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We show that fully aligned neutron-proton pairs play a crucial role in the low-energy spectroscopy of nuclei
with valence nucleons in a high-j orbital. Their dominance is valid in nuclei with valence neutrons and protons in
different high-j orbitals as well as in N = Z nuclei, where all nucleons occupy the same orbital. We demonstrate
analytically this generic feature of the neutron-proton interaction for a variety of systems with four valence
nucleons interacting through realistic, effective forces. The dominance of fully aligned neutron-proton pairs
results from the combined effect of (i) angular momentum coupling and (ii) basic properties of the neutron-proton
interaction.
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Insight into the properties of correlated quantum many-
body systems often can be obtained by means of solvable
models. In condensed-matter physics arguably the most im-
portant example is the Hubbard model, for which an exact
solution is known in one dimension [1]; many other examples
are reviewed in Ref. [2]. In nuclear physics, solvable models
fall into two broad classes, depending on whether the nucleons
interact through a pairing or a quadrupole force. The former
case, first considered by Racah in the context of atomic physics
[3], applies to “semimagic” nuclei with either neutrons or
protons in the valence shell, and leads to a classification of
states in terms of seniority or, equivalently, in terms of the
number of unpaired nucleons. The quadrupole force, on the
other hand, is appropriate for nuclei with several neutrons
and protons in the valence shell, and gives rise to a rotational
classification of states based on SU(3) symmetry [4]. While
their solution may be exact, such models provide at best
approximations to observed quantum many-body systems.

Some time ago Cederwall et al. [5] suggested that in self-
conjugate nuclei (i.e., N = Z nuclei with equal numbers of
neutrons and protons) yet a different classification scheme may
exist. Although not based on the property of solvability, their
analysis claimed an analogy with pairing: While in traditional
pairing models states are analyzed in terms of J = 0 pairs
composed of either two neutrons (νν) or two protons (ππ ),
the approach of Cederwall et al. centered on neutron-proton
(νπ ) pairs that are fully aligned in angular momentum, which
we refer to as fully aligned νπ pairs (FAPs). The claim for
the existence of this novel coupling scheme was based on
the measured spectrum of 92

46Pd46 and backed by a theoretical
analysis in the framework of the nuclear shell model [6,7].
The idea of FAPs (which also relates to the stretch scheme
proposed by Danos and Gillet [8]) provoked a flurry of studies
based on boson mappings [9,10] or symmetry techniques
[11,12], or with the use of schematic interactions [13–15] in a
single-j approach. Simultaneously, also multi-j calculations
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with realistic interactions were carried out [16–20] to test
the prevalence of FAPs in N = Z nuclei. A review can be
found in Ref. [21]. Despite occasional contradictions, a general
consensus seems to have emerged that FAPs are dominant (with
some caveats, see below) if neutrons and protons occupy a
single-j orbital but that their dominance fades away quickly
in a multi-j scenario. In addition, it has also become clear
that the different proposed schemes are not mutually exclusive
because of their nonorthogonality, and that, for example,
nuclear ground states can be equally well described in terms
of J = 0 and J = 1 pairs [19].

It should nevertheless be stressed that studies of the FAP
conjecture so far have been limited to N = Z nuclei. In this
Rapid Communication we point out that FAP dominance is a
widely occurring phenomenon, not confined to the restricted
class of N = Z nuclei, but present throughout the nuclear
chart whenever valence neutrons and protons mainly occupy
high-j orbitals. We show that the FAP dominance results from
the combined effect of (i) angular momentum coupling and
(ii) some basic properties of the νπ interaction.

We consider nuclei with neutrons and protons in valence
orbitals jν and jπ , respectively, and concentrate on nuclei
with two neutrons and two protons (2 + 2), briefly exploring
at the end the case (4 + 4). The relevant νν, ππ , and νπ
two-body matrix elements (TBMEs) of the residual interaction
are denoted by V Jν

νν , V Jπ
ππ , and V Jνπ

νπ , respectively, where Jν , Jπ ,
and Jνπ are the coupled angular momenta of two nucleons. For
a nucleus with two neutrons and two protons in the valence
orbitals, the matrix element of the Hamiltonian in a νν-ππ
basis with vectors |JνJπ ; J 〉 can be expressed in terms of the
TBMEs as follows:

