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              Outline of this talk 
 

 
1. Introduction  
  

 
2. Isovector-isoscalar quartet model for odd-odd nuclei 

 
 - proton-neutron pairing and quartetting in odd-odd nuclei; 
 - competition between isovector and isoscalar pairing in odd-odd nuclei. 
 
 

3. Generalization of the isovector-isoscalar quartet model for N > Z even-even nuclei 
 
                       - like-particle pairing and quartetting in N > Z nuclei; 
                       - competition between isovector and isoscalar pairing in N > Z nuclei. 
 

 
4. Conclusions and perspectives 



Alpha-like quartet condensation offers very accurate results for  
isovector pairing correlations in even-even N=Z and N>Z nuclei (errors < 1%). 

What about the isoscalar proton-neutron pairing?  
 

Does exists such kind of pairing in N=Z nuclei?  
 

How it competes with the isovector pairing? 



  Proton-neutron pairing in odd-odd nuclei 

lowest T=1, 0+ states 

lowest T=0, 1+ states 

lowest T=0, I+ states 

S. Frauendorf and A. O. Macchiavelli, Progr. Part. Nucl. Phys. 78, 24 (2014) 

A<40 

T=0 ground state 
A≥40 

T=1 ground state 

Competition between  
T=1 and T=0 pairing !  



Isovector 
T=1, J=0 

pairs 

Axially deformed mean field: 
J not well-defined 

Select pairs with nucleons in  
time-reversed states 

 
i={a,Ω} and ī={a,-Ω} 

Isovector and isoscalar pairs in N=Z nuclei 

Isoscalar 
T=0, J=1 

pairs 

Isovector 
T=1, Jz=0 

pairs 

Isoscalar 
T=0, Jz=0 

pairs 

(aligned/anti-aligned pairs not included) 



Isovector T=1, Jz=0 pairs Isoscalar T=0, Jz=0 pairs 

Pairing in even-even N=Z nuclei: axially deformed symmetry  

Hamiltonian 

Isovector quartets Isovector-isoscalar quartet Collective isoscalar pairs 

Quartet condensate 

isovector isoscalar 

(exact solution for a set of degenerate states) 



  
  

  

Unknown parameters:     mixing amplitudes xi and yi 

Calculation scheme 

The method of recurrence relations 

Auxiliary states: 

Hamiltonian: 

Quartet condensate: 

Minimization: 

nn pp pn(T=1) 

x1, y1 

x2, y2 

x3, y3 

xn, yn 

pn(T=0) 

Constraint: 



- s.p. states given by axially deformed Skyrme-HF calculations 

 
- zero range delta interaction                                               

  Conclusions: 
- QCM describes with very good precision the isoscalar-isovector pairing (errors under 1%); 

N. Sandulescu, D. N. and D. Gambacurta, Phys. Lett. B751 (2015), p. 348  

Competition between T=1 and T=0 pairing in realistic calculations  

- isoscalar pairing coexist with the isovector pairing.  

- isovector pairing correlations are stronger than the isoscalar ones; 

|QCM> 

16O 

40Ca 

100Sn 

Correlation  

energies (MeV) 

(Bertsch et al.) 



- 4 proton-neutron pairs; 
- 10 equidistant levels.  

  Pairing energies:  
- E(T=1) and E(T=0) follow very well the exact pairing energies (obtained by diagonalization);  
- isovector and isoscalar pairing correlations coexist for any ratio between the strengths of the two pairing forces. 

N. Sandulescu, D. N. and D. Gambacurta, Phys. Lett. B751 (2015), p. 348  

Evolution of the isovector and isoscalar proton-neutron pairing correlations 

  Overlaps: 
- the overlaps show a smooth transition from a condensate of quartets to a condensate of pairs. 



How does the proton-neutron pairing affects  
the ground state of odd-odd N=Z nuclei? 

Generalization of QCM for odd-odd systems! 



Isovector T=1, Jz=0 pairs Isoscalar T=0, Jz=0 pairs 

Hamiltonian 

isovector isoscalar 

Isovector-isoscalar quartets 

Pairing and quartetting in odd-odd N=Z nuclei 

T=0 state: T=1 state: 

collective isoscalar 
odd pair 

collective isovector 
odd pair 

(exact solution for degenerate states) (exact solution for degenerate states) 



  
  

  

Unknown parameters:     mixing amplitudes xi, yi and zi 

Calculation scheme 

The method of recurrence relations 

Auxiliary states: 

Hamiltonian: 

Pair-quartet condensate: 

Minimization: 

x1, y1, z1 

x2, y2, z2 

x3, y3, z3 

xn, yn, zn 

(T=0 state) 

(T=1 state) 

(T=0 state) 

(T=1 state) 

Constraint: 



Strength of the pairing force in T=1 and T=0 channels  

- zero range delta interaction                                               

Strength of the isovector pairing force 

Strength of the isoscalar pairing force 

A<40: w=1.6         A≥40: w=1.0 

Exact diagonalization vs Experiment 

- s.p. states given by Skyrme-HF calculations for axially deformed m.f.  

w = ? 



