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2Introduction

Goal: predict the emergence of nuclear properties and structure from first principles

Particle-number projected Bogoliubov coupled cluster formalism
From weakly to strongly correlated systems
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Ab initio methods

2019

Ab initio nuclear chart

⦿ “Exact” methods
○ Since 1980’s

○ Factorial/exponential scaling
○Monte Carlo, CI, …

⦿ Hybrid methods (ab initio shell model)

○ Since 2014 for non-perrtubative methods○ Effective interaction via 
MBPT/NCSM/CC/IMSRG
○Mixed scaling (at best)

⦿ Approximate methods for closed-shells
○ Since 2000’s
○MBPT, SCGF, CC, IMSRG
○ Polynomial scaling

⦿ Approximate methods for open-shells
○ Since 2010’s
○ (P)BMBPT, GGF, (P)BCC, MR-IMSRG, MCPT
○ Polynomial scaling

2019

Bold = symmetry breaking (&restoration) single-reference methods

T. Duguet’s talk @ CEA-Saclay, Oct 7th, 2019

2015: “standard” Quantum Monte Carlo (QMC) calculations (VMC, GFMC)
‣ Scaling: exponential 
‣ Nuclear Hamiltonians: phenomenological

2019

Ab-initio methods
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2016-2018: “standard” Quantum Monte Carlo (QMC) calculations (VMC, GFMC)
‣ Scaling: exponential 
‣ Nuclear Hamiltonians: phenomenological + local chiral interactions
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2018: “alternative” QMC calculations (AFDMC)
‣ Scaling: polinomial 
‣ Nuclear Hamiltonians: local chiral interactions (�-less)
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5Introduction

Goal: predict the emergence of nuclear properties and structure from first principles
Ab Initio Nuclear Structure Theory

!2

• systematic and improvable input 
for all ab initio calculations 

• only “selected” chiral interactions 
used in nuclear structure so far  

• truncations and regulators induce 
uncertainties

Low-Energy QCD

Nuclear Structure & 
Reaction Observables

 Chiral EFT 
 Interactions & Operators

Pre-Processing  
Similarity Renorm. Group

Many-Body Solution  
NCSM, IM-SRG, CC, MBPT…

R. Roth’s talk @ INT 19-2a, July 16th, 2019

Ab Initio Nuclear Structure Theory

!4

• different many-body methods  
for different mass regions and 
different observables 

• model-space and other 
truncations induce uncertainties

Low-Energy QCD

Nuclear Structure & 
Reaction Observables

 Chiral EFT 
 Interactions & Operators

Pre-Processing  
Similarity Renorm. Group

Many-Body Solution  
NCSM, IM-SRG, CC, MBPT…
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M

C

VMC, CVMC, GFMC, AFDMC

Ab Initio Nuclear Structure Theory
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Many-Body Solution  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(systematically improvable)



7Quantum Monte Carlo methods

Idea: solve the many-body problem for correlated systems in a non perturbative fashion

Cons:
‣ Limitations in the systems and/or in the interaction to be used 
‣ Can be computationally expensive

Pros:
‣ Ab-initio: microscopic “exact” approach, bare interactions 
‣ Fully correlated many-body wave functions 
‣ Stochastic method: errors quantifiable and systematically improvable � ⇠ 1/

p
N

GFMCVMC AFDMCCVMC

A minimization
E ! E0E � E0

⌧ propagation

(C)VMC 
GFMC 
AFDMC

light systems A  12

AFDMC A ! 1infinite matter

CVMC     
AFDMC A ⇠ 50

light to medium- 
mass nuclei

12

40

1
<latexit sha1_base64="RYMMaja+E5U6m/ZXbJD5gRPlsCA=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQFeyx48VjBfkAbyma7addudsPuRAih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRqWashZVQuluSAwTXLIWchSsm2hG4lCwTji5nfmdJ6YNV/IBs4QFMRlJHnFK0ErtPpcRZoNK1at5c7irxC9IFQo0B5Wv/lDRNGYSqSDG9HwvwSAnGjkVbFrup4YlhE7IiPUslSRmJsjn107dc6sM3UhpWxLdufp7IiexMVkc2s6Y4NgsezPxP6+XYlQPci6TFJmki0VRKlxU7ux1d8g1oygySwjV3N7q0jHRhKINqGxD8JdfXiXty5p/VfPvr6uNehFHCU7hDC7AhxtowB00oQUUHuEZXuHNUc6L8+58LFrXnGLmBP7A+fwBwCmPNQ==</latexit>