〈JνJπ ; J |Ĥ |J ′
νJ

′
π ; J 〉 =

(
V Jν

νν + V Jπ
ππ

)
δJνJ ′

ν
δJπ J ′

π

+
∑

Jνπ

CJνπ
V Jνπ

νπ , (1)

where CJνπ
≡ CJνπ

(jν,jπ ,Jν,Jπ ,J ′
ν,J

′
π ,J ) is an angular-

momentum coupling coefficient, whose explicit expression is
given in the Supplemental Material [22]. Note that the νν

2469-9985/2018/97(4)/041302(5) 041302-1 ©2018 American Physical Society



Generic features of the �
neutron-proton interaction �

P. Van Isacker, GANIL, France�

The mother of all schematic interactions�
A schematic neutron-proton interaction?�
Aligned neutron-proton pairs�
�
A comment on transfer reactions�



Theory of complex spectra�
In the 1940s Racah published a series of seminal papers on 
the application of group theory to atomic spectra. The 
third of the series (primarily concerned with coefficients 
of fractional parentage) contains the first mention of the 
pairing interaction and seniority.�



Racah’s “seniority number”�

G. Racah, Phys. Rev. 63 (1943) 367�
I. Talmi, Simple Models of Complex Nuclei�
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A schematic np interaction?�
Can we similarly define a schematic neutron-

proton interaction with a single non-zero 
component?�

�
Study 2n-2p nuclei. Examples: �

128Cd with two neutron holes in ν0h11/2 and two proton 
holes in π0g9/2�

212Po with two neutrons in ν1g9/2 and two protons in 
π0h9/2 �

…�
�
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The 2n-2p spectrum: 128Cd�
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The 2n-2p matrix element �
The 2n-2p matrix element of the np interaction �
�
� JνJπ ;J V̂νπ !Jν !Jπ ;J = CJνπ

×Vνπ
Jνπ

Jνπ = jν− jπ

jν+ jπ

∑

CJνπ
∝

jν jπ Jπ Jν
Jνπ jπ J jν
jν jπ !Jπ !Jν

&

'

(
(
(
(

)

*

+
+
+
+



The 2n-2p matrix element �
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The 4n-4p spectrum: 124Pd�
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The 4n-4p spectrum: 124Pd�
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A schematic np interaction �
If valence nucleons dominantly occupy high-j 

orbitals, the yrast spectroscopy is dominantly 
determined by a single matrix element, namely 
the one where neutron and proton are aligned in 
angular momentum.�

�
Question: Can the wave functions be written 

dominantly in terms of aligned neutron-proton 
pairs?�
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Like-pair analysis�
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The ν1g9/2-π0h9/2 interaction �
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Aligned-pair analysis for 212Po �
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Conclusions�
If valence nucleons dominantly occupy high-j 

orbitals, the yrast spectroscopy is essentially 
determined by a single matrix element, namely 
the one where neutron and proton are aligned in 
angular momentum.�

Under the same assumption, most (but not all) of 
the yrast states can be dominantly written in 
terms of aligned np-pairs. This dominance 
disappears in a multi-j scenario.�

�



Outlook �
Pairing + quadrupole is a popular schematic model, 

the friendly companion of the nuclear physicist.�
Can it be replaced by pairing + aligned? A 

preliminary study shows that the 2n+2p system 
is solvable.�
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The 2n-2p spectrum: 128Cd�
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Spin-aligned T=0 np pairs�
Motivation: A simple description of the N=Z nuclei 

98In, 96Cd, 94Ag, 92Pd, 90Rh.�
Starting point: Shell-model interpretation in terms 

of spin-aligned T=0 np pairs (Blomqvist).�
Experiments have been proposed and carried out 

at GANIL (Cederwall, de France, Wadsworth…).�



Nuclear belly dancer�

B. Cederwall et al., Nature 469 (2011) 68 �



A new coupling scheme?�
Our results reveal evidence for a spin-aligned, 

isoscalar neutron–proton coupling scheme.�
[T]his coupling scheme replaces normal 

superfluidity (characterized by seniority 
coupling) in the ground and low-lying excited 
states of the heaviest N=Z nuclei.�

B. Cederwall et al., Nature 469 (2011) 68 �


