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FIG. 1. (Color online) (a) Energy systematics of odd-spin yrast
states in even-mass Hg isotopes. Please note the 1 MeV offset of the
y axis. (b) Systematics of low-lying positive parity states in even-mass
Hg isotopes. The level energies of states with an assumed oblate
deformation are shown with full (blue) symbols. Level energies of
states with an assumed prolate shape are shown with open (red)
symbols. The data are taken from the NNDC data base [12].

Ref. [19] or Figs. 1 and 2 in Ref. [20]) point toward a rather
low octupole collectivity in this mass region.

For 178Hg [21] and 180Hg [17] candidates for J π = 3−

octupole excitations are proposed. Previous studies of

800

900

1000

1100

1200

1300

1400

1500

E
J-

-
E

(J
-3

)+
[k

eV
]

3 5 7 9 11 13 15 17 19 21

J-

178
180
182
184
186

FIG. 2. (Color online) Energy differences for states of the odd-
spin band and the even-spin yrast states with a difference of three
units of angular momentum.

182Hg [22] and 184Hg [23] did not propose candidates for
an octupole excitation. A candidate in 186Hg was found at
1228 keV [24], but a second study [25] assigned a spin
and parity of J π = 4+ to this state. From the level-energy
systematics band 8 in Fig. 1 of Ref. [25] exhibits a similar
behavior to the odd-spin bands under investigation. However,
in 186Hg no decay to an octupole candidate was observed.

In 178,180Hg the respective 3− candidates are populated by
decays stemming from 5− states, which is the bandhead of an
odd-spin band. Due to the decay behavior a firm assignment
of negative parity was given to these bands [17]. Considering
the striking similarity of the odd-spin bands of 180Hg and
182Hg, up to spin J π = 15(−) with almost identical transition
energies (see Fig. 2 in Ref. [17] and Fig. 3 in Ref. [22]), a
negative parity of the odd-spin band in 182Hg is probable. As
shown in Fig. 1(a), the excitation energies of the observed
odd-spin bands of even-even 178−186Hg show a similar pattern
to the even-spin yrast states. The excitation energy of a
state of a given angular momentum J π exhibits a slightly
parabolic behavior for isotopes near the neutron midshell at
N = 104. Figure 2 shows the difference of the excitation
energies of the states of a given angular momentum J (−)

belonging to the odd-spin band and the state with (J − 3)+

of the even-spin yrast band. Up to spin J π = 13(−), constant
energy differences at approximately the excitation energy of
the respective octupole candidate are observed. This supports
the suggestion given in Ref. [17] that the bands are based
on an octupole excitation aligned with the even-spin yrast
band. Above spin-13 the energy differences decrease. The
alignment plots (e.g., Fig. 6 in Ref. [17]) show an alignment
of about three units for the low-spin. The band is then crossed
by a shape-driving two-quasiparticle excitation resulting in
an additional alignment gain of five units. However, the
corresponding odd-spin band in 186Hg does not follow the
systematic behavior of the bands observed in the other isotopes
as the energy difference EJ− − E(J−3)+ remains constant.

So far, apart from the J π = 9− state in 180Hg [8], no
lifetimes for low-spin members of these particular bands in
even-even 178–186Hg are known. The observed lifetime in
180Hg results in a similar quadrupole deformation for the
odd-spin state (|β t

2| = 0.27) as observed for the even-spin
yrast states with J ! 4. Measured lifetimes together with
observed branching ratios will allow the extraction of transition
quadrupole moments |Qt | and the degree of quadrupole de-
formation |β(t)

2 | from the intraband transition matrix elements
⟨#(J−)|E2|#(J + 2−)⟩. Furthermore, the transition dipole
moments |Dt | can be determined from the E1 interband
transitions matrix elements ⟨#(J+)|E1|#(J ± 1−)⟩.

In Sec. II a short overview of the experimental setup and
technique is given, the experimental results are presented in
Sec. III and the experimental findings will be discussed in
Sec. IV.

II. EXPERIMENTAL SETUP AND TECHNIQUE

The data presented in this work were obtained as a by-
product of the work published in Ref. [8]. Therefore, only a
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Coexistence	in	even-Pb	isotopes:		
mul)ple	parabolas	and	spherical		(seniority)	structure	

(isotope shift) and between the ground state and isomeric
state of 185Hg (isomer shift) is directly related to large
differences in nuclear deformation. The key prerequisite for
a measurable mean-square charge radius is that the nuclear
species, ground state or isomeric state, live long enough to be
isolated for optical hyperfine spectroscopic measurements.

Further discussion of the structure of 185Hg and the fact that
its neighbors do not have reported isomer shifts is taken up
shortly. Other occurrences of large isotope and isomer shifts
are described later.

The emerging picture in the Hg isotopes (Z ¼ 80) (see
Fig. 10) raised the question of the survival of the Z ¼ 82
closed shell in this region. This led to intensive study of the
even- and odd-Pb isotopes. A landmark paper was the obser-
vation of multiple low-lying excited 0þ states in 186Pb using
!-decay spectroscopy of 190Po (Andreyev et al., 2000). The
discovery of a spherical high-spin isomeric state and two
deformed, high-K isomeric states in 188Pb was instrumental
in characterizing the presence of coexisting nuclear shapes
(Dracoulis, 2000) as shown in Fig. 11.

!-decay spectroscopy, combined with in-beam "-ray spec-
troscopy, particularly using recoil-decay tagging (Paul et al.,
1995), has led to a clear picture of coexisting states in the
even- and odd-mass Pb isotopes (Julin, Helariutta, and
Muikku, 2001) and is shown in Figs. 12 and 13, respectively.

Figure 12 reveals that three coexisting structures
(cf. Fig. 11) occur systematically in the even-Pb isotopes.
This can be discerned from the dashed lines connecting the
various states in these isotopes. In 188Pb the two deformed
structures are connected by E0 transitions (Dracoulis et al.,
2003) and in 194;196Pb one of the deformed structures and
the spherical structure are connected by E0 transitions

FIG. 11. Schematic view of characteristic states, in particular,
emphasizing high-spin isomeric states, as indicators of shape coex-
istence (‘‘high-M’’ should read ‘‘high-J’’). From Dracoulis, 2000.
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FIG. 12. Systematics of excited states in the even-Pb isotopes. Note the parabolic intrusion of states centered on 186Pb (N ¼ 104). Heavy
downward arrows indicate states connected by E0 transitions. Upward pointing arrows indicate excitations above which states have been
omitted. Lifetimes of the J ¼ 12 seniority isomers are given: Note that this state coexists with intruder states in 188Pb, particularly with a K
isomer shown in Fig. 23 (discussed further in the text). The data are from Julin, Helariutta, and Muikku (2001), Dracoulis et al. (2003, 2004),
Pakarinen et al. (2007), Rahkila et al. (2010), and Nuclear Data Sheets. There are recent lifetime data for 188Pb (Dewald et al., 2003; Grahn
et al., 2006, 2008) and 186Pb (Grahn et al., 2006, 2008).
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Coexistence	in	odd-Tl	isotopes:	
h9/2	mul)ple	parabolas	

Tl isotopes should exhibit !ð1hÞ, !ð1p-2hÞ, !ð2p-3hÞ, and
!ð3p-4hÞ states with associated collective bands. Figures 18
and 20 indicate the possibilities for systematic occurrence
of such structures in the odd-Tl and odd-Au isotopes,
respectively.