* *



ground state

8

| T i = F |�i
<latexit sha1_base64="ixFlCuoLpm1RVJs03juCjhl/Nbk=">AAACrXicfVFNbxMxEHWWr7J8pXDkEpEeOERhtyBRJCpVQkIcg9S0RXWIbO9k18QfW3u2JTL7Z/g1XOHGv2GzhMOmEk+25mnmvZE9w0slPSbJ71504+at23d27sb37j94+Ki/+/jE28oJmAqrrDvjzIOSBqYoUcFZ6YBpruCUL9+t66eX4Ly05hhXJcw0y41cSMGwSc37b6mCBX6jEy/nx9TJvEDqmMkVHFLNsBBMDd4P/okK2Z HM+8NknLQYXCfphgzJBpP5bu8TzayoNBgUinl/niYlzgJzKIWCOqaVh5KJJcvhvMLFwSxIU1YIRmzVPBimwc9CO4JOMTDt/UrzURPXX1hHLPSIN6e9VmVdg64USmevRtzaJTLuR1nTttJmq2/2pfI44PZrNy+9RVt2Xx/KYuWl8HUcx9TAlbBaM5MFegkXdWhH60AF6iwyhKZleJPUYe9wr67rLYP5r6PRXrSmZhnp9uivk5P9cfpyvP/x1fDoYLOWHfKUPCPPSUpekyPygUzIlAjynfwgP8mv6EU0jWj0+a806m08T0gHUf4HKNzayg==</latexit>

long-range, low-momentum component (mean-field)|�i
<latexit sha1_base64="jHPlj3VubG8fDGl1Gizwdim1oD4="></latexit>

F
<latexit sha1_base64="PFhC0avee9fuDhPARcICFBW92ZQ="></latexit>

short-range, high-momentum component

1. VMC: variational search of optimal parameters for | V i| T i
<latexit sha1_base64="E5ygrTLjtHRB0oIm5IJ0YcRzGJs="></latexit>

NLopt, SR, LMEV =
h T |H| T i
h T | T i

� E0
<latexit sha1_base64="BmVaiPBMCPlv6oRsTzHqS4WPsDU="></latexit>

minimize:

2. DMC: propagation in imaginary time

⌧ ! 1 ⌧ = Md⌧
M � 1

d⌧ ⌧ 1

| (⌧)i = e�(H�E0)⌧ | T i

=
1X

n=0

e�(En�E0)⌧ cn| ni
<latexit sha1_base64="P7tc19MVlkBLUfPnwFCX7MoM/o4="></latexit>

c0| 0i
<latexit sha1_base64="6HPlnS/QApus4y7HbiGqAyBGpro="></latexit>

Quantum Monte Carlo methods

GFMC: sample of spatial degrees of freedom, full spin-isospin structure

⇠ 2A
✓
A

Z

◆

<latexit sha1_base64="KzCB4PLIwC2gzJMidEpZs0k91t8="></latexit>

scaling

AFDMC: sample of both spatial and spin-isospin degrees of freedom
scaling ⇠ An

<latexit sha1_base64="HYYRGerKOU+k7eEv2Oxjb4DQ9uw="></latexit> (currently n=4)



9Motivation
Nuclear interactions - Chiral EFT
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Chiral EFT is an expansion in
powers of Q/�b.
Q ≥ mfi ≥ 100 MeV;
�b ≥ 800 MeV.
Long-range physics: given
explicitly (no parameters to
fit) by pion-exchanges.
Short-range physics:
parametrized through contact
interactions with low-energy
constants (LECs) fit to
low-energy data.
Many-body forces enter
systematically and are related
via the same LECs.
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‣  �EFT: expansion in power of Q/⇤b

Q ⇠ m⇡ ⇠ 140MeV soft scale

⇤b ⇠ m⇢ ⇠ 800MeV hard scale

local in 
coordinate 

space

good for 
QMC

‣ Long-range physics: given explicitly  
by pion-exchanges 

‣ Short-range physics: parametrized  
through contact interactions with  
low-energy constants (LECs) fit to  
low-energy data 

‣ Many-body forces enter systematically  
and are related via the same LECs 

‣ Possibility for error quantification

V ⇡
NN(r) !

