy of the adiabatic hyperspherical representation: FOR ANY NUMBER OF
PARTICLES, convert the partial differential Schroedinger equation into an
infinite set of coupled ordinary differential equations:

1 r]j _--'1'{2
_ - 4 1
2 9R? 2uR”

+V(R.0.¢)

TO SOIVe: ﬁ

{JFIE:E{;FIE

First solve the fixed-R
Schroedinger equation, for
eigenvalues U, (R):

A2 15
+ ~+V(R.6.¢)

> & (R:Q)=U,R)D,(R:Q))
2uR-  BuR~

Next expand the desired solution | | |
into the complete set of — /i R.())= Z F,g(R)D,(R:())
”

eigenfunctions with unknowns F(R)

And the original T.I.S.Egn. is transformed into the following
set which can be truncated on physical grounds, with the
eigenvalues interpretable as adiabatic potential curves, in
the Born-Oppenheimer sense.

1 d?

F, z(R)=EF,z(R)

+U,(R)

4

2p dR?

E ) p) Z ' v |
8 l: ' ju-' ' vy { } (fR




Four-Bosons J. von Stecher and C. H. Greene, arXiv:0904.1405

Hyperspherical Picture of 4-body recombination

... think Born Oppenheimer Fragmentation
thresholds
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Elements of Fano’s Vision

1. The vital role of eigenmodes of the most
relevant operators in any given problem,
usually including all or part of the
Hamiltonian

oo s

Ugo Fano,
sketched by
Zdenek Herman

2. The transformative importance of a
picture, to help see pathways and
mechanisms, as in the Born-
Oppenheimer potential curves for
reactive processes in chemistry

3. Qualitative insight can often be extracted 00— \

powerfully from semiclassical pictures, \ “He+'He+'He

as in WKB, Landau-Zener-Stueckelberg, sol
etc. ~ .

?2 o0 \____

J=0 adiabatic hyperspherical E/ *He +'He

potential curves for He+tHe+He ~5.0

(with Suno, Esry, & Burke,
2002 PRA) ool
0 20 40 60 80 100

R (a.u.)




Various strategies for getting the potential curves:

Expand the adiabatic eigenfunction into a local basis in the hyperangles, such as
B-splines, finite elements, DVR, etc. For example, for the 3-body problem, this
leads to a two dimensional eigenproblem to be solved at each hyperradius,
typically 100x100 = 104 total basis functions

See e.g. Zhou,
Lin, & Shertzer, J
Phys B 1993

Esry, Lin, CHG
1996 PRA

This method is
very accurate for
3 bodies with
arbitrary
interactions, but
difficult to extend
to N>3.
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Three body resonances predicted in The short-range three-body phase and

recombination, studied at near zero energy h . . . h b . f
as a function of scattering length which other issues lmpaCtlﬂg the observation o
can be controlled by a magnetic field. Efimov phySlCS in ultracold quantum
J. Phys. B: At. Mol. Opt. Phys. 42 (2009) 044016 ases
> oL Tys 2 S D’Incao, Esry, CHG
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To understand the Efimov effect, look at the effective potential
energy curve at unitarity, as a function of the hyperradius:

Potential 5
energy -oost

15
Hyperradius, R

o1l The “Efimov
“Fall to the | potential curve”
center” —015 | varies like:

02} 125
0251 2mR2

Mathematical Detail. Once you have this “effective dipole-type
attractive potential curve”, the rest is ‘TRIVIAL’!

Here, ‘trivial’ means that the solutions are simply Bessel functions (of
imaginary order, and imaginary argument).

