
Explicitly Correlated 
Second-order 	

Perturbation Theory
Dr.  David P.  Tew	
d.tew@fkf.mpg.de	

March 2018



Overview

This lecture introduces the F12 explicitly correlated method for 
second-order Moller-Plesset many-body perturbation theory.  The 
motivation for the approach is explained and justified and the 
standard numerical approximations adopted are described.  	
!
Review Articles	

o	 Electron correlation: The many-body problem at the heart of chemistry 
	 Tew, Klopper, Helgaker, J. Comput. Chem. 28, 1307 (2007)	

o	 Quantitative quantum chemistry                                                           
	 Helgaker, Klopper, Tew, Mol. Phys. 106, 2107 (2009)	

o	 The MP2-F12 method in the TURBOMOLE program package             
	 Bachorz, etal J. Comput. Chem. 32, 2492 (2011)	

o	 Explicitly Correlated Electrons in Molecules	
	 Hättig, Klopper, Köhn, Tew, Chem. Rev. 112, 4 (2012)	



MP2 theory  (notation and conventions)

First quantised electronic Hamiltonian	
!
!
!
Second quantised electronic Hamiltonian	
!
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MP2 theory  (notation and conventions)

The 0th order Hamiltonian is the Fock operator	
!
!
!
!
The perturbation expansion	
!
!
!
!
!

HF energy is effective energy of best independent particle model	
The second-order energy arises from electron correlation 
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MP2 theory  (notation and conventions)

The 0th order Hamiltonian is the Fock operator	
!
!
!
!

First order wavefunction:	
!
!

Only double excitations (pair correlations) contribute to E2	
Each pair equation is independent of the others
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fq
p = �qp✏p

<latexit sha1_base64="uS8hJ5BMOcfWi5LKquvDIQ23wlE=">AAACB3icbVBNS8NAEN34WetX1KMHF4vgqSQiqAel4MVjBWMLbQyb7aRduknW3Y1QQo9e/CtePKh49S9489+4TXvQ1gcDb9+bYWdeKDhT2nG+rbn5hcWl5dJKeXVtfWPT3tq+VWkmKXg05alshkQBZwl4mmkOTSGBxCGHRti/HPmNB5CKpcmNHgjwY9JNWMQo0UYK7D0cBeLuHp/jdge4JsWjDUIxbmyBA7viVJ0CeJa4E1JBE9QD+6vdSWkWQ6IpJ0q1XEdoPydSM8phWG5nCgShfdKFlqEJiUH5eXHIEB8YpYOjVJpKNC7U3xM5iZUaxKHpjInuqWlvJP7ntTIdnfo5S0SmIaHjj6KMY53iUSq4wyRQzQeGECqZ2RXTHpGEapNd2YTgTp88S7yj6lnVvT6u1C4maZTQLtpHh8hFJ6iGrlAdeYiiR/SMXtGb9WS9WO/Wx7h1zprM7KA/sD5/AL4emLs=</latexit><latexit sha1_base64="uS8hJ5BMOcfWi5LKquvDIQ23wlE=">AAACB3icbVBNS8NAEN34WetX1KMHF4vgqSQiqAel4MVjBWMLbQyb7aRduknW3Y1QQo9e/CtePKh49S9489+4TXvQ1gcDb9+bYWdeKDhT2nG+rbn5hcWl5dJKeXVtfWPT3tq+VWkmKXg05alshkQBZwl4mmkOTSGBxCGHRti/HPmNB5CKpcmNHgjwY9JNWMQo0UYK7D0cBeLuHp/jdge4JsWjDUIxbmyBA7viVJ0CeJa4E1JBE9QD+6vdSWkWQ6IpJ0q1XEdoPydSM8phWG5nCgShfdKFlqEJiUH5eXHIEB8YpYOjVJpKNC7U3xM5iZUaxKHpjInuqWlvJP7ntTIdnfo5S0SmIaHjj6KMY53iUSq4wyRQzQeGECqZ2RXTHpGEapNd2YTgTp88S7yj6lnVvT6u1C4maZTQLtpHh8hFJ6iGrlAdeYiiR/SMXtGb9WS9WO/Wx7h1zprM7KA/sD5/AL4emLs=</latexit><latexit sha1_base64="uS8hJ5BMOcfWi5LKquvDIQ23wlE=">AAACB3icbVBNS8NAEN34WetX1KMHF4vgqSQiqAel4MVjBWMLbQyb7aRduknW3Y1QQo9e/CtePKh49S9489+4TXvQ1gcDb9+bYWdeKDhT2nG+rbn5hcWl5dJKeXVtfWPT3tq+VWkmKXg05alshkQBZwl4mmkOTSGBxCGHRti/HPmNB5CKpcmNHgjwY9JNWMQo0UYK7D0cBeLuHp/jdge4JsWjDUIxbmyBA7viVJ0CeJa4E1JBE9QD+6vdSWkWQ6IpJ0q1XEdoPydSM8phWG5nCgShfdKFlqEJiUH5eXHIEB8YpYOjVJpKNC7U3xM5iZUaxKHpjInuqWlvJP7ntTIdnfo5S0SmIaHjj6KMY53iUSq4wyRQzQeGECqZ2RXTHpGEapNd2YTgTp88S7yj6lnVvT6u1C4maZTQLtpHh8hFJ6iGrlAdeYiiR/SMXtGb9WS9WO/Wx7h1zprM7KA/sD5/AL4emLs=</latexit><latexit sha1_base64="uS8hJ5BMOcfWi5LKquvDIQ23wlE=">AAACB3icbVBNS8NAEN34WetX1KMHF4vgqSQiqAel4MVjBWMLbQyb7aRduknW3Y1QQo9e/CtePKh49S9489+4TXvQ1gcDb9+bYWdeKDhT2nG+rbn5hcWl5dJKeXVtfWPT3tq+VWkmKXg05alshkQBZwl4mmkOTSGBxCGHRti/HPmNB5CKpcmNHgjwY9JNWMQo0UYK7D0cBeLuHp/jdge4JsWjDUIxbmyBA7viVJ0CeJa4E1JBE9QD+6vdSWkWQ6IpJ0q1XEdoPydSM8phWG5nCgShfdKFlqEJiUH5eXHIEB8YpYOjVJpKNC7U3xM5iZUaxKHpjInuqWlvJP7ntTIdnfo5S0SmIaHjj6KMY53iUSq4wyRQzQeGECqZ2RXTHpGEapNd2YTgTp88S7yj6lnVvT6u1C4maZTQLtpHh8hFJ6iGrlAdeYiiR/SMXtGb9WS9WO/Wx7h1zprM7KA/sD5/AL4emLs=</latexit>

⥮
⥮
⥮
⥮

}
}
i,j…

a,b…

|0i = 1p
n!
Â|�1(1)�2(2) . . .�n(n)i

<latexit sha1_base64="4VyDeBBIJ2aCqpBaseU72eLxiYs="></latexit><latexit sha1_base64="4VyDeBBIJ2aCqpBaseU72eLxiYs="></latexit><latexit sha1_base64="4VyDeBBIJ2aCqpBaseU72eLxiYs="></latexit><latexit sha1_base64="4VyDeBBIJ2aCqpBaseU72eLxiYs="></latexit>

T ab
ij = �

gabij
✏a + ✏b � ✏i � ✏j

<latexit sha1_base64="W8OvEHMVSqGYH2ejvHqsDD9GR/o="></latexit><latexit sha1_base64="W8OvEHMVSqGYH2ejvHqsDD9GR/o="></latexit><latexit sha1_base64="W8OvEHMVSqGYH2ejvHqsDD9GR/o="></latexit><latexit sha1_base64="W8OvEHMVSqGYH2ejvHqsDD9GR/o="></latexit>

E2 = �1

4

X

ijab

gabij (2g
ab
ij � gbaij )