The observation of coexisting structures in odd-Hg iso-
topes has proven extremely challenging because of the low-
energy excitations of key states. The current view is presented
in Fig. 21. The occurrence of "-decaying spherical and
deformed states in the odd-Pb isotopes has facilitated the
elucidation of these structures. Hindrance factors provide a
valuable spectroscopic fingerprint. Evidently, whether or not
the high-spin isomers live long enough for optical hyperfine
spectroscopy is a delicate ordering of the spins and parities of
the low-lying excited states.

The fairly complete systematics of deformed states, from
the well-deformed ground states of the rare-earth isotopes to
the lead isotopes, reveals a smooth trend with a remarkable
feature in both even and odd isotones: The deformation is
consistent with being the greatest as the Z ¼ 82 closed shell
is approached. This is shown for the N ¼ 105 isotones in
Fig. 22 and for the N ¼ 106 isotones in Fig. 23.

The systematics depicted in Fig. 22 can be presented from
a different perspective if they are looked at as if the lowest
states shown in 183Pt and 185Hg are the ground states. One
would deduce that the well-deformed rare-earth region per-
sists at least to Z ¼ 80. Figure 23 conveys this perspective
and extends the view of comparative deformations all the way
to Z ¼ 82. The suggestion of a slightly less-deformed region
centered on Z ¼ 72 is misleading as the K! ¼ 8$ band in
178Hf mixes with a second K! ¼ 8$ band. See also Dracoulis
et al. (2006) for a discussion of mixing in these K! ¼ 8$

bands. (Note that the K! ¼ 8$ configuration in the N ¼ 106
isotones is the neutron two-quasiparticle state formed from
7=2$½514& and 9=2þ½624&, which are two of the Nilsson
states shown in Fig. 22.) Later we discuss this perspective
of intruder states and shape coexistence in a global
framework.
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FIG. 18. Systematics of bands observed built on the lowest 9=2$

and 13=2þ states in the odd-Tl isotopes. Strongly coupled bands
with small BðE2Þ values and decoupled bands with large BðE2Þ
values are observed (the values are given in ½e b&2 in the boxes, these
can be converted to W.u. for A ( 188 by ( )160). Mixing and
repulsion of two 9=2$ configurations in 183Tl are indicated. The
parabolic energy trends are discussed in the text. The data are from
Raddon et al. (2004), Chamoli et al. (2005), Carpenter et al.
(2009), and Nuclear Data Sheets.

FIG. 19. Multiple-coexisting structures in 187Au. The upper part
of the figure shows the states assigned as the coupling of the 1h11=2
proton hole to a 188Hg core for which there are !ð2hÞ and !ð2p-4hÞ,
0þ1 and 0þ2 states, respectively, i.e., !ð3hÞ and !ð2p-5hÞ states. The
lower part of the figure shows states assigned as the coupling of the
1h9=2 proton particle to a 186Pt core for which there are !ð4hÞ and
!ð2p-6hÞ, 0þ2 and 0þ1 states, respectively, i.e., !ð1p-4hÞ and

!ð3p-6hÞ states. Details of the coupling of particles and holes to
the Pt and Hg cores are given by Rupnik et al. (1995, 1998); a
simple perspective is provided by Meyer-Ter-Vehn (1975a, 1975b),
and Stephens (1975). Transitions with observed E0 components are
marked by arrows. The data are from Nuclear Data Sheets.
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Coexistence	in	odd-Au	isotopes:	
E0	transi)ons	and	mul)ple	parabolas	
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Figure 1. Systematics of 3s1/2, 2d3/2, 1h11/2 and 1h9/2 proton configurations in
neutron-deficient odd-Au isotopes. The data are taken from [5, 8, 11, 13, 16, 26, 27, 28].

decays of 185Hgm,g to 185Au was also carried out [12, 13]. These studies involved

measurements of conversion electrons using e-� coincidences [14] and identification of

electric monopole transitions (E0), which provide a model-independent fingerprint of

shape coexistence [15]. However, a full understanding of the detailed structure was

lacking. An investigation of the decay of 183Hg to 183Au [16] implied that limitations of

source intensity, combined with extreme complexity, had to be overcome for studies of

the neutron-deficient Au isotopes to continue. While some in-beam �-ray spectroscopy

studies of even more neutron deficient Au isotopes [17, 18, 19, 20, 21, 22, 23, 24, 25, 26]

were carried out following the radioactive decay programs, only information on yrast

structures was obtained. These data supported collective bands built on intruder states,

but in most cases were unable to determine the excitation energies of the band heads.

In Fig. 1 we present a systematic view of the current information of the neutron-

deficient Au isotopes. It particularly shows the parabolic trend of the intruder states due

to the 1h9/2 configuration. A critical step in establishing this view was the discovery of

a low-spin microsecond isomer in 179Au [28]: the combination of population by in-beam

�-ray spectroscopy and delayed decays, combined with ↵-decay information and mass

measurements was critical in arriving at a unique interpretation of these data. While

Fig. 1 provides a basic view of the intruder state dominance of the low-lying states near

N=104 (mid-neutron shell), it is incomplete with respect to the multiple coexisting

structures established in 185,187Au [11, 13].

The challenge of elucidating the pattern of multiple coexisting structures in the

Au isotopes (and, indeed, anticipated similar structures in other nuclei in this mass

Odd-Au	“double-intruder”	structure	associated		
with	the	h9/2	configura@on:	π	1p-4h	and	π	3p-6h	
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Coexistence	in	the	even-Pt	isotopes:	
mixing	and	E0	transi)on	strength		
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Rela)onship	between	energies	of	intruder	states	in	odd-mass	
nuclei	and	coexistence	in	even-mass	nuclei	
Unpaired	nucleons	are	not	the	“drivers”	of	deforma)on	
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Odd-mass	intruder	states	and	their	associa)on	
with	low-energy	excited	0+	states	

Sorlin and Porquet (2008)]. A comparison with the extensive
data for even and odd nuclei in the Z! 20, 50, and 82
regions, a sample of which is given in Fig. 43(b), suggests
that these isotopic pairs possess structures that can be placed
in a unified framework involving intruder states and their
connection to shape coexistence. Thus, the excited 0þ states
in these even isotopes are all due to neutron- (proton-) pair
excitations across neutron (proton) closed shells, and they are
lowered in energy by the enormous gain in energy resulting
from proton-pair–neutron-pair correlations.

The unified view provided above indicates that shape
coexistence in these neutron-rich regions should occur for a
spread in mass numbers. There is gathering evidence that this
view is correct, albeit often realized only in the face of
considerable experimental difficulties. Figure 44 shows the
systematic features of low-lying excited states in the N ¼ 20
isotones. The nucleus 32Mg has long been known (Détraz
et al., 1979) to have a low-energy 2þ first-excited state. Lack
of detailed spectroscopy has left this picture essentially un-
changed for 30 years. Progress has been made in the neigh-
boring isotopes 31Mg and 33Mg, where the characterization of
ground-state spins and magnetic moments (Neyens et al.,

2005; Yordanov et al., 2007) provide strong evidence for
intruder configurations becoming the ground state. The rec-
ognition that shape coexistence may be occurring in the
neutron-rich N ! 28 region is much more recent (Sarazin
et al., 2000).