⇣
1� exp

h
�
�
r2/R2

�ni⌘
V ⇡
NN(r)

Regularization schemes for
nuclear interactions (here: NN)

nonlocal

local 
(momentum space)

local 
(coordinate space)

semi-local

Epelbaum, Glöckle, Meissner, NPA 747, 362 (2005)
Entem, Machleidt, PRC 68, 041001 (2003)

cf. Navratil, Few-body Systems 41, 117 (2007)

Gezerlis et. al, PRL, 111, 032501 (2013)

Epelbaum et. al, PRL, 115, 122301 (2015)

V3NV

p0
1 p0

2

p1 p2

Separation of long- and 
short-range physics

VNN(p,p
0) ! exp

h
�
�
(p2 + p02)/⇤2

�ni
VNN(p,p

0)

�(r) ! C ! exp
h
�
�
(p2 + p02)/⇤2

�ni
C

V ⇡
NN(r) !

�
1� exp

⇥
�
�
r2/R2

�⇤�n
V ⇡
NN(r)

�(r) ! ↵n exp
⇥
�(r2/R2)n

⇤

p = (p1 � p2)/2

p0 = (p0
1 � p0

2)/2

Q = (p1 � p0
1)

<latexit sha1_base64="YhzUiaFfzlOQo0oAqD88ZPGqHOA="></latexit>

VNN(Q) ! exp
⇥
�(Q2/⇤2)n

⇤
VNN(Q)

<latexit sha1_base64="LHAFMX1+jDKmJPE4p+jIKb3ccjk="></latexit>

K. Hebeler’s talk @ INT 19-2a, July 1st, 2019

Nuclear Hamiltonians: chiral interactions
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VD VE

info on T =
3

2
and spin-orbit physics
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4
He binding energy

n-↵ scattering phase shifts
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✓  
✓  

local chiral potentials at N2LO 
• 2b LECs fit to NN phase shifts 
• 3b LECs fit to (GFMC):

J.E. Lynn et al., PRL 116, 062501 (2016) 
D.L. et al., PRC 97, 044318 (2018)
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Nuclear Hamiltonians: chiral interactions
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(UIX, IL7) J.E. Lynn et al., PRL 116, 062501 (2016) 

D.L. et al., PRC 97, 044318 (2018) info on T =
3

2
and spin-orbit physics
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✓  
✓  

local chiral potentials at N2LO 
• 2b LECs fit to NN phase shifts 
• 3b LECs fit to (GFMC):

QMC & local chiral interactions

local  
chiral
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direct calculation:
‣ binding energies (& operators) 
‣ nucleon radii 
‣ single- & two-nucleon coordinate-space 

densities  
‣ single- & two-nucleon momentum-space  

densities

derived quantities:
‣ charge radii 
‣ nucleon skins 
‣ charge form factors 
‣ Coulomb sum rules 
‣ short-range correlation scaling factor 
‣ slope of the EMC effect 
‣ “nuclear contacts” 
‣ geometries for heavy ion collisions 
‣ (beta-decay matrix elements)

R. Cruz-Torres, D.L. et al., arXiv:1907.03658 [nucl-th] 
J.E. Lynn, D.L. et al., arXiv:1903.12587 [nucl-th] 
R. Cruz-Torres, D.L. et al., PLB 797, 134890 (2019) 
S.H. Lim, D.L. et al., PRC 99, 044904 (2019) 
D.L. et al., PRC 98, 014322 (2018) 
D.L. et al., PRC 97, 044318 (2018) 
D.L. et al., PRL 120, 122502 (2018)
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state tables that satisfy these conservative constraints. We also
display the results for other interactions (Klähn et al. 2006;
Maslov et al. 2016) commonly used in astrophysics and heavy-
ion physics, among which a nontrivial number are found to
violate the bound. We emphasize that realistic uncertainties in
the relevant parameters ξ0, n0, E0, Kn, and Qn do not affect
these conclusions in any significant fashion.