✏a + ✏b � ✏i � ✏j
<latexit sha1_base64="gazJpFJFjXFZ/dxZxOcM0f4blBU="></latexit><latexit sha1_base64="gazJpFJFjXFZ/dxZxOcM0f4blBU="></latexit><latexit sha1_base64="gazJpFJFjXFZ/dxZxOcM0f4blBU="></latexit><latexit sha1_base64="gazJpFJFjXFZ/dxZxOcM0f4blBU="></latexit>

|1i =
X

ia

T a
i a

†
aai|0i+

1

4

X

ijab

T ab
ij a

†
aa

†
bajai|0i+ . . .

<latexit sha1_base64="cuUk/3E1+wluWQZv0fNSgooB3E8="></latexit><latexit sha1_base64="cuUk/3E1+wluWQZv0fNSgooB3E8="></latexit><latexit sha1_base64="cuUk/3E1+wluWQZv0fNSgooB3E8="></latexit><latexit sha1_base64="cuUk/3E1+wluWQZv0fNSgooB3E8="></latexit>

(Ĥ0 � E0)|1i = (E1 � Ĥ1)|0i
<latexit sha1_base64="ngZoo29SDK98NC8NMPK5kxMxqkc=">AAACLXicbVBbSwJBGJ21m9nN6rGXIQnsIdmNoHoohBB8NGhTcFVmx1EHZ2eXmW8DEX9RL/2Vegi60Gt/o1G3KO3ADIdzzsfMd/xIcA22/WKlFhaXllfSq5m19Y3Nrez2zq0OY0WZS0MRqppPNBNcMhc4CFaLFCOBL1jV71+N/eodU5qH8gYGEWsEpCt5h1MCRmplS3mvRwCXmzY+wiVzH2LP5AE72FNEdgXDFzhfajrGTpLOd8T+ibSyObtgT4DniZOQHEpQaWWfvHZI44BJoIJoXXfsCBpDooBTwUYZL9YsIrRPuqxuqCQB043hZN0RPjBKG3dCZY4EPFF/TwxJoPUg8E0yINDTs95Y/M+rx9A5awy5jGJgkk4f6sQCQ4jH3eE2V4yCGBhCqOLmr5j2iCIUTMMZU4Izu/I8cY8L5wXn+iRXvEzaSKM9tI/yyEGnqIjKqIJcRNE9ekSv6M16sJ6td+tjGk1Zycwu+gPr8wvQp6Mx</latexit><latexit sha1_base64="ngZoo29SDK98NC8NMPK5kxMxqkc=">AAACLXicbVBbSwJBGJ21m9nN6rGXIQnsIdmNoHoohBB8NGhTcFVmx1EHZ2eXmW8DEX9RL/2Vegi60Gt/o1G3KO3ADIdzzsfMd/xIcA22/WKlFhaXllfSq5m19Y3Nrez2zq0OY0WZS0MRqppPNBNcMhc4CFaLFCOBL1jV71+N/eodU5qH8gYGEWsEpCt5h1MCRmplS3mvRwCXmzY+wiVzH2LP5AE72FNEdgXDFzhfajrGTpLOd8T+ibSyObtgT4DniZOQHEpQaWWfvHZI44BJoIJoXXfsCBpDooBTwUYZL9YsIrRPuqxuqCQB043hZN0RPjBKG3dCZY4EPFF/TwxJoPUg8E0yINDTs95Y/M+rx9A5awy5jGJgkk4f6sQCQ4jH3eE2V4yCGBhCqOLmr5j2iCIUTMMZU4Izu/I8cY8L5wXn+iRXvEzaSKM9tI/yyEGnqIjKqIJcRNE9ekSv6M16sJ6td+tjGk1Zycwu+gPr8wvQp6Mx</latexit><latexit sha1_base64="ngZoo29SDK98NC8NMPK5kxMxqkc=">AAACLXicbVBbSwJBGJ21m9nN6rGXIQnsIdmNoHoohBB8NGhTcFVmx1EHZ2eXmW8DEX9RL/2Vegi60Gt/o1G3KO3ADIdzzsfMd/xIcA22/WKlFhaXllfSq5m19Y3Nrez2zq0OY0WZS0MRqppPNBNcMhc4CFaLFCOBL1jV71+N/eodU5qH8gYGEWsEpCt5h1MCRmplS3mvRwCXmzY+wiVzH2LP5AE72FNEdgXDFzhfajrGTpLOd8T+ibSyObtgT4DniZOQHEpQaWWfvHZI44BJoIJoXXfsCBpDooBTwUYZL9YsIrRPuqxuqCQB043hZN0RPjBKG3dCZY4EPFF/TwxJoPUg8E0yINDTs95Y/M+rx9A5awy5jGJgkk4f6sQCQ4jH3eE2V4yCGBhCqOLmr5j2iCIUTMMZU4Izu/I8cY8L5wXn+iRXvEzaSKM9tI/yyEGnqIjKqIJcRNE9ekSv6M16sJ6td+tjGk1Zycwu+gPr8wvQp6Mx</latexit><latexit sha1_base64="ngZoo29SDK98NC8NMPK5kxMxqkc=">AAACLXicbVBbSwJBGJ21m9nN6rGXIQnsIdmNoHoohBB8NGhTcFVmx1EHZ2eXmW8DEX9RL/2Vegi60Gt/o1G3KO3ADIdzzsfMd/xIcA22/WKlFhaXllfSq5m19Y3Nrez2zq0OY0WZS0MRqppPNBNcMhc4CFaLFCOBL1jV71+N/eodU5qH8gYGEWsEpCt5h1MCRmplS3mvRwCXmzY+wiVzH2LP5AE72FNEdgXDFzhfajrGTpLOd8T+ibSyObtgT4DniZOQHEpQaWWfvHZI44BJoIJoXXfsCBpDooBTwUYZL9YsIrRPuqxuqCQB043hZN0RPjBKG3dCZY4EPFF/TwxJoPUg8E0yINDTs95Y/M+rx9A5awy5jGJgkk4f6sQCQ4jH3eE2V4yCGBhCqOLmr5j2iCIUTMMZU4Izu/I8cY8L5wXn+iRXvEzaSKM9tI/yyEGnqIjKqIJcRNE9ekSv6M16sJ6td+tjGk1Zycwu+gPr8wvQp6Mx</latexit>