The close energy relationship between intruder states ad-
jacent to closed shells and excited 0þ states in the neighbor-
ing singly closed shell nuclei, noted already for Z ¼ 82, 50,
can be demonstrated also for N ¼ 19, 20, 21 and is shown in
Fig. 45. We emphasize that it is the correlated pairs that
appear to quantitatively explain the energy systematic.
Clearly, the critical test of this picture will be the observation
of low-energy excited 0þ states in 32Mg and 34Si, the former a
spherical state and the latter a deformed state (with an
associated rotational band). Recently, an excited 0þ state at
an excitation energy of 1058 keV has been observed in 32Mg
using a two-neutron transfer reaction in inverse kinematics at
REX-ISOLDE (Wimmer et al., 2010), giving support to the
proposed picture. Ibbotson et al. (1998) suggested that the 2þ1
state in 34Si is a !ð2p-2hÞ configuration. It is this relationship
which suggests that caution is needed in the language used to
describe the structure at N ! 8, 20, and 28: These structures
are not due to a breakdown of the shell model, which is an
independent-particle model; they are due to the correlation
energies involved when pair excitations across closed shells
occur. The term island of inversion refers to the fact that the
2p-2h states are below the 0p-0h closed-shell state. This
implies inversions of states, in which phenomena are no
different to the long known and widely characterized shape
coexistence occurring in heavier nuclei and in 16O, 40Ca, and
their neighbors. We add some discussion of evidence for
shape coexistence in this region, with a measure of caution
regarding what we point to being well established: The
spectroscopy is difficult and progress in establishing a clear
view of the structures involved is not smooth.
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interaction is approximated by a separable quadrupole-
quadrupole force and using the technique described by
Heyde et al. (1987).

To quote Brown (2002) ‘‘These correlated ground states
might be misinterpreted in terms of shell quenching where the
actual spherical gap vanishes. The gap may become smaller
in these situations, but the essential physics is in the pairing
and deformed correlations.’’

3. Heavy nuclei: The Sn (Z ¼ 50) and Pb (Z ¼ 82) regions

It is clear that, even though the nuclear shell model con-
tains the correct ingredients to describe the balance between
closed shells, low-lying intruder states, and even inversions of
np-nh configurations relative to the 0ℏ! closed-shell con-
figuration, such calculations cannot be carried out for nuclei
heavier than mass A ¼ 80 in the framework of the nuclear
shell model because the model spaces are too large.
Inevitably, one has to restrict the model spaces, however,
keeping the essential physics content, if one intends to
progress and reach the Sn and Pb nuclei in which, in particu-
lar, for the latter region and during the last decade, a major
step forward has been made in studying the neutron-deficient
isotopes (see Sec. III).

In this section, we discussed a truncation of the full shell-
model space to the use of nucleon pairs, built from realistic
collective J ¼ 0 (S pair) and J ¼ 2 (D pair) pairs, only. This
truncation allows one to concentrate on low-lying quadrupole
excitations. We also discuss the fact that one needs to include
pair excitations across (sub)shells in order to describe shape
coexistence in heavy nuclei. Along this line, we present a
schematic model that accounts for the generic nucleon num-
ber N (or Z) dependence of intruder 0þ excitations. The

interacting boson model (IBM) serves as a phenomenological
approach to describe both regular and intruder states on equal
footing. Applications to Cd and Pb nuclei, using the IBM
approach, are also presented.

a. Shell-model truncation: S and D pair shell model and the sd
interacting boson model

One of the major problems in keeping with the standard
shell-model approach is the fact that all possible partitions of
the number of active protons and neutrons over the chosen
model space have to be considered. A crucial step is to
truncate the shell-model basis into a subspace that allows
us to treat low-lying quadrupole excitations and intruder
excitations moving across closed shells (or subshells). An
approach that starts from a nucleon-pair approximation
to the full shell-model space, i.e., the nucleon-pair shell
model (NPSM), was proposed by Chen (1997). Here the
building blocks of the model are realistic collective pairs
with J ¼ 0; 2; . . . .

What remains difficult, even in the NPSM, is the way to
introduce np-nh nucleon-pair excitations across the known
closed shells. In Secs. II.A.1 and II.A.2, it was shown that
these across-shell excitations are essential to describe in-
truder states and shape coexistence. Extending the model
space brings the NPSM to its limits. It is, in particular, the
fact that the Pauli principle has to be treated exactly, since we
are using fermions, which causes the calculation time to grow
quickly with the number of valence particles and np-nh
excitations.

The interacting boson model, on the other hand, approx-
imates the quadrupole collective subspace of the full shell-
model space by using s and d bosons only. This has been
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FIG. 4 (color online). The different energy terms, contributing to the energy of the lowest proton 2p-2h 0þ intruder state for heavy nuclei.
On the right-hand side, a schematic view of the excitation is given. On the left-hand side, the unperturbed energy, the pairing energy, the
monopole energy shift, and the quadrupole energy gain are presented, albeit in a schematic way.
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Coexistence	in	the	odd	K,	Sc,	and	V	isotopes:		
deformed	intruder	states	exhibit	a	characteris)c	parabolic	energy	trend	

Sorlin and Porquet (2008)]. A comparison with the extensive
data for even and odd nuclei in the Z! 20, 50, and 82
regions, a sample of which is given in Fig. 43(b), suggests
that these isotopic pairs possess structures that can be placed
in a unified framework involving intruder states and their
connection to shape coexistence. Thus, the excited 0þ states
in these even isotopes are all due to neutron- (proton-) pair
excitations across neutron (proton) closed shells, and they are
lowered in energy by the enormous gain in energy resulting
from proton-pair–neutron-pair correlations.

The unified view provided above indicates that shape
coexistence in these neutron-rich regions should occur for a
spread in mass numbers. There is gathering evidence that this
view is correct, albeit often realized only in the face of
considerable experimental difficulties. Figure 44 shows the
systematic features of low-lying excited states in the N ¼ 20
isotones. The nucleus 32Mg has long been known (Détraz
et al., 1979) to have a low-energy 2þ first-excited state. Lack
of detailed spectroscopy has left this picture essentially un-
changed for 30 years. Progress has been made in the neigh-
boring isotopes 31Mg and 33Mg, where the characterization of
ground-state spins and magnetic moments (Neyens et al.,

2005; Yordanov et al., 2007) provide strong evidence for
intruder configurations becoming the ground state. The rec-
ognition that shape coexistence may be occurring in the
neutron-rich N ! 28 region is much more recent (Sarazin
et al., 2000).

The close energy relationship between intruder states ad-
jacent to closed shells and excited 0þ states in the neighbor-
ing singly closed shell nuclei, noted already for Z ¼ 82, 50,
can be demonstrated also for N ¼ 19, 20, 21 and is shown in
Fig. 45. We emphasize that it is the correlated pairs that
appear to quantitatively explain the energy systematic.
Clearly, the critical test of this picture will be the observation
of low-energy excited 0þ states in 32Mg and 34Si, the former a
spherical state and the latter a deformed state (with an
associated rotational band). Recently, an excited 0þ state at
an excitation energy of 1058 keV has been observed in 32Mg
using a two-neutron transfer reaction in inverse kinematics at
REX-ISOLDE (Wimmer et al., 2010), giving support to the
proposed picture. Ibbotson et al. (1998) suggested that the 2þ1
state in 34Si is a !ð2p-2hÞ configuration. It is this relationship
which suggests that caution is needed in the language used to
describe the structure at N ! 8, 20, and 28: These structures
are not due to a breakdown of the shell model, which is an
independent-particle model; they are due to the correlation
energies involved when pair excitations across closed shells
occur. The term island of inversion refers to the fact that the
2p-2h states are below the 0p-0h closed-shell state. This
implies inversions of states, in which phenomena are no
different to the long known and widely characterized shape
coexistence occurring in heavier nuclei and in 16O, 40Ca, and
their neighbors. We add some discussion of evidence for
shape coexistence in this region, with a measure of caution
regarding what we point to being well established: The
spectroscopy is difficult and progress in establishing a clear
view of the structures involved is not smooth.
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NOTE:	
★  Parabolas	sharper	in	light	nuclei	
							than	in	heavy	nuclei	because	shells		
							more	confining.	
	
★  Ground	state	of	45Sc24:		
								almost	an	“island	of	inversion”.		

Figure:	Heyde	&	Wood	
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Intruder	state	energies	@	N	=	20	have	contribu)ons	from	
mul)ple	sources	which	are	not	limited	to	the	pure*	shell	model		

Intruder states and shape coexistence for N -20, Z - 12 139 

the quadrupole binding energy gain as 

AEQ = 4 ~ 0 N , ( 9 ,  - N,)'n(Qv - NV)"' (7) 
where 9, and Qv are the proton and neutron shell degeneracies. (This expression is 
correct neglecting terms of the order of 1 / N  where N = N, + N,. )  The value of K~ is 
fixed at 0.26 MeV so that the corresponding shell model proton-neutron quadrupole 
interaction (equation C5 in [14]) reproduces the 1+, 7+-3+, 5+ energy spacing in 
"Sc. It is, more in particular, the relative position of the lf,,'(n) lf,/z(v) 
proton-neutron J" = It, 7+ states versus the .I" = 3+, 5+ states that determines the 
strength of the proton-neutron residual interaction. The value of Qv is not uniquely 
defined since the hole pair occurs in the 8 < N s 20 shell and the particle pair in the 
20< N G 2 8  shell: we take the average of the Id,, and If,, subshells with one pair 

-41 I I I I I I 
8 IO 12 I L  16 18 20 

~ PROTON NUMBER Z - 
Figure 4. Estimated energy of the v 2p-2h 0' intruder state in the N = 2 0  isotones 
based on (1-7) and data in figures 1-3. The shaded region reflects the range of 
uncertainty and corresponds to taking into account 8 (0, = 4) or 10 particles (0, = 5 )  
when calculating the quadrupole binding energy term AEo of (7). The unperturbed 
energy, the pairing and the monopole corrections remain the same in both calculations 
(see also text). 

Figure	from	Heyde	and	Wood	JP	G17		135		1991	

*the	pure	shell	model	is	an	independent-	
		par)cle	model:	
		intruder	state	energies	have	very	large	
		contribu)ons	from	many-body	correla-ons:	
				pairing--ΔEpair	
				quadrupole--ΔQ			
				monopole--ΔM		
			

Mapping	the	borders	of	the	Island	of	Inversion:	
not	a	profound	structural	issue—there	is		
coexistence	inside	and	outside	of	the	borders.		

See	also	Poves	and	Retamosa	
	PL	B184		311		1987	



0+	ν(2p-2h)		intruder	state	energies	@	N=20:	
es)mates	from	ν	(1p-2h)	+	ν	(2p-1h)	energies	

A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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Figure	adapted	from	Heyde	&	Wood	
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A	deformed	structure	can	intrude	to	become	a	ground	state:	
	appears	to	produce	a	“collec)ve	phase	change”	
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Proton particle-hole excitations across the Z = 64 gap may be the 
source of the coexisting shapes.

There is no a priori way to determine the nature of the 
unmixed configurations or the strength of the mixing.
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Strong E0 transitions are a key 
signature of the mixing of 
coexisting structures.

As observed, the K=2 bands 
will also mix strongly, resulting 
in E0 transitions.

24

																																											Nuclei	are	manifesta)ons	of	coexis)ng	structures	
																																				that	may	invert	by	addi)on	of	a	few	nucleons,	and	may	mix.							
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Isotope	shi~s	and		
two-neutron	separa)on	energies	

•  A	direct	view	of	ground-state	proper)es	through	atomic	
hyperfine	spectroscopy	and	mass	measurements	

	
•  Does	not	require	decay	of	a	parent	isotope	(further	from	

stability,	produc)on-rate	limita)ons)	



N=20:	sudden	onset	of	deforma)on	in	the	Na	isotopes	
revealed	by	ground-state	isotope	shi~	and	mass	data	

1 52 fL. Wood et a!., Coexistence in even-mass nuclei
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Fig. 3.8. The systematics of the isotope shifts, ö(r
2~(relative to 26Na), and the two-neutron separation energies, S

2,,, in the
neutron-rich Na isotopes. For S2,,, where no error bars are shown they are too small to be visible. The solid lines are to
guide the eye. The dashed lines show smooth extrapolated trends for A < 28. The behavior at N = 20 is not that expected
for a shell closure (see text). See also fig. 2.1. The ô(r

2) values are taken from [Tou821. The S
2,, values are computed from

the average values of masses taken from [Vie86, Gi187, Wap88].

explored in some detail in ref. [Hey9l 1. Ground-state deformation in
32Mg would be expected to

increase the ground-state binding energy which would explain the high S
2n value for this nucleus

(see fig. 2.1). The adjacent closed-shell nucleus
31Na also has an anomalously high value of S

2~
and an anomalous isotope shift: these are shown in fig. 3.8. The “normal” behavior of ô(r

2) and
S
2,~,as one approaches a closed neutron shell from below, is a distinct discontinuity in ö(r

2) (see,
e.g., figs. 3.31 and 3.32) and a major decrease in S

2,, (see, e.g., figs. 3.31 and 3.32). The anomalies
in
31Na can be explained also by ground-state deformation: this is discussed further in section 4.2,

table 4.5. In addition, there are very recent new mass measurements [Orr9l]in the neutron rich
9 < Z < 13 region which confirm the extra binding of 32Mg and 31Na and reveal 30Ne to have

excess binding energy, also.

3.2.2. The calcium isotopes
The calcium isotopes exhibit a rich variety of pair excitations. The systematics of 0~states and

(probable) dominant pair configurations are shown in fig. 3.9. The evidence for collective bands
in 40Ca and 42Ca is presented in figs. 3.2 and 3.7, respectively. Although deformed bands can be
expected built on the 0~state in 42Ca, the 0~and 0~states in 44Ca, and the 0~state in 46Ca,

Na	isotope-shi~s	determined	by:	
	G.	Huber	et	al.,	PRL	34,	1209	(1975);		
			PR	C18,	2342	(1978)	

Na		two-neutron	separa)on	energies	deduced		
from	masses	determined	by:	
	C.	Thibault	et	al.,	PR	C12,	644	(1975)	

N	=	20	

N	=	20	



Ground-state	proper)es	are	a	direct	signature	of	
shell	and	deforma)on	structures	

R&W	Fig.	1.41	

R&W	Fig.	1.42	

Differences	in	mean-square	charge	radii	(isotope	shi~s)	
determined	by:	
		op)cal	hyperfine	spectroscopy	using	lasers	

Two-neutron	separa)on	energies	deduced	from	
nuclear	masses	determined	by:	
		direct	mass	measurements	



Ground	state	proper)es,	S2n	and	δ<r2>,	in	the	regions	
of	N	=	60,	90	are	very	similar	

key structural information that is usually garnered only
after extensive spectroscopy. Shown in the lower panel of
Fig. 1 are mean-square charge radii, obtained by high-
resolution laser spectroscopy, for many of the same iso-
topic chains. The sudden changes seen in the binding
energies are also reflected by the radii, as discussed below.

