
KTH ROYAL INSTITUTE 
OF TECHNOLOGY 

Interplay of pairing and quadrupole 
interactions in N=Z nuclei 

Chong Qi 
Royal institute of Technology (KTH), Stockholm 

ESNT workshop Recent advances on proton-neutron pairing 
and quartet correlations in nuclei, session II 
2-6 September 2019 
 



Isovector (T=1): J=0,2,..,2J-1, J=0 term attractive (pairing), others close to zero 
Isoscalar (T=0): J=1,3,..,2j, strongly attractive (mean field) 

The J=1 and 2j terms are the most attractive ones. 
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J.P. Schiffer and W.W. True, Rev.Mod.Phys. 48,191 (1976) 

T=1 

J=0 

General properties of the effective interaction 

J=2j-1 



The coupling of few neutrons and protons 
 

Yp Ä Yn

In full configuration interaction ‘shell model’ 

Or we can do like these 

The challenge is to understand the complicated full wave function: 
How to filter out the relevant components 

Generate (all) components in uncoupled M or coupled schemes and 
diagonalize (exactly) the Hamiltonian 



Monopole Hamiltonian 
Determines average energy of eigenstates in a given 
configuration. 
• Important for binding energies,  shell gaps 

 

 
 

Monopole centroids 
• Angular-momentum averaged effects of two-body interaction 

• The monopole interaction itself does not induce mixing between 
different configurations. 

• Strong mixture of the wave function is mainly induced by the residual 
J=0 pairing and QQ np interaction 
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na ,  Ta  … number, isospin operators of orbit a 



 Similar to ‘npnh’ and Nmax if no monopole considered. 
But monopole interaction can change significantly the (effective) 

mean field and invalidate npnh.  
Easy to implement and keeps the simplicity of the M-scheme 

algorithm 
Possibility to include certain intruder configurations 

‘Monopole’ truncation 



Convergence for 194Pb 

CQ, LY Jia, GJ Fu, PRC 2016 



 
 Seniority coupling as a result of strong J=0 pairing 

102 in seniority space 

Easier to include many shells 

One can readily solve a half-filled system with upto 36-38 doubly- 
degenerate orbitals and 18-19 pairs (Dim: 9*109-3.5*1010, shell-model 
dimension: 4*1020-7*1021). 
  Exact solution of general pairing Hamiltonian 
 A bridge between DFT and CI->Self-consistent MF+EP 

Exact Diagonalization of the pairing in v=0 subspace 
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Self-consistent HF+EP 
EP on top of static HF ev8 and time dependent HF Sky3d 

HF 

Together with XiaoYu Liu (KTH, Lanzhou) 

HF 

EP 

Single particle energy, density 

Configuration mixing, new density, correlation 
energy 

GS/BCS 



Approximation with generalized seniority 

Together with 
D. Karlsson, L.Y. Jia, Y.X. Zhao 



For a system involving equally-spaced doubly- degenerate orbital 

T(T+1) breaking terms in relation to the search for 
Wigner energy 
For a single-j shell system 

S.A. Changizi, C. Qi, R. Wyss, Nucl. Phys. A (2015) 



Seniority for degenerate systems with isospin 

Vpn 

CQ, Physics Letters B 717, 436 (2012)  



Exact T=1 pairing in the seniority-zero 
symmetric subspace  
 

Equally spaced doubly degenerate system 
With constant T=1 pairing 
6 n/p levels, 4 np pairs 



https://arxiv.org/pdf/1904.11555.pdf 
See also  
I. Bentley, S. Frauendorf, Phys. Rev. C 88, 014322 (2013) 

https://arxiv.org/pdf/1904.11555.pdf


The coupling of few nucleons 
 

Three identical particles 

The v=0 state is uniquely defined, but … 



Hsi-Tseng Chen, Da Hsuan Feng, and Cheng-Li 
Wu Phys. Rev. Lett. 69, 418 (1992) 

Eigen states of QQ for a single j system 



Single-j T=1/0 QQ interaction 
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The monopole average of QQ interaction is zero 



J=0 

J=1 
J=Jmax 

J=0 

J=1 
J=Jmax 

J=0 

J=1 
J=Jmax 

• What matter for the wave functions are the relative values 
between different two-body matrix elements within the 
same isospin (the multipole channel) 

• The monopole interactions determine the relative positions 
of states with different total isospin (and the symmetry 
energy)  
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Monopole centroids 





SU(3) model (1958) : exact solution to a QQ 
model 

J. P. Elliott, Proc. R. Soc. London, Ser. A 245, 128 (1958); 245, 562 (1958). J. P. Elliott and M. Harvey, 
Proc. R. Soc. London, Ser. A 272, 557 (1963).  

P. van Isacker, S. Pittel. Symmetries and deformations in the spherical shell model. Physica 
Scripta, 2016, 91 (2), 023009 



Aligned np pair to explain the rotational-like spectra in 
20Ne and 44Ti 

Full shell-model aligned np pair 

44Ti 



D. J. Rowe, C. Bahri, and W. Wijesundera, Phys. Rev. Lett. 80, 4394 (1998). C. Bahri, D. 
J. Rowe, and W. Wijesundera, Phys. Rev. C 58, 1539 (1998). 

C2 is the SU(3) Casimir operator 

No analytic solution 

P+QQ 



Bo Li, Feng Pan, and J. P. Draayer 

Phys. Rev. C 93, 044312 (2016) 

P+QQ for single-j shell 



https://arxiv.org/abs/nucl-th/0110067 
A. Volya, Phys.Rev.C65:044311,2002 
 

https://arxiv.org/abs/nucl-th/0110067
https://arxiv.org/abs/nucl-th/0110067
https://arxiv.org/abs/nucl-th/0110067


2n-2p in a single j system 

LARGE overlap between the np aligned pair wave functions and the eigen state of the single-
j QQ interaction  
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A striking feature is that if we project it on to np coupled terms, the wave function can be 
represented by a single term  

Usually the wave function can be 
expanded as 

The thus obtained wave function is a mixture of 
many component as a result of the np interaction 

96Cd (2n-2p) 

CQ et al, PRC 84, 021301(R) (2011).  
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Usually the wave function can be 
expanded as 

The thus obtained wave function is a mixture of 
many component as a result of the np interaction 

96Cd (2n-2p) 
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Quartet-like coupling as a result of T=1/0 pair coupling 

QQ leads to the stretched scheme 



Nuclei around 100Sn: N=Z=50 shell closures survive 

T. Faestermann et al. / Prog. Part. Nucl. Phys. 69 (2013) 85–130 



But many N=Z nuclei are deformed 

N. Mărginean et al., PRC 63, 031303(R) (2001) 

QQ correlation induces deformation; 
The np interaction also breaks the seniority in a major way 

48Cr 

np QQ interaction 
between f7/2 and 
p3/2 is essential for 
reproducing 48Cr 



In single-j calculations, 44Ti and 48Cr, show vibrational like 

yrast specta with wave functions dominated the spin-aligned np 

coupling scheme.  



https://arxiv.org/abs/1404.0224 
Phys. Rev. C 92, 024320 (2015) 

https://arxiv.org/abs/1404.0224


Z. Wu et al., Phys. Rev. C 92, 024306 (2015). 

 Nuclei just below 100Sn are spherical 


92Pd and 88Ru should be identical if g9/2 is well isolated 
 Nuclei around 80Zr are largely deformed and cannot be well reproduced within 

fpg space (d5/2 is needed in SM but not possible for 80Zr) 



Experimental status 

Spectra of the heaviest even-even N=Z nuclei 88Ru and 92Pd were reported in 2001 and 2011, respectively. 
N. Mărginean et al., PRC 63, 031303(R) (2001); B. Cederwall et al., Nature 469, 68 (2011). 

 
 
 

Rotational-like Vibrational-like Seniority 

N=Z nuclei as a probe of np coupling scheme 

How to understand the difference? 



From Bo Cederwall 







SM1: Kaneko 
SM2: fpg shell model calculation with JUN45 
SM3: Extension to d5/2 with a QQ 

Number of ‘pairs’ 

Shell model calculations for 88Ru 



 General feature of T=1/0 interaction 
Strong T=1, J=0 pairing, Exact diagonalization of isovector pairing 

 Competition between T=1 pairing and ‘QQ’ 
Not necessarily leading to deformation 

 Aligned np pair and QQ lead to same configuration for single-j 
systems 

 Large QQ leads to strong quadrupole correlation  
and scatters the wave function 

 

Summary 

Seniority (like nucleons) 

Spin-aligned pair mode Rotational mode 

N=Z nuclei in a single j shell Open shell 

Seniority  Equidistant Rotational-like 

Competition? 



https://arxiv.org/pdf/0905.4095.pdf 

https://arxiv.org/pdf/0905.4095.pdf


j 
J 

jm;j-m 

M=0 

Is ‘M=0’ pair a relevant degree of freedom (for truncation in 
M-scheme) 

J=0,2,4… 

CQ, N. Shimizu 

Computer ‘likes’ uncoupled scheme 
 