Standard basis set expansion

!
1st order wavefunction 	
!
Pair functions (1stQ)	
!
The one-particle (Fock) states are expanded in terms of     	
atomic functions         (LCAO)

|1i = 1

4

X

ijab

T ab
ij a

†
aa

†
bajai|0i

<latexit sha1_base64="aNKvu7YzFaytuU2MYsXPWUHEYEg="></latexit><latexit sha1_base64="aNKvu7YzFaytuU2MYsXPWUHEYEg="></latexit><latexit sha1_base64="aNKvu7YzFaytuU2MYsXPWUHEYEg="></latexit><latexit sha1_base64="aNKvu7YzFaytuU2MYsXPWUHEYEg="></latexit>

|uiji =
1

2

X

ab

tijab|abi
<latexit sha1_base64="BRyisP0AymsgJtOh+dtATwG/56U="></latexit><latexit sha1_base64="BRyisP0AymsgJtOh+dtATwG/56U="></latexit><latexit sha1_base64="BRyisP0AymsgJtOh+dtATwG/56U="></latexit><latexit sha1_base64="BRyisP0AymsgJtOh+dtATwG/56U="></latexit>

�a =
X



C,a�

<latexit sha1_base64="yfywXGiBX02b7dvVmM5F0uX0NJ0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgutMyIoC6UQjcuKzi20CnDnTRtQ5OZkGSEMvQr3PgrblyouBXc+Temj4W2HgicnHMuyT2x5Ewbz/t2FhaXlldWC2vF9Y3NrW13Z/dep5kiNCApT1UjBk05S2hgmOG0IRUFEXNaj/vVkV9/oEqzNLkzA0lbAroJ6zACxkqRexLKHosAX+FQZyIK+yAl4GqUT9gxDHFIbGJyjdySV/bGwPPEn5ISmqIWuV9hOyWZoIkhHLRu+p40rRyUYYTTYTHMNJVA+tClTUsTEFS38vFaQ3xolTbupMqexOCx+nsiB6H1QMQ2KcD09Kw3Ev/zmpnpXLRylsjM0IRMHupkHJsUjzrCbaYoMXxgCRDF7F8x6YECYmyTRVuCP7vyPAlOy5dl//asVLmetlFA++gAHSEfnaMKukE1FCCCHtEzekVvzpPz4rw7H5PogjOd2UN/4Hz+AMchnrg=</latexit><latexit sha1_base64="yfywXGiBX02b7dvVmM5F0uX0NJ0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgutMyIoC6UQjcuKzi20CnDnTRtQ5OZkGSEMvQr3PgrblyouBXc+Temj4W2HgicnHMuyT2x5Ewbz/t2FhaXlldWC2vF9Y3NrW13Z/dep5kiNCApT1UjBk05S2hgmOG0IRUFEXNaj/vVkV9/oEqzNLkzA0lbAroJ6zACxkqRexLKHosAX+FQZyIK+yAl4GqUT9gxDHFIbGJyjdySV/bGwPPEn5ISmqIWuV9hOyWZoIkhHLRu+p40rRyUYYTTYTHMNJVA+tClTUsTEFS38vFaQ3xolTbupMqexOCx+nsiB6H1QMQ2KcD09Kw3Ev/zmpnpXLRylsjM0IRMHupkHJsUjzrCbaYoMXxgCRDF7F8x6YECYmyTRVuCP7vyPAlOy5dl//asVLmetlFA++gAHSEfnaMKukE1FCCCHtEzekVvzpPz4rw7H5PogjOd2UN/4Hz+AMchnrg=</latexit><latexit sha1_base64="yfywXGiBX02b7dvVmM5F0uX0NJ0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgutMyIoC6UQjcuKzi20CnDnTRtQ5OZkGSEMvQr3PgrblyouBXc+Temj4W2HgicnHMuyT2x5Ewbz/t2FhaXlldWC2vF9Y3NrW13Z/dep5kiNCApT1UjBk05S2hgmOG0IRUFEXNaj/vVkV9/oEqzNLkzA0lbAroJ6zACxkqRexLKHosAX+FQZyIK+yAl4GqUT9gxDHFIbGJyjdySV/bGwPPEn5ISmqIWuV9hOyWZoIkhHLRu+p40rRyUYYTTYTHMNJVA+tClTUsTEFS38vFaQ3xolTbupMqexOCx+nsiB6H1QMQ2KcD09Kw3Ev/zmpnpXLRylsjM0IRMHupkHJsUjzrCbaYoMXxgCRDF7F8x6YECYmyTRVuCP7vyPAlOy5dl//asVLmetlFA++gAHSEfnaMKukE1FCCCHtEzekVvzpPz4rw7H5PogjOd2UN/4Hz+AMchnrg=</latexit><latexit sha1_base64="yfywXGiBX02b7dvVmM5F0uX0NJ0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgutMyIoC6UQjcuKzi20CnDnTRtQ5OZkGSEMvQr3PgrblyouBXc+Temj4W2HgicnHMuyT2x5Ewbz/t2FhaXlldWC2vF9Y3NrW13Z/dep5kiNCApT1UjBk05S2hgmOG0IRUFEXNaj/vVkV9/oEqzNLkzA0lbAroJ6zACxkqRexLKHosAX+FQZyIK+yAl4GqUT9gxDHFIbGJyjdySV/bGwPPEn5ISmqIWuV9hOyWZoIkhHLRu+p40rRyUYYTTYTHMNJVA+tClTUsTEFS38vFaQ3xolTbupMqexOCx+nsiB6H1QMQ2KcD09Kw3Ev/zmpnpXLRylsjM0IRMHupkHJsUjzrCbaYoMXxgCRDF7F8x6YECYmyTRVuCP7vyPAlOy5dl//asVLmetlFA++gAHSEfnaMKukE1FCCCHtEzekVvzpPz4rw7H5PogjOd2UN/4Hz+AMchnrg=</latexit>