The measurements were performed with the Penning-
trap mass spectrometer ISOLTRAP [20] located at the
isotope-separator facility ISOLDE at CERN. The Kr nu-
clides were produced by irradiating a 50 g=cm2 uranium-
carbide target with pulses of 1.4-GeV protons from
CERN’s Proton Synchrotron Booster accelerator. The nu-
clear reaction products diffused from the hot target through
a water-cooled transfer line into the new versatile arc-
discharge ion source [21]. The singly-charged ions were
transported at 30 keV through the two-stage high-
resolution mass separator into the ISOLTRAP cooler-
buncher where they were prepared for capture into the
cylindrical Penning trap. Usually, high precision mass
measurements are carried out in the second, hyperbolic-
shaped precision Penning trap where the cyclotron fre-
quency !c ¼ qB=ð2"mÞ (q and m are the charge and the

mass of the ion, respectively, and B is the magnetic field of
the trapped ion is measured via the established time of
flight ion-cyclotron-resonance detection technique [22].
This was indeed the case for 96Kr [see Fig. 2, top panel].
Because of the much lower yield of 97Kr, exacerbated by
its particularly short half-life (T1=2 ¼ 63 ms) and the high
charge-exchange rate of Kr ions with the residual gas, only
the first (preparation) trap was used to measure the mass of
this nuclide. There, a mass-selective ion-centering proce-
dure [23] is applied before extracting and transporting the
ions to a detector for counting. The theoretical line shape
of the cyclotron-resonance peaks from the preparation trap
has not (yet) been fully described. In the past, fits to a
Gaussian form have been used (see, e.g., [24–26]). Given
the proper conditions, the thermalized ions are centered in
the preparation trap. When they are extracted through the
3-mm aperture in the end cap electrode, the expected
detected-ion profile as a function of centering frequency
should be a step function. However, the ion distribution
results in a flat profile with smoothed edges.
The 97Kr spectrum [Fig. 2, bottom panel] was analyzed

using a Gaussian fit as well as a symmetric, flattened fit
(inspired by the Woods-Saxon nuclear potential) with fre-
quency, offset, amplitude, width, and wall smoothness as
free parameters. Additionally, the frequency center and
variance of the ion distributions were determined using a

FIG. 2 (color online). (Top panel) Time of flight recorded for
96Kr ejected from the precision trap and (bottom panel) ion
counts for 97Kr ejected from the preparation trap, as a function
of excitation frequency.

FIG. 1 (color online). (Top panel) Two-neutron separation
energies (S2n) for Z ¼ 32–45 versus N. The new Kr data
reported here are represented by filled diamonds (error bars
smaller than the points). Other data from [16], complemented
by [17] for Kr; [18] for Sr, Mo, and Zr; and [19] for Y and Nb.
(Bottom panel) Difference in mean-square charge radii for the
N ¼ 60 region. Data are from [28] for Kr, [39] for Rb, [40,41]
for Sr, [29] for Y, [30] for Zr, [31] for Nb, and [32] for Mo.
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is the same for the 0þ1;2 states, i.e., j !!ð70þnGe; 0þ1 Þi ¼
j !!ð70þnGe; 0þ2 Þi. The results extracted from these analyses
are illustrated in Fig. 37. A more general analysis should have
both a changing proton and neutron part in the wave function
but lack of data did not allow us to extract a more consistent
description.

The details of proton and neutron orbital occupancies that
resulted from the above-cited literature led to a series of
phenomenological analyses by Fortune and co-workers
(Carchidi et al., 1984; Fortune, Carchidi, and Mordechai,
1984; Carchidi and Fortune, 1985; Fortune and Carchidi,
1985; Carchidi and Fortune, 1986; Carchidi, Fortune, and
Burlein, 1989) and others (Johnstone and Castel, 1986) and
resulted in debate (Fortune et al., 1987; Vergnes and Rotbard,
1988) and further insights connecting to E2 properties of
nuclei (Fortune and Carchidi, 1987; Carchidi and Fortune,
1988a, 1988b). Indeed, the work of Carchidi and Fortune
(1988b), extended the insight provided by the Ge isotopes to
an analysis of the Zr and Mo isotopes (cf. Figs. 29 and 30).

Theoretical work that addressed the low excitation energy
of the first-excited 0þ state in 72Ge investigated collective
excitations and their coupling to 2qp excitations, covering
various techniques such as Didong et al. (1976), Kumar
(1978), Gangopadhyay (1999), and Guo, Maruhn, and
Reinhard (2007), and, stemming from the above-cited work
of Vergnes and co-workers, by Ahalpara and Bhatt (1982).
The early work of Iwasaki et al. (1976), Weeks et al. (1981),

FIG. 34. Systematics of "2ðE0Þ % 103 values in the N ¼ 90 iso-
tones. The large values indicate underlying coexistence of bands
with different deformations that mix strongly. The level data are
taken from Nuclear Data Sheets. The "2ðE0Þ % 103 values are taken
from Kibédi and Spear (2005) for 0þ2 ! 0þ1 , from Wood et al.

(1999) for 2þ2 ! 2þ1 , and are calculated using lifetime data (Klug
et al., 2000; Tonev et al., 2004; Möller et al., 2006) and electron
data in Nuclear Data Sheets for other transitions.
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FIG. 33. Isotope shifts #hr2i in fm2 and two-neutron separation
energies S2n in MeV for selected isotopic chains across the N ¼ 90
region. The data are from Nadjakov, Marinova, and Gangrsky
(1994) and Audi, Wapstra, and Thibault (2003).

FIG. 35. Low-lying states in 70–76Ge (upper part) and hQ2i values
in e2 b2 for the 0þ1 and 0þ2 states in these Ge isotopes (lower part).

The lower part is taken from Sugawara et al. (2003) and the data in
the upper part are from Podolyák et al. (2004) and Nuclear Data
Sheets. (Note that in the lower part, the value of hQ2i for the 0þ2 state

in 70Ge, cf. Table IV, should be 0.64 and not 0.50.)
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key structural information that is usually garnered only
after extensive spectroscopy. Shown in the lower panel of
Fig. 1 are mean-square charge radii, obtained by high-
resolution laser spectroscopy, for many of the same iso-
topic chains. The sudden changes seen in the binding
energies are also reflected by the radii, as discussed below.

The measurements were performed with the Penning-
trap mass spectrometer ISOLTRAP [20] located at the
isotope-separator facility ISOLDE at CERN. The Kr nu-
clides were produced by irradiating a 50 g=cm2 uranium-
carbide target with pulses of 1.4-GeV protons from
CERN’s Proton Synchrotron Booster accelerator. The nu-
clear reaction products diffused from the hot target through
a water-cooled transfer line into the new versatile arc-
discharge ion source [21]. The singly-charged ions were
transported at 30 keV through the two-stage high-
resolution mass separator into the ISOLTRAP cooler-
buncher where they were prepared for capture into the
cylindrical Penning trap. Usually, high precision mass
measurements are carried out in the second, hyperbolic-
shaped precision Penning trap where the cyclotron fre-
quency !c ¼ qB=ð2"mÞ (q and m are the charge and the

mass of the ion, respectively, and B is the magnetic field of
the trapped ion is measured via the established time of
flight ion-cyclotron-resonance detection technique [22].
This was indeed the case for 96Kr [see Fig. 2, top panel].
Because of the much lower yield of 97Kr, exacerbated by
its particularly short half-life (T1=2 ¼ 63 ms) and the high
charge-exchange rate of Kr ions with the residual gas, only
the first (preparation) trap was used to measure the mass of
this nuclide. There, a mass-selective ion-centering proce-
dure [23] is applied before extracting and transporting the
ions to a detector for counting. The theoretical line shape
of the cyclotron-resonance peaks from the preparation trap
has not (yet) been fully described. In the past, fits to a
Gaussian form have been used (see, e.g., [24–26]). Given
the proper conditions, the thermalized ions are centered in
the preparation trap. When they are extracted through the
3-mm aperture in the end cap electrode, the expected
detected-ion profile as a function of centering frequency
should be a step function. However, the ion distribution
results in a flat profile with smoothed edges.
The 97Kr spectrum [Fig. 2, bottom panel] was analyzed

using a Gaussian fit as well as a symmetric, flattened fit
(inspired by the Woods-Saxon nuclear potential) with fre-
quency, offset, amplitude, width, and wall smoothness as
free parameters. Additionally, the frequency center and
variance of the ion distributions were determined using a

FIG. 2 (color online). (Top panel) Time of flight recorded for
96Kr ejected from the precision trap and (bottom panel) ion
counts for 97Kr ejected from the preparation trap, as a function
of excitation frequency.