Furthermore, the lower limit on the symmetry energy,
implied by the UG constraint for u <1, has implications for
the surface energy of nuclei, the location of the crust–core
boundary, and the radii and moments of inertia of neutron stars.
We show herein that this lower limit will establish maxima to
the surface symmetry energy parameter SS and minima to
neutron-star radii and moments of inertia. Curiously, although
our conjecture EPNM>EUG essentially determines a minimum
for the symmetry energy, it also implies a maximum limiting
behavior for u �1. This has implications for the threshold
density for the onset of rapid neutrino cooling due to the
nucleon Urca process and, thus, for neutron-star cooling.

To investigate these applications of the UG bound, we
require a better parameterization of S than that given by the
expansion of Equation (11), which fails in the limits of both
small and large u . Instead, we model the symmetric matter and
symmetry energy using these expressions:

E T u a u b u c u d u 38SNM
2 3 4 3 5 3 2= + ¢ + ¢ + ¢ + ¢[ ] ( )

and

S u T u au bu cu du2 1 .
39

2 3 2 3 4 3 5 3 2= - + + + +( ) [( ) ]
( )

The parameters are fit to properties of matter at saturation
density (u =1):
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Because the value of Q0 is quite uncertain we use d′=0,
which implies Q0=−432.3 MeV for the typical values
E0=−16MeV, K0=220MeV, and n0=0.16 fm−3. This
value matches the means of the values of Q Qn sym- for the
interactions displayed in Figures 6 and 7 for L∼50MeV.
In this section, we always make use of this parametrization

for the symmetry energy. While this parametrization allows the
use of any reasonable value for the empirical parameters and
thus does not automatically lead to any correlations between
these parameters, this does not necessarily imply the absence of

Figure 9. UG bounds on symmetry energy parameters. The thick lines show the bound Equation (24) using the conservative parameter set of Equation (25). Excluded
regions are shown by shading. Left panel: Experimental constraints are from Lattimer & Lim (2013) and Lattimer & Steiner (2014), supplemented by isobaric analog
states and isovector skin (IAS+ΔR) results from Danielewicz et al. (2017). The thick dashed curve shows the analytic bound from Equation (32). Right panel: Filled
circles show the point S L,0

LB
0( ) at the tangent density u t=1 and the point where u t=1/2. Triangles show values for interactions commonly used in tabulated

equations of state for astrophysical simulations (notation and data from Fischer et al. 2014), and open squares (from Klähn et al. 2006) and the inverted triangle (from
Maslov et al. 2016) show those of other frequently used interactions. The shaded regions TKHS, GCR, and HS show the parameter ranges inferred from the PNM
calculations of Tews et al. (2013), Gandolfi et al. (2012), and Hebeler et al. (2010), respectively.
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state tables that satisfy these conservative constraints. We also
display the results for other interactions (Klähn et al. 2006;
Maslov et al. 2016) commonly used in astrophysics and heavy-
ion physics, among which a nontrivial number are found to
violate the bound. We emphasize that realistic uncertainties in
the relevant parameters ξ0, n0, E0, Kn, and Qn do not affect
these conclusions in any significant fashion.

Furthermore, the lower limit on the symmetry energy,
implied by the UG constraint for u <1, has implications for
the surface energy of nuclei, the location of the crust–core
boundary, and the radii and moments of inertia of neutron stars.
We show herein that this lower limit will establish maxima to
the surface symmetry energy parameter SS and minima to
neutron-star radii and moments of inertia. Curiously, although
our conjecture EPNM>EUG essentially determines a minimum
for the symmetry energy, it also implies a maximum limiting
behavior for u �1. This has implications for the threshold
density for the onset of rapid neutrino cooling due to the
nucleon Urca process and, thus, for neutron-star cooling.