Exact 

The structure of the lowest T=0 and T=1 states of odd-odd nuclei 

Correlation energies (MeV): 

D.N., N. Sandulescu, D. Gambacurta, PTEP 2017, 073D05 

Exact 

T=0 ground state 

T=1 ground state 

Conclusions:  

QCM describes well the low-lying states of odd-odd nuclei. 

The pn pair condensates (isovector or isoscalar) are less accurate than the quartet condensates. 

Isovector and isoscalar pairing correlations coexist in the even-even core. 



Exact 

Exact 



16O 

40Ca 

100Sn 



How does the isoscalar and isovector proton-neutron pairing  
compete in N > Z even-even nuclei? 

Generalization of QCM for N > Z systems! 

D. N., P. Buganu, D. Gambacurta, and N. Sandulescu, Phys. Rev. C98, 064319 (2018)  



Isovector-isoscalar quartets 

Pairing and quartetting in even-even N > Z nuclei 

Collective nn pairs 

and           have different structures:   

Double-magic inert core 

(Ex.: 16O, 40Ca, 100Sn) 



  
  

  

Unknown parameters:     mixing amplitudes xi, yi and zi 

Calculation scheme 

The method of recurrence relations 

Auxiliary states: 

Hamiltonian: 

Pair-quartet condensate: 

Minimization: 

Constraint: 



Strength of the pairing force in T=1 and T=0 channels  

(II) Zero range delta interaction                                               

Strength of the isovector pairing force 

Strength of the isoscalar pairing force 

sd-shell nuclei: w=1.6 

- s.p. states given by Skyrme-HF calculations for axially deformed m.f.  

w = ? 
heavier nuclei: w=1.0 

Pairing interactions: 

(I) State-independent pairing force 

Strength of the isovector pairing force 

Strength of the isoscalar pairing force 

sd-shell nuclei: w=1.2 
w = ? 

heavier nuclei: w=0.8 



Isovector and isoscalar pn pairing in N > Z nuclei: results (I) 

Correlation energies (MeV): 

(I) State-independent pairing force (II) Zero range delta interaction                                               

sd-shell nucleus 

pf-shell nucleus 

|QCM> describes well the ground state pairing  

correlations (errors < 1%). 

0 nn 1 nn 2 nn 3 nn 

0 nn 1 nn 2 nn 3 nn 

3 q + 

3 q + 

D. N., P. Buganu, D. Gambacurta, and N. Sandulescu,  
Phys. Rev. C98, 064319 (2018)  

|Civ> and |Cis> (larger errors): not a fast transition to a  

pure condensate of iv/is pn pairs. 



Isovector and isoscalar pn pairing in N > Z nuclei: results (II) 

Pairing energies (MeV): 

sd-shell nucleus 

pf-shell nucleus 

State-independent pairing force 

w=1.2 

w=0.8 

Pn pairing energies are decreasing, but remain 

significantly large even when 3 extra nn pairs are added. 

 

Isovector and isoscalar pn pairing correlations coexist in 

both N = Z and N > Z nuclei. 

0 nn 1 nn 2 nn 3 nn 

0 nn 1 nn 2 nn 3 nn 

2 q + 

2 q + 

D. N., P. Buganu, D. Gambacurta, and N. Sandulescu,  
Phys. Rev. C98, 064319 (2018)  



QCM describes with good precision the isovector-isoscalar pairing. 

Isovector pairing correlations are stronger than the isoscalar ones. 

QCM describes very well the low-lying states of odd-odd nuclei. 

The isovector and isoscalar pairing correlations coexist in even-even and odd-odd N = Z 

nuclei, but also in N > Z even-even nuclei. 

Isovector and isoscalar pn pairing remain significant in systems with a few extra nn pairs.   

Main conclusions of this talk 

Perspectives 

Total angular momentum restoration by standard projection techniques.   
  