FIG. 1 (color online). (Top panel) Two-neutron separation
energies (S2n) for Z ¼ 32–45 versus N. The new Kr data
reported here are represented by filled diamonds (error bars
smaller than the points). Other data from [16], complemented
by [17] for Kr; [18] for Sr, Mo, and Zr; and [19] for Y and Nb.
(Bottom panel) Difference in mean-square charge radii for the
N ¼ 60 region. Data are from [28] for Kr, [39] for Rb, [40,41]
for Sr, [29] for Y, [30] for Zr, [31] for Nb, and [32] for Mo.
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key structural information that is usually garnered only
after extensive spectroscopy. Shown in the lower panel of
Fig. 1 are mean-square charge radii, obtained by high-
resolution laser spectroscopy, for many of the same iso-
topic chains. The sudden changes seen in the binding
energies are also reflected by the radii, as discussed below.

The measurements were performed with the Penning-
trap mass spectrometer ISOLTRAP [20] located at the
isotope-separator facility ISOLDE at CERN. The Kr nu-
clides were produced by irradiating a 50 g=cm2 uranium-
carbide target with pulses of 1.4-GeV protons from
CERN’s Proton Synchrotron Booster accelerator. The nu-
clear reaction products diffused from the hot target through
a water-cooled transfer line into the new versatile arc-
discharge ion source [21]. The singly-charged ions were
transported at 30 keV through the two-stage high-
resolution mass separator into the ISOLTRAP cooler-
buncher where they were prepared for capture into the
cylindrical Penning trap. Usually, high precision mass
measurements are carried out in the second, hyperbolic-
shaped precision Penning trap where the cyclotron fre-
quency !c ¼ qB=ð2"mÞ (q and m are the charge and the

mass of the ion, respectively, and B is the magnetic field of
the trapped ion is measured via the established time of
flight ion-cyclotron-resonance detection technique [22].
This was indeed the case for 96Kr [see Fig. 2, top panel].
Because of the much lower yield of 97Kr, exacerbated by
its particularly short half-life (T1=2 ¼ 63 ms) and the high
charge-exchange rate of Kr ions with the residual gas, only
the first (preparation) trap was used to measure the mass of
this nuclide. There, a mass-selective ion-centering proce-
dure [23] is applied before extracting and transporting the
ions to a detector for counting. The theoretical line shape
of the cyclotron-resonance peaks from the preparation trap
has not (yet) been fully described. In the past, fits to a
Gaussian form have been used (see, e.g., [24–26]). Given
the proper conditions, the thermalized ions are centered in
the preparation trap. When they are extracted through the
3-mm aperture in the end cap electrode, the expected
detected-ion profile as a function of centering frequency
should be a step function. However, the ion distribution
results in a flat profile with smoothed edges.
The 97Kr spectrum [Fig. 2, bottom panel] was analyzed

using a Gaussian fit as well as a symmetric, flattened fit
(inspired by the Woods-Saxon nuclear potential) with fre-
quency, offset, amplitude, width, and wall smoothness as
free parameters. Additionally, the frequency center and
variance of the ion distributions were determined using a

FIG. 2 (color online). (Top panel) Time of flight recorded for
96Kr ejected from the precision trap and (bottom panel) ion
counts for 97Kr ejected from the preparation trap, as a function
of excitation frequency.

FIG. 1 (color online). (Top panel) Two-neutron separation
energies (S2n) for Z ¼ 32–45 versus N. The new Kr data
reported here are represented by filled diamonds (error bars
smaller than the points). Other data from [16], complemented
by [17] for Kr; [18] for Sr, Mo, and Zr; and [19] for Y and Nb.
(Bottom panel) Difference in mean-square charge radii for the
N ¼ 60 region. Data are from [28] for Kr, [39] for Rb, [40,41]
for Sr, [29] for Y, [30] for Zr, [31] for Nb, and [32] for Mo.
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Shape coexistence and charge radii in the lead region studied  

by in-source laser spectroscopy at RILIS-ISOLDE 
 
 

A. N. Andreyev1,2,* 
1Department of Physics, University of York, York, United Kingdom 

2Advanced Science Research Center, Japan Atomic Energy Agency, Tokai, Japan  
 
The competition between spherical and deformed configurations gives rise to shape 
coexistence in the neutron-deficient isotopes around Z~82 and N~104 [1] while on the 
neutron-rich side, effects due to octupole deformation in the vicinity of N~133 could be 
expected [2]. In order to determine to which extent the ground and isomeric states of these 
nuclides are affected by these phenomena, an extensive campaign of investigation of changes 
in the mean-square charge radii and electromagnetic moments is being conducted by our 
collaboration at the mass-separator ISOLDE (CERN). The measurements rely on the high 
sensitivity provided by the in-source laser spectroscopy technique [3, 4]. 
 
In this contribution, we will present the extended systematics of charge radii and magnetic 
moments recently obtained for the mercury (April 2015), gold (May 2015) and astatine 
(September 2014) isotopic chains at ISOLDE, see Figure for charge radii. In all three cases, 
the Windmill decay spectroscopy setup [5] and the Multi-Reflection Time-of-Flight (MR-
TOF) mass separation technique [6] were used.  The preliminary results for the very recent 
experiment (July 2016) aimed at charge radii in the bismuth chain will also be presented. 
 

 

Figure. Systematics of charge radii in the 
lead region, data in red are results of this 
Collaboration. 
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Isotope	shi~s:	Pt,	Au,	Hg,	Tl,	Pb,	Bi,	Po,	At	

ISOLDE	collabora)on--red	



Two-	and	four-nucleon	transfer	
reac)ons	

•  Reveal	dis)nct	pairing	condensates	



The fact that it is the first-excited state in this nucleus
means that it is unlikely to be a ‘‘quadrupole collective’’
excitation. This resulted in a program of single-nucleon
and multinucleon transfer reaction spectroscopy, particu-

larly by Vergnes and co-workers and Fortune and co-
workers, which, in its details, is unequalled anywhere
else on the nuclear mass surface. Figures 35–37 summa-
rize this.
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FIG. 30. Two-nucleon and multinucleon transfer strengths to 0þ2 states in the Mo isotopes, given relative to 100% for 0þ1 states (NS ¼
not seen). The data are from Nuclear Data Sheets.