To investigate these applications of the UG bound, we
require a better parameterization of S than that given by the
expansion of Equation (11), which fails in the limits of both
small and large u . Instead, we model the symmetric matter and
symmetry energy using these expressions:
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The parameters are fit to properties of matter at saturation
density (u =1):
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Because the value of Q0 is quite uncertain we use d′=0,
which implies Q0=−432.3 MeV for the typical values
E0=−16MeV, K0=220MeV, and n0=0.16 fm−3. This
value matches the means of the values of Q Qn sym- for the
interactions displayed in Figures 6 and 7 for L∼50MeV.
In this section, we always make use of this parametrization

for the symmetry energy. While this parametrization allows the
use of any reasonable value for the empirical parameters and
thus does not automatically lead to any correlations between
these parameters, this does not necessarily imply the absence of

Figure 9. UG bounds on symmetry energy parameters. The thick lines show the bound Equation (24) using the conservative parameter set of Equation (25). Excluded
regions are shown by shading. Left panel: Experimental constraints are from Lattimer & Lim (2013) and Lattimer & Steiner (2014), supplemented by isobaric analog
states and isovector skin (IAS+ΔR) results from Danielewicz et al. (2017). The thick dashed curve shows the analytic bound from Equation (32). Right panel: Filled
circles show the point S L,0

LB
0( ) at the tangent density u t=1 and the point where u t=1/2. Triangles show values for interactions commonly used in tabulated

equations of state for astrophysical simulations (notation and data from Fischer et al. 2014), and open squares (from Klähn et al. 2006) and the inverted triangle (from
Maslov et al. 2016) show those of other frequently used interactions. The shaded regions TKHS, GCR, and HS show the parameter ranges inferred from the PNM
calculations of Tews et al. (2013), Gandolfi et al. (2012), and Hebeler et al. (2010), respectively.

10

The Astrophysical Journal, 848:105 (15pp), 2017 October 20 Tews et al.

I. Tews et al., ApJ 848, 105 (2017) 

N
2
LO E 1.0 fm

<latexit sha1_base64="Z6+8ixpVKFHyKxLco7gxVCetHLw="></latexit>

SNM
<latexit sha1_base64="uOucohvDxxJwpf5QwgcXw7fB3g8="></latexit>

-20

-10

0

10

20

30

40

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32

E 
(M

eV
/A

)

ρ (fm-3)

-20

-10

0

10

20

30

40

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32

PNM
<latexit sha1_base64="CnDAQ4dthGNuEpukpZ7PY6xPQyc="></latexit>



29

stable

↵-decay

��-decay

�+-decay

p-decay

n-decay

2p-decay

2n-decay
N

Z

GFMC

AFDMC

D.L. et al., PRL 120, 122502 (2018) 
preliminary!!

AV18+3b  
(UIX, IL7)

local 
chiral

QMC & local chiral interactions

N
2
LO E 1.0 fm

<latexit sha1_base64="Z6+8ixpVKFHyKxLco7gxVCetHLw="></latexit>

SNM
<latexit sha1_base64="uOucohvDxxJwpf5QwgcXw7fB3g8="></latexit>

PNM
<latexit sha1_base64="CnDAQ4dthGNuEpukpZ7PY6xPQyc="></latexit>

[1] I. Tews et al., ApJ 848, 105 (2017)

[2] P. Russotto et al., PRC 94, 034608 (2016)

-20

-10

0

10

20

30

40

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32

E 
(M

eV
/A

)

ρ (fm-3)

-20

-10

0

10

20

30

40

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32

0

10

20

30

40

50

60

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32

E s
ym

 (M
eV

/A
)

ρ (fm-3)

0

10

20

30

40

50

60

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32

[1]
<latexit sha1_base64="emop4T43XUG0Rw1Qxr+5dNANNos="></latexit>

ASY-EOS  
@ GSI [2]



30

stable

↵-decay

��-decay

�+-decay

p-decay

n-decay

2p-decay

2n-decay
N

Z

GFMC

AFDMC

D.L. et al., PRL 120, 122502 (2018) 
preliminary!!

