Particle-number projected Bogoliubov coupled cluster formalism

From weakly to strongly correlated systems

50 - L
40 2019 ---§§§-----i, _____________________ Thomas DUGUET
- | o tH |
N OF .:....:...........;......L CEA/SPhN, Saclay, France
ok .......i_"...i.z...r IKS, KU Leuven, Belgium
- i EEEEHEEHE s :
10| T .
s AP initio methods
O:r-i,.:u...1.1.ll...,|,.,.|.l.lll...l,.,.l...lh.l.
0O 10 20 30 40 50 60 70 80 90
N

Recent advances on proton-neutron pairing and quartet correlations in nuclel
ESNT workshop, Sept 2-6 2019, Saclay, France




Contents

@ Introduction

@ Breaking and restoring symmetries in quantum many-body theory

o Prolegomena

o Bogoliubov coupled cluster formalism

o Particle-number-projected Bogoliubov coupled cluster formalism

@ Application to Richardson/BCS pairing Hamiltonian

@® Conclusions



Contents

@® Introduction

@ Breaking and restoring symmetries in quantum many-body theory

o Prolegomena

o Bogoliubov coupled cluster formalism

o Particle-number-projected Bogoliubov coupled cluster formalism

@ Application to Richardson/BCS pairing Hamiltonian

@® Conclusions



ADb Initio nuclear chart

@ Approximate methods for closed-shells

o Since 2000’s
o MBPT, SCGF, CC, IMSRG
o Polynomial scaling
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@ Approximate methods for open-shells
o Since 2010’s
o (P)BMBPT, GGF, (P)BCC, MR-IMSRG, MCPT
o Polynomial scaling
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I . | @ Hybrid methods (ab initio shell model)

40 \ . i____________O__S_ip_c_e__2_014 for non-perrtubative methods
i | 1. 1 o Effective interaction via MBPT/NCSM/CC/IMSRG
[ i ': : o Mixed scaling (at best)
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o Since 1980’s
o Monte Carlo, CI, ...
o Factorial/exponential scaling
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Single-reference expansion many-body methods

Nuclear Hamiltonian
H=T+VvN4ywN

Symmetry group 1y geajt with today

|H,S]=0 where SE@,Jz,JZ,,,

Mean-field reference state
[Hp,S]1=0
[H{,S]=0

» H0|(Dg> SS|(D ) Exactly solvable

H=Hy+ H,

such that

Closed-shell Open-shell
Non-degenerate NoDedegenarate
Good starting point IipopeessHItgppuiht

A-body eigenvalue problem
H|‘P ) = E |‘P ) NAcost where N = dim 7

Many-body expansion
H=Hy+ H,

X

o) = US(c0)|®)

Wave operator Reference state

» Accounts for « weak/dynamical » correlations
» Expand as a series (MBPT, CC...) + truncate = NP cost

‘ Symmetry breaking

H = H)+H],

More general

|lP ) = U(0)|Dg) reference state

» Accounts for “strong/non-dynamical” correlations
» Expand (BMBPT, BCC...) + truncate = NP cost

[Hy,S1#0
[H],S]1#0

1) Truncated series breaks symmetry
2) Exact symmetry must eventually be restored




Single-reference expansion many-body methods and symmetries

Nuclear Many-Body Methods

Mean Field Perturbation theory Nnn;e;tt;;db:tiua Hamiltonian H

e
»
& Formulation
59 MBPT
E E Corrections Solvable model
05 Realistic calculations
v
1 | Break U(1) I SU(2) Break U(1) I SU(2) Break U(1) I SU(2)
% ; v [Gorkov 1958; Soma et al. 2011]
S o [Soma et al. 2013]
S8 Corrections [Signoracci et al. 2015]
o2 [Henderson et al. 2014]

[Henley, Wilets, 1964]

Restore U(1) I SU(2) [Duguet, Signoracci 2016] Restore U(1)/ SU(2)
[Tichai et al. 2018]
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Corrections

Open shells
Restored sym.