FIG. 31. Systematics of low-lying collective states in the N ¼ 60 isotones. Light vertical arrows show selected transitions with their BðE2Þ
values, and heavy vertical arrows show selected transitions with their !2ðE0Þ % 103 values. The data are from Kibédi and Spear (2005),
Srebrny et al. (2006), and Nuclear Data Sheets.
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FIG. 29. Two-nucleon and multinucleon transfer strengths to 0þ2 states in the Zr isotopes, given relative to 100% for 0þ1 states. The strengths
marked a) are from (6Li, 8B) reactions, and b) are from (14C, 16O) reactions. The data are from references given in Nuclear Data Sheets.
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Table 1 

Optical model parameters. Potentials in MeV, lengths in fro. 

V r e a W W'= 4 W D rb a' Vso rso aso roe 

d a) 76.96 1.25 0.7 42.0 1.25 0.86 6.0 1.25 0.7 1.3 

6Li b) 240.0 1.45 0.6 15.0 1.7 0.9 1.3 

"a" 1.3 0.73 

a) Ref. [111 . 

b) Ref. [12], however, r o increased from 1.3 to 1.45 to fitL = 0 data. 
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Figure 14. Spectrum of neutrons
emitted following the 108Pd(3He, n)
reaction using 25 MeV 3He beams.

and Gneuss and Greiner [4] lacked evidence. The first compelling evidence came in 1977
when Meyer and Peker [29], using the highly-sensitive technique of �-ray spectroscopy
following the �-decay of 110In, established new �-ray branches in 110Cd so that the transitions
amongst the band members were observed for the first time. Figure 13 displays their resulting
level scheme and reported relative branching intensities with the levels organized into bands
[29].

The band based on the 1473-keV 0+ level in Fig. 13 was interpreted to be rotational in
nature [29]. The microscopic interpretation of the quasi-rotational band was suggested to be
based on proton 2p� 4h ⇡g�4

9/2 j2 configurations such as ⇡g�4
9/2d2

5/2 or ⇡g�4
9/2g2

7/2. This suggestion
was based on the fact that the (3He, n) two-proton transfer reaction performed by Fielding
et al. [30] observed very strong population of the 1473-keV 0+ state. The time-of-flight of
the neutrons following the 108Pd(3He,n)110Cd reaction is shown in Fig. 14. As outlined in
Sect. 3.1, such a strong population observed in a two-nucleon transfer reaction to an excited
0+ state is indicative of a collective transition, like that expected for a pairing vibration. Note,
however, that while the 0+2 states in 110,112Cd appear to be very strongly populated, such strong
localized peaks are not present in the lighter Cd isotopes 106,108Cd [30]. In 106Cd, the first
significant strength to excited states is not observed until 3 MeV, and in 108Cd at 1.9 MeV, far
higher than the suggested intruder band heads at 2.144 and 1.721 MeV, respectively.

Following the establishment of the shape-coexisting band in 110Cd, candidates for similar
bands were soon put forward in other Cd nuclei. A comprehensive study of the Cd isotopes by
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combining detailed studies with the 115Sn(n, �) and 116Sn(n, n0�) reactions with results from
�-decay, transfer reactions, and fusion-evaporation studies. A comprehensive study of the
low-lying 0+ and 2+ states in 116Sn performed by Kantele et al. [75] determined ⇢2 and B(E2)
values, or limits, for many transitions via a variety of reactions including � decay, the (p, p0)
reaction, and Coulomb excitation. The especially large ⇢2 value for the 0+3 ! 0+2 provides
strong evidence for both a large change in deformation and mixing between the configurations
[75]. However, it was not clear which state should be interpreted as the head of the deformed
rotational band, although the 0+2 level is favoured based on the results of the (3He, n) reaction
[30].

The two-proton transfer (3He, n) data compiled in the Z = 50 region [30, 31, 32] for the
ground-state to ground-state transitions, and for transitions to the first observed excited state
0+ state are shown in the bottom panel of Fig. 21. It can be seen that the cross sections appear
to follow the trend predicted by the pairing vibrational scheme outlined in Sect. 3.1, albeit
with a strong neutron number dependence, whereas the ground state energies for the N = 66
isotones shown in Fig. 8 can be interpreted as favouring a pairing phase transition between the
vibrational and rotor phases. The top panel of Fig. 21 displays the cross sections determined
for population of the lowest excited 0+ state observed in the reaction. The pairing vibrational
model, as shown in Fig. 7, predicts that the cross section to the two-phonon pairing vibration
when approaching the closed shell from below should equal that of the N0 closed-shell ground
state to N0+2 ground state transition. It can be seen that a significant fraction of this prediction
is concentrated in the lowest excited 0+ state observed, strongly favouring the assignment of a
pairing vibration. In the strictly vibrational limit, the cross section to the two- phonon pairing
vibration should vanish in the stripping reaction above the closed shell, which is clearly not
the case. However, in the case of a pairing phase transition, significant cross section to the

Time-of-flight	(TOF)	spectra	for	neutrons	in	the	two-	
neutron	transfer	reac)ons,	a).	the	108Pd(3He,n)110Cd	and		
b).	116Cd(3He,n)118Sn.The	events	corresponding	to	the	
ground	states	are	marked	as	g.s.	All	of	the	strong	peaks		
correspond	to	0+	states.	The	peaks	at	1.44	MeV	in	110Cd		
And	1.77	MeV	in	118Sn	match	the	excita)on	energies	of		
the	lowest	energy	deformed	states	in	these	isotopes.		
The	spectra	are	taken	from		
H.	W.	Fielding	et	al.,	Nucl.	Phys.	A281,	389	(1977).							
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1.9 Shape coexistence in nuclei

For example, the systematics of deformed bands in the doubly-even tin isotopes
are shown in Figure 1.76 (cf. also Figure 1.29). Transfer reactions again reveal the
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role of J = 0 pairs of nucleons excited across closed shells in the formation of these
states: Figure 1.77 shows the population of states in 116Sn by the (3He, n) reaction;
Figure 1.78 shows the states populated by the 115In(3He, d)116Sn reaction. In the
latter case, the strongly-populated states are proton one-particle-one-hole states
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served (by time-of-flight) in the two-proton
stripping reaction 114Cd(3He,n)116Sn at an
angle of 0� with respect to the 3He beam
at a bombarding energy of 25.4 MeV. The
peak labelled 1.84 MeV corresponds to the
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Figure	from	Rowe	&	Wood	 B(E2)’s	in	W.u.	[100	=	rel.	value]	
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32Mg:	02+	state	observed	by	(t,p)	via		
inverse	kinema)cs	with	a	30Mg	beam	

30Mg on tritons and protons has been fitted using SFRESCO

[29]. The fitted optical potential has a deeper real part and a
more shallow imaginary part than the global optical poten-
tial. The depth of the neutron binding potential was ad-
justed to reproduce the binding energy. The cross section
for the transfer reaction was normalized to the elastic
scattering data. The theoretical differential cross section
has been calculated with FRESCO [29]. The choice of the
optical model parameters has little influence on the shape
of the angular distribution [see Fig. 4(a)]. The transfer
mechanism is described solely by a one-step correlated
pair transfer, since sequential two-step transfer is strongly
suppressed due to the large negative Q value (! 3:9 MeV)
of the tð30Mg; dÞ31Mg reaction. For both states the protons
clearly show an angular distribution of a !L ¼ 0 transfer.
!L ¼ 1 and !L ¼ 2 angular distributions clearly do not
describe the data [Fig. 4(b)].