�
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MP2 basis set convergence

!
!
!
!
!
!
!
!
!
Cost of building integrals scales (at least) as N4	
Reducing error by a factor of 10 increases cost 10000 times
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Coulomb singularities and wavefunction cusps

The electronic Schrödinger equation has coulomb singularities 
whenever charged particles coalesce.  	
!
!
!
To satisfy                   infinities in the potential must be exactly 
cancelled by infinities in the kinetic energy. 	
!
!
Infinities in the kinetic energy arise when there is a	
derivative discontinuity in    : 
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Coulomb singularities and wavefunction cusps

Nuclear cusps are familiar	
1s	
!
!
!
!

2p (wave function is zero at coalescence point)	
!
!
!
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Coulomb singularities and wavefunction cusps

Electron cusps are analogous	
Single pairs (s-waves)	

!
!
!
!

Triplet pairs (p-waves)	

!
!
!
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First-order coalescence conditions

The first order wave equation 	
!
!
Expressed in terms of	
!
!
!
Singlet pairs: 	
!
!
Triplet pairs:	
!

(Ĥ0 � E0)|1i = (Ĥ1 � E1)|0i
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First-order coalescence conditions

The first order wave equation 	
!
!
Expressed in terms of	
!
!
!
Spin orbit:	

In the limit of a complete one-partilce basis, in 2ndQ this is	
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Basis set convergence

The correlation hole has a cusp at r12 = 0	
arising from the Coulomb singularity	
!
!
!
!
!
!
!
!
!
!
Sharp features away from the nucleus are not well represented 
using products of smooth, atom-centred AOs
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Visualising He wavefunctions

The positions of the three particles defines a plane.	
Depict the wavefunction as a function of where electron 2 lies the 
plane, keeping electron 1 at some distance from the nucleus. 	
!
!
!
!
!
!
!
!
!

For the HF wavefunction this is simply the 1s orbital for electron 2 
multiplied by

 = |1s1si
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Helium correlation holes

!
!
!
!
!
!
!
!
!
!
!

Derivative discontinuities	
at Coulomb singularities

-1.0 -0.5 0.0 0.5 1.0      -1.0
      -0.5

       0.0
       0.5

       1.0

0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70

-6.0 -4.0 -2.0 0.0 2.0 4.0 6.0      -6.0      -4.0      -2.0       0.0       2.0       4.0       6.0

-0.02

-0.01

0.00

0.01

0.02

He
2+

r1

r2
r12

��(0)

�r12

�����
r12=0

=
1

2
�(0)

�����
r12=0

g�2�
(1)

�r212

�����
r12=0

=
1

2

f��
(1)

�r12

�����
r12=0

1s2(↵� � �↵)

(1s2s� 2s1s)↵↵

 � HF

 � HF



Helium correlation factors

!
!
!
!
!
!
!
!
!
!
!

The correlation (Jastrow) factor : 	
Almost constant in size and remarkably isotropic in r12
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Kutzelnigg-Tenno Ansatz

In F12 theory the pair correlation function is written as	
!
!
!
!
!
!
!
!

The geminal                                   is an excellent model for the 	
correlation function for orbital pair 
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Kutzelnigg-Tenno Ansatz

In F12 theory the pair correlation function is written as	
!
!
!
In 2ndQ the first-order wavefunction is written as	
!
!
!

!
!
S12 is the rational generator, or spin-flip operator	

Q12 is the strong orthogonality projector	

      is a lengthscale parameter, usually set to 1/a0.
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Strong Orthogonality Projector

The first-order wavefunction only contains contributions from 
double excitations. Q12 projects out all contributions from the F12 
geminal function that are outside this double space.
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Optimum correlation factor

!