Single-reference expansion many-body methods and symmetries

Nuclear Many-Body Methods

Mean Field Perturbation theory Nnnfne;:#nrgztwe Hamiltonian H

-
A
3@ DSCGF Formulation
> HF >  MBPT
g E Corrections CC Solvable model
05 Realistic calculations
¥
1 | Break U(1) 1 SU(2) Break U(1) I SU(2) Break U(1) I SU(2)
2E v [Gorkov 1958; Soma et al. 2011]
G c HFB [Soma et al. 2013]
@ 2 Corrections [Signoracci et al. 2015]
o= [Henderson et al. 2014]

[Henley, Wilets, 1964]

2 [Restore U(1) I SUR) [Duguet, Signoracci 2016] Restore U(1) I SU(2)
[Tichai et al. 2018]

2 E v

Projected HFB Sym.-res. MBPT . :
i o J Corrections y | Sym.-res. BCC [Dyguet, Signoracci 2016]
S E [Qiu et al. 2019]

[Duguet, Signoracci 2016]
[Tichai et al. 2019]




Single-reference expansion many-body methods and symmetries

Nuclear Many-Body Methods

Perturbation theory

Nonperturbative Hamiltonian H
methods

Mean Field
=
n
E o
59 HF
g e
8 2
U5
U

1 | Break U(1) 1 SU(2)

HFB

Corrections

>

MBPT

DSCGF Formulation
cC Solvable model

Break U(1) 1 SU(2)

v

Realistic calculations

Break U(1) 1 SU(2)

L 4

Open shells
Broken sym.

2 [Restore U(1) 1 SU(2)

\ J

Projected HFB

Corrections

%

BMBPT

GSCGF
BCC [Signoracci et al. 2015]

Restore U(1) I SU(2)

v

[Henderson et al. 2014]

Restore U(1) I SU(2)

v

Open shells

Restored sym.

Corrections

h‘ Sym.-res. MBPT

Sym.-res. GSCGF ?

Sym.-res. BCC [Duguet, Signoracci 2016]
[Qiu et al. 2019]

Today: BCC and Projected BCC formalism applied to the pairing (Richardson) Hamiltonian



Contents

@ Introduction

@ Breaking and restoring symmetries in quantum many-body theory

o Prolegomena

o Bogoliubov coupled cluster formalism

o Particle-number-projected Bogoliubov coupled cluster formalism

@ Application to Richardson/BCS pairing Hamiltonian

@® Conclusions



Operators

Nuclear Hamiltonian Particle number

A = f
(11)2 Z g pcq Zplcpcp

Vv C C C
(2')2 Z Pgrs=p q r

pyrs
3 e Z Wogr m,c & cTch,cS Genuine 3N interaction / six-legs vertex
) pqrstu
k-body force
Grand potential - !
When working in Fock space MOde-Zlg tensor
Q=H-1A / Basis representation dim N
N ;
Chemical potential Storage cost N

1

Controls the average particle number in the system



Bogoliubov reference state and normal ordering

Bogoliubov reference state Breaks U(1) symmetry
Bi = Z LtV ©)=c| | Bi0) AlD) # A|D)
k
_ Vacuum state
B Zp: Uk Cp FVprCp Brl®) =0 ¥k Reduces to SDin #, for closed-shell

Normal ordering via Wick’s theorem in quasi-particle basis

H' matrix elements function of

1] T _ _
H = Z Z l_]' Z Hllmli+j)8k1 ﬁkﬁk‘”'“ﬁk‘“ IPQ qurg ”’})QI’SIH (]pk Vpk

n=0 i+j=2n [1..[iy
= 14 (5204 5 O 4 (Y 4 H) +H22+H13+H04]t|_ Z Hitj
T

i+]=6
H
_ 2
= Z H[ ”][+ H[6]] 6-gp operators [Similarly for A and Q]
n=0
» Six-index tensors » NO2B approximation » PNO2B approximation
Too expensive to handle 1-3% error in closed shell Particle-number conserving

[Roth et al., PRL 109 (2012) 052501] [Ripoche, Tichai, Duguet, arXiv:1908.00765]
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BCC formalism

Bogoliubov reference state Quasi-particle excitations IStgnoraccietal. PRC 2015]
U — @ki...k _ ot T
D) =C| | B0y B =B =fy By,
k |(I)“> = B“|(I)) Orthonormal basis of Fock space
[ | . ¥

Bogoliubov CC ansatz
- Reduces to npnh excit. in closed-shell
U=,

U, Cluster amplitudes
Unknowns of the problem

WO ) = eV I0) with ]
_ 2n0

as soon as U is truncated Un = (2n)! Z U }Qnﬁkl ﬁkz n-tuple connected cluster operator

- ki..koy, Y Ele;lal]

Energy and amplitude equations Pure excitation operators

(@] |PX= (|H eV |c1>@/

HIPAY = EAPA) »
AlPAY = AA|PA)Y

0 = ((D”|H8U|(D>C Truncate, e.g. U= U,+U, (BCCSD)
Solve for n=1,2 ‘,

(@ A>{ = (D|A €U|(D)C Constrained to be true in average

Connected = terminating exponential
Ex: for the energy Algebraic expression through Wick’s theorem/diagrammatic rules