E. ., =Ee*'™ wheres, =1.00624...is a universal constant.

n+1 n



A flurry of Efimov physics experiments in 2008-9:

BOSONS

1. Zaccanti, Inguscio, Modugno et al. Nature Phys. 5, 586
(2009)

2. Barontini, Thalhammer, Inguscio, Minardi, et al. PRL 103,
043201 (2009)

3. Gross, Shotan, Kokkelmans, Khaykovich, PRL103, 163202
(2009)

4. Pollack, Dries, Hulet, Science 326, 1683 (2009)

5. Knoop,Ferlaino,Nagerl, Grimm, et al. Nature Phys. 5, 227
(‘09)

DISTINGUISHABLE FERMIONS

6. Ottenstein, Lompe, Kohnen, Wenz, Jochim, PRL 101,
203202 (2008)

7. Huckans, Williams, O’Hara et al, PRL 102, 165302 (2009)

8. Williams, Huckans, O’Hara et al. PRL 103, 130404 (‘09)



Observation of
atomic system

an Efimov spectrum in an

MATURE PHYSICS | VOL & | AUGUST 2009 E.Eﬁ

M. Zaccanti'*, B. Deissler!, C. D'Errico’, M. Fattori4, M. Jona-Lasinio!, S. Miiller®, G. Roati’,

M. Inguscio' and G. Modugno'

a
E=0 I ete+e . E i
- |
B : o ! '1':‘} a3 G‘!{ af=—a3/213
! s e i ! : ! !
— e — 1 1 1 |
3 @ ! v T T 27 ] |
g L | ' oy AT TR ' * !
. Ey = (22702 =
et 1 — L +— T 1 |
w i i -~ i i ] i
i . & ! o @D
i i i P T—
i 227 i i i T—
i i Z i [
b i C —
i e : i
H T —
g | | i s
Bl— 5 ! i N\ — g
| — i i i "4 — A -
de=t i i i T - [
i 1 i T —
- : Log (la) | A -\
i 1 7l i I I i
[ 4 - T P — T T T T
07y i : i i ; i
i i i i i i 10-2
1 1 1 1 1
i i i i i
= ! i i i 102
7wt ; i i
by y i i i I
E i i i i i 10
= i i i i i
W i i i i ! 102
1 1 | .
10723 i i i i
1 1
i i j 10-=
i i i
A | | L T [N I [T
i

1y
ETiE L 04 0 0

Scattering length o (a,)

Figure 1| Efimov spectrum. a Theoretical binding energy of two consecutive Efimov states (red) and of the dimer state (blue) in the universal regime
versus the scattering length a. b, Theoretical three-body recombination rate @ (black) and atom-dimer elastic cross-section oap (blue). The vertical
dash-daotted lines indicate the position of the detectable maxima and minima in the three-body observables, for which the relevant scaling rules are
summarized in a. The dashed lines indicate the a® behaviour of the three-body recombination rate expected in the absence of Efimov states. ¢, Measured
recombination coefficient K3 in an ultracold potassium gas (circles), featuring deviations from the bare a® trend (dotted line), and fitted behaviour
assuming a local universal trend for K5 in the vicinity of the two recombination minima at a = 0 and of the Efimov resonance at a = 0 (solid line), see text.
The other two features due to the atom-dimer resonances af and a¥, not expected by theory, are locally fitted with a Gaussian profile superimposed to a
constant background and to the universal behaviour, respectively (dashed lines). The various colours correspond to different data sets. For all data points,
the error bars are the root sum sguared of the standard error of the mean value resulting from the fit and of the uncertainty on the trap frequencies (see the
Methods section).



Nielsen and Macek, 1999 PRL; Esry, Greene, and Burke, 1999 PRL-3-body
recombination at large a from an adiabatic hyperspherical perspective

Other groups subsequently rederived the Efimov physics in the universality
regime of large two-body scattering lengths, especially relevant for 3-body
recombination, using other methods:

Braaten and Hammer, 2000-2006 — Effective field theory approach

Shepard, 2007 — Fadeev treatment in momentum space, effective theory

Lee, KOhler, Julienne, 2007 — 3-body Green’s function approach based on a
transition matrix; basic formulation was developed in nuclear physics by
Sandhas, Alt, and Grassman.