Use Hylleraas wave function and project to find  f
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Lengthscale of the correlation hole

The optimum correlation factor for 2-electron cations Li+ … O6+

Z 2 3 4 5 6 7 8

0.81 1.55 2.27 2.99 3.70 4.42 5.12

a(Z-b) 0.83 1.54 2.26 2.98 3.70 4.42 5.13

�(a�1
0 )

f(r12) =
1

2�
(1� e��r12)

a = 0.718

b = 0.848
� ⇡ a(Z � b)

Valance 0.8-1.4

Core-Val. 1.8-2.6

Core 1.8-2.6



MP2-F12 basis set convergence

!
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Correlation energy from MP2-F12/cc-pVDZ more accurate than 
from MP2/cc-pVQZ
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Ne



General MP2-F12 equations

In the general case, coefficients for both the orbital product and 
geminal basis functions are optimised 	
!
!
!
!
!
!
Equivalent to minimising the Hylleraas functional	
!
!
If the F12 coefficients are fixed as                             to satisfy the 
coalescence conditions (recommended), the energy is the 
minimum of the Hylleraas functional w.r.t  the       coefficients.
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General MP2-F12 equations

!
!
!
!
!
!
!
!
!
!
!
!
Need to evaluate the F12 intermediates 
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Many-electron integrals:  The RI approximation

The F12 functions result in 3-e, 4-e and 5-e integrals:  e.g.	
!
!
!
!
!
Introduce a large (but finite) complementary auxiliary basis CABS	
!
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Many-electron integrals:   V and X

!
!
!
!
!
!
!
!

For atoms, the RI truncates at

S

j b

i

a

HF S S’

S’

D D’

D’D’a’

b’

r

ob

0

xy

= S
xy

�xy|f(r12)|ob0⇥3L
occ

V ij

xy

= (fg)ij
xy

� rpq
xy

gij
pq

� ra
0
o

xy

gij
a

0
o

� rob
0

xy

gij
ob

0

Xij

xy

= (f2)ij
xy

� rpq
xy

rij
pq

� ra
0
o

xy

rij
a

0
o

� rob
0

xy

rij
ob

0

Q̂12 ⇥ Q

A

12 = 1�
X

pq

|pq⌅⇤pq|�
X

ob

0

|ob0⌅⇤ob0|�
X

a

0
o

|a0o⌅⇤a0o|

O4V 2 O5X

scaling of contractions

fix O3XO2V 2

opt

V

ij

xy

= �fxy|f12Q̂12r
�1
12 |ij⇥

X

vw

xy

= �fxy|f12Q̂12f̂12|fvw⇥



Many-electron integrals:  C

!
!
!
!
!
!
!
!

For atoms, the RI truncates at	
Need Fock matrix elements in CABS 
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Many-electron integrals:  B

The B intermediate is more complicated - simple RI insertions 
converge slowly with the size of CABS	
Apply commutator trick to	
!
!
!

First and last terms are simple	
!
!

Middle term requires care to avoid slowly convergent RI

Q̂12[F̂
0
12, f12] ⇡ Q̂A

12[T̂12, f12]� Q̂B
12(K̂12 + F̂ 1

12)f12 + Q̂A
12f12(K̂12 + F̂ 1

12)

�fxy|f12Q̂12F̂
0
12Q̂12f12|fvw⇥

1
2 �fxy|f12Q̂12[F̂

0
12Q̂12]f12|fvw⇥+ 1

2 �fxy|f12[Q̂12F̂
0
12]Q̂12f12|fvw⇥

1
2 �fxy|f12Q̂12[F̂

0
12f12]|fvw⇥+ 1

2 �fxy|[f12F̂
0
12]Q̂12f12|fvw⇥

1
2 �fxy|f12Q̂12f12F̂

0
12|fvw⇥+ 1

2 �fxy|F̂
0
12f12Q̂12f12|fvw⇥

�fxy|f12Q̂12[F̂
0
12Q̂12]f12|fvw⇥ = rab

xy

Cvw

ab

�fxy|f12Q̂12f12F̂
0
12|fvw⇥ = Xvw

xy

(�
v

+ �
w

)



Many-electron integrals:  B

Middle term requires care to avoid slowly convergent RI	
!
!
!