T=0 state 

T=1 state 

Generalization of the QCM formalism to N>Z odd-odd nuclei: 





Quartetting and isospin conservation 

even-even N=Z nuclei have T=0 in the ground state 

isovector pairs 
couple to  T=0 T=0 Quartet 

(correlations in spin and isospin) 

Collective quartets Collective pairs 
(ansatz) 

Alpha-like quartets Quartet condensate 

(exact solution for a set of degenerate states) 

(not a boson operator) 
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(S.p. spectrum is given by deformed Skyrme-HF calculations.)                                           

Isovector pairing and quartetting in axially deformed N>Z nuclei 

N. Sandulescu, D. N., C.W. Johnson, PRC 86, 041302 (R) (2012) 

Isotopes with double magic core 16O Correlation energies (MeV) 



09/21/11 

Isovector pairing energies for Ne isotopes 

Proton-neutron correlations survive away of N=Z line! 



T=1 and T=0 pairing energies  

A<40 A≥40 

✔ 

✔ 

✔ 

✔ 

✔ 

✔ 

✔ 

✔ ✔ 

✔ 

Extra pairing energy in the T=0 channel:  

contribution from the odd T=0 pair 

Extra pairing energy in the T=1 channel:  

caused not only by the odd T=1 pair 





Isovector pairing in QCM+Skyrme-HF 

 single-particle energies: from Skyrme-HF 

densities  HF 

The HF and QCM calculations are iterated together until the convergence. 
 The pairing energy is added to the mean-field energy.  

Pairing is treated as a residual interaction relative to a HF mean field.  
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D. N. , N. Sandulescu, Phys. Rev. C 90, 024322 (2014) 

T=|N-Z|/2        T= 0, 2, 4 

• HF+BCS fails to describe the Wigner energy (X close to zero for many chains).  
• HF+QCM results are following well the large fluctuations of X with the mass number. 
• pn pairing is essential in describing the Wigner energy by respecting correctly the particle 

number and the isospin symmetries. 

 
      

Sk-HF+QCM with selfconsistent calculation of deformation 

The influence of isovector pn pairing on the Wigner energy 



Comparison between QCM and PBCS(N,T) 

Calculations   - application for 52Fe;  

                        - spherical single-particle states;  

                        - isovector pairing force of constant strength g=24/A. 

Correlation energy 

- QCM is more accurate than PBCS(N,T) 

- QCM describes additional quartet-type correlations !    

QCM 

8.25 MeV 

Chen, Mutter, Faessler,  

Nucl. Phys. A 297, 1978 

standard projection operators 

particle number conservation 

isospin conservation 
(Comparison with PBCS(N) solutions.) 

Exact value    

8.29 MeV 

PBCS(N,T) 

7.63 MeV 



Competition between isovector and isoscalar pairing: spherical symmetry    

- pairing interactions: extracted from the KB3G interaction 

     Valence nucleons in pf-shell, above the closed core   

     Isoscalar quartet neglected in the quartet condensate 

Correlation energies  

(MeV) 



Nr. of configurations: 

Quartet condensate (isovector pairs): 

Quartet condensate (isovector + isoscalar pairs): 

Quartet condensate * neutron pair condensate 

1. Recurrence relations method (auxiliary states) 

‘Analytic expressions’ method (without auxiliary states) ! 

Total nr. of terms to calculate for 3q+2nn: 

3 * N
p
 * N

c
(bra) * N

c
(ket) * i * j = 3 * 8 * 495 * 495 * 10 * 10 = 588 060 000 

Parallel calculus? - still huge running times 





2. ‘Analytic expressions’ method: CADABRA calculations 

2. Specify explicitly all the possible commutators 

    between the non-collective operators: 

1. Define all the collective operators:                          ,                         ,  … 

3. Impose other necessary transformations:                     ,                      ,                   , … 

Final result for                             is: 

4. Transformations to simplify the final expressions:                      , … 

5. Minimize this expression with respect to the mixing amplitudes x(i). 

The running time of the new code decreases drastically! 

= 



Proton-neutron pairing and alpha-type correlations in excited states of N=Z nuclei 

Excited states can be constructed in many ways. 

 
Ex.:   - break a quartet; 

          - recouple the nucleons to angular momentum J>1. 

Analysis of excitation spectra of N=Z nuclei. 

Ground state: 



Testing T=1 and T=0 pn pairing by deuteron-like transfer reactions 

even-even 

pn 

T=1, J=0 

T=0, J=1 

odd-odd 

T=0, J=0 

Experimentally: - evaluate the transfer amplitudes  from 52Fe to 50Mn 

                                       (higher collectivity of pn pairs for A>40) 

How? Use the generalization of QCM for odd-odd nuclei! 

Relative strength of T=1 and T=0 channels:  

ratio between cross sections. 

Theoretically: - evaluate pn pair transfer amplitudes 

                        - understand the influence of isovector and isoscalar pairing  

                          on the pair transfer 