Gogolin, Mora, Egger, 2008 — Analytic solution of a model

Floerchinger, Schmidt, Moroz, Wetterich, 2009 — functional renormalization
apbproach



How to go beyond 3 particles:
Correlated Gaussian Hyperspherical Method
von Stecher & CHG, PRA 2009

5 LR \
\\‘n\ Computed potential energy curves:
AN Energy versus hyperradius for a 4-atom
system
A+B+A+B
—————————————— AB+A+B
AB+AB
_3 » » » » »
0 200 400 600 800 1000 1200

}%ﬁﬂ

FIG. 1. (Color online) Adiabatic hyperspherical potential curves
UJR) (solid lines) for two spin-up and two spin-down fermions
with an atom-atom scattering length a,=100r;. The dashed line at
E=2E, (blue) is the dimer-dimer threshold, the dashed line at E
=FE;, (red) is the dimer—two-atom threshold, and the dashed line at
E=0 (green) is the four-atom threshold. Dashed curves are predic-
tions from Ref. [24].
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Applications

Theory (Mehta et al., PRL 103, 153201 (2009)) of N-body recombination

Processes, e.g.

A+A+A+AD>A;+A

The 4-boson system: 4-body recombination and its surprising

s

L B

(B, + B)
WA,

(B, +B)

g oy
.ﬁnﬂ_

(B, + B)

von Stecher,
D’Incao, & CHG,
Nature Phys. 2009

D’Incao, von
Stecher, & CHG,
PRL 2009

Figure 2 | Effective four-boson potentials for |a] = oo converging at large
R to the atom-trimer threshelds. Solid and dashed black lines represent
the four-boson states shown in Fig. 1a. The position in R of the minimum of
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. ~ these potentials scales with the size of the Efimov state, indicated in the
WRLF



Previous important studies of the 4-boson system in the
universality regime in 3D:

Platter, L., Hammer, H. & Meilsner, U. Four-boson system with short-range
interactions. Phys. Rev. A 70, 52101 (2004 ).
. Hammer, H. W. & Platter, L. Universal properties of the four-body system
with large scattering length. Ewr. Phys, . A 32, 113120 ( 2007).
“We have conjectured, that there are always two four-body
resonances between any two three-body states.” (i.e.

below each Efimov state) + Also, no 4-body param.

Hanna, . J. & Blume, 1. -Energetj-::a and structural properties of
three-dimensional bosonic clusters near threshold. Phys. Rev. A 74,
63604 (2006).

...also found general correlations between N-
body bound levels and (N-1)-body bound levels

Yamashita, M. T., Tomio, L., Deltino, A. & Frederico, T. Four-boson scale near

a Feshbach resonance. Europhys. Lett. 75, 555-561 (2006 ).

...conclude that a “4-body parameter” is in fact needed, but they only studied low
(non-universal states), which is presumably why they reach a different conclusion
from that of Platter and Hammer and also different from ours.
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Two four-body states per
Efimov trimer !!!

Ep™ = cmEgy)  m=12

n=1,2,..,00

(1 = 4.58, ¢z = 1.01)

(no four-body parameter)

(By + B} Four-body physics is truly Universal !!!

(geometric scaling: Efimov physics)

(Bs+ B}




1 Bodder

Two four-body states per
Ym] Efimov trimer !!!
(n,m) (n) o —
B E,"" =cmEg’ m=1,2
(84 + B o B} ?‘I.=1,2,...,DC|
i
1y + By

(1 = 4.58, 2 = 1.01)

{no four-body parameter)

Our findings

Controversy

Hammer, Platter {(2007) \'E] Yamasifa et. al (2006)
(no four-body parameter)

(four-body parameter)
E? ~ 1.01EY
EOY =~ 5.0E

Our results are consistent with Hammer & Platter’s insightful conjecture,
and also with Hanna & Blume’s calculations




Four-Bosons J.von Stecher, J.P. D'Incac and C. H. Greene, Nat. Phys. (2009)

Spectrum: Extended Efimov
plot
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Revisiting the 2006 Grimm group experiment that was the first to see
3-body Efimov states NATURE PHYSICS | VOL 5 | JUNE 2009 | p.417

Signatures of universal four-body phenomena and
their relation to the Efimov effect  von stecher,

D’Incao, CHG
Considering only three-body recombination ...
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But before we could actually calculate the rate of 4-body recombination
in an ultracold gas, we had to develop some scattering theory:

PRL 103, 153201 (2009)

A general theoretical description of N-body recombination

N. P. Mehta,!:? Seth T. Rittenhouse,! J. P. D'Incao,! J. von Stecher,! and Chris H. Greene!

' Department of Physics and JILA, University of Colorado, Boulder, CO £0509
“Grinnell College, Department of Physics, Grinnell, IA 50112*
(Dated: March 24, 2009)

We present a formula for the cross section and event rate constant describing recombination of
N particles in terms of general S-matrix elements. Our result immediately vields the generalized
Wigner threshold scaling for the recombination of N bosons. We find that four-boson recombination
15 resonantly enhanced by the presence of metastable states in the entrance channel. Hence, recom-
bination into a trimer-atom channel could be an effective mechanism for the formation of Efimov

trimers.