AV18+3b  
(UIX, IL7)

local 
chiral

QMC & local chiral interactions

state tables that satisfy these conservative constraints. We also
display the results for other interactions (Klähn et al. 2006;
Maslov et al. 2016) commonly used in astrophysics and heavy-
ion physics, among which a nontrivial number are found to
violate the bound. We emphasize that realistic uncertainties in
the relevant parameters ξ0, n0, E0, Kn, and Qn do not affect
these conclusions in any significant fashion.

Furthermore, the lower limit on the symmetry energy,
implied by the UG constraint for u <1, has implications for
the surface energy of nuclei, the location of the crust–core
boundary, and the radii and moments of inertia of neutron stars.
We show herein that this lower limit will establish maxima to
the surface symmetry energy parameter SS and minima to
neutron-star radii and moments of inertia. Curiously, although
our conjecture EPNM>EUG essentially determines a minimum
for the symmetry energy, it also implies a maximum limiting
behavior for u �1. This has implications for the threshold
density for the onset of rapid neutrino cooling due to the
nucleon Urca process and, thus, for neutron-star cooling.

To investigate these applications of the UG bound, we
require a better parameterization of S than that given by the
expansion of Equation (11), which fails in the limits of both
small and large u . Instead, we model the symmetric matter and
symmetry energy using these expressions:
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Because the value of Q0 is quite uncertain we use d′=0,
which implies Q0=−432.3 MeV for the typical values
E0=−16MeV, K0=220MeV, and n0=0.16 fm−3. This
value matches the means of the values of Q Qn sym- for the
interactions displayed in Figures 6 and 7 for L∼50MeV.
In this section, we always make use of this parametrization

for the symmetry energy. While this parametrization allows the
use of any reasonable value for the empirical parameters and
thus does not automatically lead to any correlations between
these parameters, this does not necessarily imply the absence of

Figure 9. UG bounds on symmetry energy parameters. The thick lines show the bound Equation (24) using the conservative parameter set of Equation (25). Excluded
regions are shown by shading. Left panel: Experimental constraints are from Lattimer & Lim (2013) and Lattimer & Steiner (2014), supplemented by isobaric analog
states and isovector skin (IAS+ΔR) results from Danielewicz et al. (2017). The thick dashed curve shows the analytic bound from Equation (32). Right panel: Filled
circles show the point S L,0

LB
0( ) at the tangent density u t=1 and the point where u t=1/2. Triangles show values for interactions commonly used in tabulated

equations of state for astrophysical simulations (notation and data from Fischer et al. 2014), and open squares (from Klähn et al. 2006) and the inverted triangle (from
Maslov et al. 2016) show those of other frequently used interactions. The shaded regions TKHS, GCR, and HS show the parameter ranges inferred from the PNM
calculations of Tews et al. (2013), Gandolfi et al. (2012), and Hebeler et al. (2010), respectively.
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Summary

‣ advances in QMC techniques and the 
integration of local chiral potentials 
largely extend the range of applicability 
of QMC methods 

‣ calculations for both nuclei and infinite 
matter can be carried out using the 
same algorithm, the same bare 
Hamiltonians, the “same” wave functions, 
and a comprehensive uncertainty 
estimation can be provided  

‣ chiral interactions fit to few-body 
observables can simultaneously describe 
the physics of nuclei and infinite matter 

‣ charge radii, nucleon skins, and other 
structural properties of nuclei up to (at 
least) A=24 can be calculated 

‣ connections between radii, skins, the 
symmetry energy and its slope can be 
consistently investigated
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‣ construction of harder coordinate-space 
local chiral potentials @          for QMC 
(in progress). Next:         ? 

‣ implementation of coordinate-space  
 chiral potentials in AFDMC (2-

body ok, 3-body in progress) 

‣ derivation and implementation of 
consistent 2-body currents in AFDMC, 
both                         (in progress) 
Example:   -decay matrix elements, 
magnetic moments, transitions?
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Perspectives

‣ improved wave functions vs scaling (in progress): 
- accurate QMC nuclear structure calculations up to 
               (n- and p-rich nuclei, isospin symmetric) 
- more costly effective nuclear matter calculations 
- inherit the light-nuclei QMC “technology” and export 

it to the medium-mass range
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