_ 500 02 20 20 L Z 04 40
%_ H Z Hkl k2 kl k2 8 Z kl k2k3k4 klkg Uk’;k4 T 4] Hkl k2k3k4 Ukl k2k3k4
2 ki kakesks ki kaksks




Bogoliubov many-body perturbation formalism

@® Perturbative reduction of BCC

— Code for automated generation&evaluation of many-body diagrams to arbitrary order

— Convergence properties at high orders and resummation methods

@ BMBPT(2) ab initio calculations of mid-mass semi-magic nuclei
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i'- 1
- — ACa = BMBPT(2) -
-y A ADC(2) 4 -
i — ¢ IMSRG(2)
N — CR-CC(2,3) |
—_ e NCSM-PT(2)] -
® - IT-NCSM 7
“ —_
a - 1
q —
- AL T ¥ ¥ 9
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[Duguet, Signoracci JPG 2016]

[Demol et al. to be published 2019]

[Tichai et al. PLB 2018]

Calculation details

Runtime

NCSM: 20.000 hours
MCPT: 2.000 hours
IMSRG(2): 1.500 hours
SCGF(2): 400 hours
BMBPT(2): <1min'!

- 2-3% agreement of all methods with exact results (IT-NCSM)

—> Different truncation schemes yield consistent description of open-shell nuclei
- BMBPT optimal to systematically test next generation of Chiral EFT nuclear Hamiltonians

@ Future implementation of BCCSD(T) for accurate ab initio calculations of open-shell nuclei

[Arthuis et al. CPC 2018]
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U(1) breaking and projection

E[e;1ql]

Particle-number conserving states, i.e. states belonging to #,
A A
Exact eigenstates of H: |LP)u ) Slater determinants:  |®?) = Ha; 0)
i=1

Particle-number breaking states

1 2n (D(p)| = <(1)(90)|q)><q)|Th0uless operator

A _ —IAyp
P 27T d‘pe R("O) Known from (U,V,p) Pure de-excitation operator
o 2002 S oot
Particle number projection " (P) = 22 k1k2(90 kP
D)= > cplot) » PA®) = )| ZXj0™) f R INCY
A’eN A’eN '

27T5 AA’  Extracts componentin ¥,



Particle-number projected BCC formalism

[Duguet, Signoracci JPG 2016]

Projected BCC ansatz [Qiu et al. PRC 2019] Similarity transformed operator
|L@3CC> E|‘P§§C> Always true! Oz(p) = AP 049
-
Projected BCC energy and particle number
. | ( Ple) ); eZ(go)( p )e—zw)
Iy e A H () B @) p
@ | B = L 0\ B
A A nt A | 27 . _ |
e | e (o 2
A ‘PA) = AA ‘PA) zﬂd e—iAc,o Alp) Non-unitary Bogoliubov transformation
ah = -

[ dgeire N(p)
Not a pure excitation operator...

N(@) = @)V |0) = (D)D) DldLz )
H(p) = (D(@)|He" |D) = (D(p)| DY) D|Hz(p)e"2 )| D)
Alp) = (D()|Ae” D) = (D(p)| DN DIAZ()eV )| D)

Normal-ordered operator with ME 0;{‘]1 ---ki+j(90)

E[p;lql]

with

Off-diagonal norm, Hamiltonian and particle-number kernels .
() N i



Particle-number projected BCC formalism

Disentangled cluster operators » Disantengling the algebra to extract pure excitation terms

Uz (o) - 1) Pure excitation operator BUT contains a constant term
S |(D> = a7 (D> 2) Allows algebraic expressions of kernels following standard steps
l )

3) Explicit relation between W(¢p) and U,(¢) too complicated (need other approach
W) =S W) = Wo@) + () win Walp)= = 3 W2 (0)pl ]
(90)—2;) n(@) = Wolp)+7(p)  with  Wylp) = ot L PPy, Py,
n= | +--R2n

Constant Standard cluster operator form

Connected kernels and PBCC energy

But how to determine W(¢p)?
N(cp) — eWO(('O)((D((’DN(I)) Correlated norm kernel determined by W,(o)
| H(p) Connected phrtefenergy kernel determined by J(o)
h(p) = W:Z) = <(D|HZ(90)€T(¢)|(D>C F éﬁ@e{‘ﬂbébgic/ nﬁﬂ%?ﬂgé@rwgggﬂaﬁhard BCC kernel!
kik
4 fzﬂd A N )\ 1) Rizduction to1 éCC 2) Reduction to PHFB
pe -’ @)N (@ § g 20 ; e 20 Lo
Ef = 2 — p = OE h(@)koaks P Wik, (P W) = 0
. [ dpe e N (@) e e,
Consistent dynamical and static correlations EA — ((I)|H3U|(I))C " (‘N (@) = (D(p)|D)
_ _ | hed ivy v see3
[Duguet, Signoracci JPG 2016] “. kil kes ke ‘ hPHFB(QD) _ <(D|HZ(QD)|(I)>C