And here it is, THE FORMULA for N-body recombination, i.e. for

the process: A+A+A+....+..A > A +A or A ,+A+A +...etc.
3 I“EJ"-'—"”I F A - R
K97 — 2mh A 2_1'_ “ (3N — 3)/2) | ot 2
: Nk dpEN—3z |70

e N



In d dimensions, the wave function at large R behaves as

ikR
W — kR 4 f(f ) ———. 1) Some formal work to
R/ generalize scattering
Equivalently, an expansion in hyperspherical harmonics is theory to d-
written in terms of unknown coefficients A ,: dimensions

Pl = ZAM }’Aﬁ{ﬁ}[ji(kf?}m}sﬁi —nd(kR)sind,] (2)

A,

Here, Y,, are hyperspherical harmonics (solutions to the

free-space angular equation [A* — A(A +d — 2)]Y,, =

0, where A? is the grand angular momentum operator

[14]) and ji (ni) are hyperspherical Bessel (Neumann)

functions [ 14].
Scattering amplitude, purely hyperradial
potential, phaseshifts

. (d—1/2) a o A
f{k. k'r} — (_) ZIA —id/2—1+)w 2 ;ﬂféln}ijiﬁ{k}
x }’M{k’}{r‘aﬂ —1).

2\d—
indisty Iy — -
g7 Np(k;-) ﬂ{d}

where Q(d) = 274/ /T'(d/2) is the total solid angle in
d dimensions [14]. This last expression is immediately

Z{y +ISE — 8412



Considering only three-body recombination ...
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30~ 850 a0 Considering three- and four-body recombination ...
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Evidence for Universal Four-Body States Tied to an Efimov Trimer

E Ferlaiu{},] S. Kn{x}p,J M. Bﬁmiugenj W. II:irrn,J I.B D’Iuca{},l'i’ H.-C. Niigerl,] and R. Grimm?

Measurement of PRL 102, 140401 (2009)

Measurement of
f - 1
our bosy state four-body state 2
1.0

I v L ¥ L] T I ¥ L q 1 T T T T T T

(b)

Estimated size of this 4-body
molecule is around 200-400 nm

/

loss fraction
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FIG. 2 (color online). Recombination losses in an ultracold
sample of Cs atoms. (a) Loss fraction for a 50-nK sample after a
storage time of 250 ms. Here we present all individual measure-
ments to give an impression of the scatter of our data. The broad
maximum at about —870ay, is caused by a triatomic Efimov
resonance [7] and the shaded area highlights the resonant loss
enhancement that we attribute to the four-body state Tetral. The



Four-Bosons J. von Stecher and C. H. Greene, arXiv:0904.1405

PRA 80, 022504, (2009)

Hyperspherical Picture
... think Born Oppenheimer Fragmentation
thresholds
1+1+1+1
%’ 2+1+1
2+2
3+1
3+1

All particles close
together:

Bound and quasi-
bound states




Bird’s-eye view of the higher-energy tetramer, very weakly bound




Conclusions

The tools of scattering theory can be applied to ultracold atomic systems,
as well as to atomic and molecular Rydberg states

Multichannel quantum defect theory extends the idea of a scattering or
reaction matrix by including CLOSED channels, which can give smooth and
weak energy dependent quantities that characterize a very rich spectrum
with a huge number of resonances

The time delay matrix can be used to study the decay probabilities of a
resonance into the alternative possible decay channels

For collisions of 3- or more bodies in the N-body continuum, the adiabatic
hyperspherical representation gives a set of potential energy curves that
can be used to interpret the resonance properties qualitatively and even
semi-quantitatively