Contribution from 	
!
Key to the success of the approximation is that the 2-electron 
integral for kinetic energy commutator is analytic	
!
!
Cannot use                       since cannot evaluate	
Should not use                        since RI is slowly convergent
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The RI approximation:  Summary

The RI approximation truncates or converges rapidly for some 
integrals, but cannot be used for others	
!
!
!
!
Through careful use of an ingenious commutator trick, Kutzelnigg, 
Klopper and Noga arrived at a stable formulation.  A few new 2-
electron integrals are required, but no 3-, 4- 5-electron integrals.	
!
!
For                      the integrals are analytic, but complicated.  It is 
equally as efficient and accurate to expand using Gaussians
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CABS singles correction to HF energies

The basis set incompleteness error for E2 is smaller than that of 
the underlying HF energy when computed with MP2-F12	
!
Compute a 2nd order basis set incompleteness correction for HF	
!
!
!
!
!
!
!
Fock matrix elements in the	
CABS basis are anyway computed

E2
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Cost of MP2-F12

Standard MP2:	 need cc-pVQZ basis 	
HF scales as O(N3) with a large prefactor	
MP2 scales as O(N5) with a very small prefactor	
!
MP2-F12:	 	 	 need cc-pVDZ basis  (~4 times smaller)	
Cost of HF reduced because smaller basis required  	
MP2-F12 scales as O(N5) with a very large prefactor 	
	 	 	 	 	 	 	 	   (>30 times MP2)	
!
Since MP2 itself is only moderately accurate, it is rarely 
worthwhile doing MP2-F12 alone. It is usually combined with 
information from higher-order correlation treatments.



Comparison of basis set error and model error

Error statistics (kJ/mol) w.r.t experiment for 14 reaction energies 
of small molecules involving main group elements  (c.f. Helgaker)	
!
!
!
!
!
!
!
!
!
!

Large basis CCSD(T) calculations return accuracy of ~5 kJ/mol



F12 in higher-order methods:  coupled-cluster

F12 Coupled Cluster wavefunction Ansatz
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cost only ~15%



Comparison to post-FCI contributions

An illustrative example 	
	 The electron affinity of oxygen                        1.4611 eV	

!
!
!
!
!
!
!
!
!

!
CCSD basis set incompleteness is larger than post CCSD(T) terms

• Mass-Velocity-Darwin (MVD)	

• Spin-orbit coupling	

• Electron-nucleus dynamic coupling (non-
adiabatic effects)

– 0.0024	

– 0.0059	

+ 0.0001	

= 1.4610 eV

CCSD    T   Q   P   EA   ΔCCSD EA

1.2654 0.1727 0.0121 -0.0008 1.4495 0.0197 1.4692

CCSDT - CCSD           (5Z)	
CCSDTQ - CCSDT      (TZ)	
CCSDTQP - CCSDTQ (DZ)	
CCSD-F12 - CCSD       (5Z)

T  =	
Q  = 	
P  =	

CCSD  = �

�
�

�



Available F12 Methods

F12 can be combined with any electronic structure method that 
involves dynamic pair correlation.  Basis set errors are reduced, 
equivalent to increasing the basis set by 2 Cardinal numbers.	
! • MP2-F12	

• RPA-F12	

• CCSD(T)-F12	

• CC2-F12	

• EOM-CCSD-F12	

• CASPT2-F12	

• MRCI-F12	

• FCIQMC-F12	

F12 is now a standard method in quantum chemistry	
TURBOMOLE,  MOLPRO,  DALTON,  ORCA,  GELLAN

Single reference

Response properties

Multi-reference