[Qiu et al. PRC 2019]



Particle-number projected BCC formalism

Gauge-rotated cluster amplitudes W, (p)  Coupled ordinary differential equations

d » Connected off-diagonal kernel of A°2
dy

—Wo(sO) —I AZ(@W] 2(c,o)l
(D] » Z((p) U|(D> = QW((p)'(D) » I;kz ot ot cited kernels of A%
(DH| » ’ZAM ()| 5 2 Wk (@) \

N(g) = ewo@)(@(@@) el b 20)te

t it — W2 (@W, (‘"’)l’
Initial conditions Correlated normcl;ernel from conngcted off-diagonal kernel ofﬁ genera?to4r of U(1)
— 40
Wo(0) = 0 7 Wkt (8 ZA,G,%(SO) > Wikokkakoks (9)

o= ) 2nd¢€_m§j@ N(p) 20 (W0

0 FW (o)W ()

Even when U truncated » All ranks A™ = 5 n =A ];101‘5 k6k2k%k4
—I
f dpe™ N(p) Wik (@W k1 koks (@)

o Ensures that'projected value of operator A equals targeWéq,BREﬁMé ko ke ks ()
Approximation on PA « Second truncation on W,(¢) 20
+ W (90) k1k2k3k6 (90

- kyks
[Duguet, Signoracci JPG 2016]

[Qiu et al. PRC 2019] Integrate coupled ODEs and insefrt iIn PBCC energy
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BCS pairing Hamiltonian

Hamiltonian Operators SU(2) algebra
_ PP 1=6,(1-N
H:Z(EP_A)NP_GZP;;PQ Np—cpcp+(:pcl5 [Pp f] Pq( P)
p Pq plf7 })le? [Np, Pyl =20,4 Py

Doubly-degenerate picket fence model

€p = €p = pAe€

Exact ground-state energy

Richardson solution
[R.W. Richardson, PL 1963; PR 1966]

What about BCC? [Henderson et al. PRC 2014]

BCCSD: U = U,+U,

What about PBCC? [Qiu et al. PRC 2019]
PBCCSD(2): U=U,+U,

Typical approximate methods

» BCS and projected BCS (before variation)
» Coupled cluster theory with doubles
» Self-consistent RPA

1.10 |
1.04} High accuracy in normal phase
- P Collapse near superfluid transition
1.0 ==
'\
§ 095} ‘\ ’/ 100 |eve|S
~ S y Half filling
uf 0.90f Yoo /.---| Ae=300keV
' N G /Ac =0.18
085F _ _ _screa '\ J
[ - --- Exp \ !
0.80 | —-—-PBCS N4
| —— ccD [Dukelsky et al., NPA 2003]
075t

~0.00 0.02 0.04 0.06 0.08 0.10 0.12

G
Other recent accurate methods

[Degroote et al. PRB 2016; Ripoche et al. PRC 2017]



Connected hamiltonian kernel

2550 |

BCCSD correlation energy

2540-

2530

2520

|h(o)|

2510

2500 1 o PBQ@S-CCSD
— PBAS

2490 - . - ! - . -
-15 -1.0 -05 00 05 1.0 1.5

@
PBCC energy and kernels

2 .
[ dee ™ A h@N(O)  ith

EA =
[ dpeire N(p)

Exact (or symmetry-conserving) limit

N(p) = €%

d

%h(sa) =0

-150
100 levels 100
Half filling
G/GC:].S L 50 :'Cg
CCCCCCCCCCCCCCCCO :g_
<
-50 2
©
o PBCS-CCSD —100
— PBCS
—150

~15 -1.0 -05 0.0 05 1.0 1.5
0

N(p) = V(D ()| D)

_H) _ T(p)
[h(so = No) = (D|Hz(p)e” ¥ |D)c

@ PBCC - PBCS-CC(S)D here
o h(p) real with typical bell-shape curve

o PBCC brings h(¢) closer to constant

o Not constant h(¢) induces non-trivial projection



Norm kernel

1.0+

0.8

0.6 1

0.4

|N(9)]

0.2

0.0+

o PBCS-CCSD
—0.2- — PBCS

~15 —-10 -05 00 05 10 1.5
@

PBCC energy and kernels

2 .
[ dee ™ A h@N(O)  ith

EA =
[ dpeire N(p)

Exact (or symmetry-conserving) limit

N(g) =™

d

%h(sa) =0

150
100 levels 100
Half filling
G/IG, =15 50 %
L0 §
2
o PBCS-CCSD =50 2
— PBCS
—100
—150

-15 -1.0 -05 0.0 05 10 1.5
0

N(¢) = "0 (@) D))

_ H(p)
"= N

= (D|Hz(p)e” D)

@ PBCC - PBCS-CC(S)D here
o |N'(¢)| displays bell-shape curve and phase «< A

o PBCC brings N(o) closer to single IRREP e'A¢
o N'(0) =1 < Intermediate normalization



Results - 1

exact
C

E./E

exact
c

E./E

Fraction of correlation energy

1.05

1.00

0.951

it
©
o

o
oo
a0

O
0o
O

0.75

0.70

~ 7
S~ 7/
“Iu\ Vs
\\ 7/
~ /
A /
\\ 7
S /  — HF-CCSD
\ / o PBCS-CCSD
N BCS-CCSD
100 levels - -=- PBCS
Half filling

—
-
—_—
-
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G/G,

Dependence on system size

1.00 T e=—g—e——e—e—a—a——s =E=e=ﬁe=e=ﬁ=9=9=e='J
0= 6=0 0~ 0= 6 ~0- 0~ 6 ~G- 0= © =& ~0- O= & —- 4
0.95
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0.85 o
Half filling
0.80+
— PBCS-CCD — G =1.5G,
0.75- BCS-CCD - G =2.5G,
— PBCS
0.70 - - : .
0 20 40 60 80 100

Number of Levels

Absolute energy error

5 ;
-— BCS
100 levels !z PBCS
) 41 Half filling / BCS-CCSD
Q “ : o PBCS-CCSD
O ?:3- ./
o 5
o S /
— th ’
g P2 /
=) \LE / b P
o 1 ! / R
/ /
’ 7/
o/ ¢’,/
02=6-0065 008660000000 ° '
0.5 1.0 1.5 2.0 2.5 3.0
G/G.

@ BCC — BCS-CC(S)D here

o Extends quality of CC through phase transition
o Better than PBCS except for for G>>G,
o Poor in small systems

@ PBCC — PBCS-CC(S)D here
o Perfect from weak to strong coupling
o Perfect from small to large systems
o Dominates all other methods



Results - 2

103 on,

Filling fraction

Particle number dispersion

1.00AOOOoO()UUUUUUUUUUUUOOOOoA 8-
\ 100 levels ! — — BCS
0.951} G/G.=1.5 ! g BCS-CCSD
, | o PBCS-cCSD
. 0.90{ 1\ / O %] — PBCS 100 levels
2 N / o ~ Half filling
ity X X . |
~ 085 so e = & 4
w | TSee =T = NS
0.80- 3 —
o PBCS-CCD 5 >
0.751 BCS-CCD
0.70 6BCC grasps both dynamical (ind. excit.) and non-dynamical (def.+proj.) correlations
C 1) Consistently and accurately
2) For weak and strong coupling regimes
3) For all system sizes
1.00 7 -
. 4)Atlow ponngLnlal cost Nl »
0.75 -- PBCS
BCS-CCSD o Poor near « closed shell »
0.501 _ o PBCS-CCSD
o Reduce o, by factor of 2 compared to BCS
0.2571
OOO -::::--:-::-----:::-
, : @ PBCC - PBCS-CC(S)D here
—0.251 100 levels AN gty
« S~ L--"
_oso|  Halffilling ~. o> o Perfect « throughout the shell »
G/G.=5.5 o One-body properties are perfect
~0.75+ . ..
02 03 04 05 06 07 0.8 o o, =0 (W5(o) to be added for very high precision)
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Conclusions

@ Particle-number projected Bogoliubov coupled cluster and many-body perturbation theories
o Extends single-reference CC/MBPT methods to open-shell nuclei via symmetry breaking&restoration
o First consistent formulation of symmetry restoration techniques beyond the mean-field

o Results obtained for U(1) on the solvable Richardson Hamiltonian hold great promises

@ Future

o Ab initio PBCC and PBMBPT calculations of singly open-shell nuclei

[Tichai, Ripoche, Duguet, in progress]

o Apply to SU(2) (already formulated) for ab initio calculations of doubly open-shell nuclei

[Tichai, Hagen, Duguet, in progress]

o Combine with IT/TF techniques to go to heavier nuclei

[Tichai, Ripoche, Duguet, EPJA 2019]

o Extend BCC and PBCC to excited states

[Demol, Tichai, Duguet, planned]
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