Thus, we have clearly observed a new excited 0þ state at
1058(2) keV in 32Mg. From the& 300 counts in the proton
spectrum for the population of the 1058(2) keV state one
expects in case of a prompt ! decay of this state 18(3)
!-proton coincidences for the 886 keV !-ray transition.
The much lower number of observed !-proton coinci-
dences can only have two possible causes. Either the

missing part of the decay proceeds by an E0 decay directly
to the ground state or the ! decay of the nucleus occurs at a
significant distance behind the MINIBALL array, leading
to a reduced detection efficiency. One can easily estimate
that an E0 decay branch would only be able to make a
significant contribution for unphysical large "2ðE0Þ values
and thus only a long lifetime of the excited 0þ state can
explain the observed !-ray spectrum. Its lifetime can be
estimated, based on a GEANT4 simulation, to be larger than
10 ns. This lower limit of the lifetime corresponds to an
upper limit of BðE2; 0þ2 ! 2þ1 Þ< 544e2 fm4 and thus it is
impossible to determine the mixing between the two 0þ

states as any strength results in a BðE2Þ value smaller than
this upper bound.
The fact that the energy of the 0þ2 state is significantly

lower than theoretically predicted and that both 0þ states
are populated with comparable cross sections potentially
points to a larger mixing between the coexisting states as
compared to 30Mg. In this context, it is interesting to
discuss the observed cross sections in the context of their
expected single-particle structure.
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FIG. 3. !-ray energy spectrum in coincidence with protons
from transfer to the excited state. The inset shows the suggested
partial level scheme of 32Mg.
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30Mg on tritons and protons has been fitted using SFRESCO

[29]. The fitted optical potential has a deeper real part and a
more shallow imaginary part than the global optical poten-
tial. The depth of the neutron binding potential was ad-
justed to reproduce the binding energy. The cross section
for the transfer reaction was normalized to the elastic
scattering data. The theoretical differential cross section
has been calculated with FRESCO [29]. The choice of the
optical model parameters has little influence on the shape
of the angular distribution [see Fig. 4(a)]. The transfer
mechanism is described solely by a one-step correlated
pair transfer, since sequential two-step transfer is strongly
suppressed due to the large negative Q value (! 3:9 MeV)
of the tð30Mg; dÞ31Mg reaction. For both states the protons
clearly show an angular distribution of a !L ¼ 0 transfer.
!L ¼ 1 and !L ¼ 2 angular distributions clearly do not
describe the data [Fig. 4(b)].

Thus, we have clearly observed a new excited 0þ state at
1058(2) keV in 32Mg. From the& 300 counts in the proton
spectrum for the population of the 1058(2) keV state one
expects in case of a prompt ! decay of this state 18(3)
!-proton coincidences for the 886 keV !-ray transition.
The much lower number of observed !-proton coinci-
dences can only have two possible causes. Either the

missing part of the decay proceeds by an E0 decay directly
to the ground state or the ! decay of the nucleus occurs at a
significant distance behind the MINIBALL array, leading
to a reduced detection efficiency. One can easily estimate
that an E0 decay branch would only be able to make a
significant contribution for unphysical large "2ðE0Þ values
and thus only a long lifetime of the excited 0þ state can
explain the observed !-ray spectrum. Its lifetime can be
estimated, based on a GEANT4 simulation, to be larger than
10 ns. This lower limit of the lifetime corresponds to an
upper limit of BðE2; 0þ2 ! 2þ1 Þ< 544e2 fm4 and thus it is
impossible to determine the mixing between the two 0þ

states as any strength results in a BðE2Þ value smaller than
this upper bound.
The fact that the energy of the 0þ2 state is significantly

lower than theoretically predicted and that both 0þ states
are populated with comparable cross sections potentially
points to a larger mixing between the coexisting states as
compared to 30Mg. In this context, it is interesting to
discuss the observed cross sections in the context of their
expected single-particle structure.
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K.	Wimmer	et	al.,	PRL	105,	252501	(2010)	
--REX-ISOLDE	

A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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text. The estimate of the 0þ "ð2p-2hÞ state at 2400 keV in 34Si is
from Fig. 45 (and see the remark in the text on the 2þ1 state in 34Si).
The data are from Endt (1998), Nummela et al. (2001a), Rudolph
et al. (2002a), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 45 (color online). Systematics of multiparticle–multihole
states in the N ¼ 19, 20, and 21 isotones. The sum of the
"ð1p-2hÞ and "ð2p-1hÞ state energies strongly correlates with that
of the "ð2p-2hÞ state energies (cf. Figs. 17 and 24), supporting the
extrapolation shown in 34Si and 32Mg. The N ¼ 21 extrapolation
from 35Si to 33Mg is assumed to be parallel to N ¼ 19. The data are
from Endt (1998), Nummela et al. (2002), Z.M. Wang et al.
(2010b), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 46. Energies of 2þ1 states for N & 18, Z ' 24, illustrating
the N, Z ¼ 20, N ¼ 28 shell closures and the neutron-drip line
(Bn ! 0). Some features are discussed in the text. The data are from
Yanagisawa et al. (2003), Fornal et al. (2004), Liddick et al.
(2004), Belleguic et al. (2005), Grévy et al. (2005), Iwasaki et al.
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N=20	systema)c	showing	the		
ν(2p-2h)	0+	bands	@	Z=14-18		

Figure	from	Heyde	&	Wood	
t-p-gamma	coin.	
	

N	=	20	



Excited	0+	states	in	the	Ca	isotopes:	
mul)-par)cle-mul)-hole	states,	and…?	
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Note:	f7/2	shell	is	“half-filled”	
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E0’s	and	ρ2(E0)’s	

•  Reveal	mixing	of	configura)ons	with	different	mean-
square	charge	radii	/	different	deforma)ons	



E0	transi)on	between	states	with	very	different	
deforma)ons	and	mean-square	charge	radii	

6.6	x	10-7	

B(E1)	W.u.	

B(E2)	W.u.	

ρ2(E0)	x	103	

238	U	

J.	Kantele	et	al.,	Phys.	Rev.	LeS.	51,	91	(1983)	

Figure	from	JLW	et	al.,	
Nucl.	Phys.	A651		323		1999	

The	E0	strength	from	the	
	238U	“fission”	isomer	is	
the	weakest	known	

T.	Kibédi	and	R.H.	Spear,		
ADNDT	89		77		2005	



Conversion	electron	spectroscopy:	
uniquely	sensi)ve	to	E0	transi)ons,	iden)fies	shape	coexistence	

E0
	 E0
	+
	M

1	
+	
E2
	

E0
	+
	M

1	
+	
E2
	

E0
	+
	…
	

M.O.	Kortelah)	et	al.,	
PR	C43		484		1991		UNISOR	



E0	transi)ons--αK	>	αK(M1):	
complex	decay	schemes	require	γ-e	coincidences	
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M.O.	Kortelah)	et	al.,	PR	C43	484	1991	
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E0:	transi)on	operator	and	matrix	element	
--a	model	independent	descrip)on	

E0	transi)on	strengths	are	a	measure	of	the	
	off-diagonal	matrix	elements	of	the	
mean-square	charge	radius	operator.		

Mixing	of	configura)ons	with	different		
mean-square	charge	radii	produces	
	E0	transi)on	strength.		

Ω	values:		hSp://bricc.anu.edu.au	

τ:	par)al	life)me	for	E0	decay	branch	

J.	Kantele	et	al.	Z.	Phys.	A289		157		1979	
and	see	
JLW	et	al.	Nucl.	Phys.	A651		323		1999		



Origin	of	idea	that	E0	strength	heralds	shape	coexistence	is	
due	to	Jan	Blomqvist	

(priv.	comm.	to	JLW	from	Rauno	Julin)	



34Si:	02+	state	observed	by	internal-pair	
(electron)	spectroscopy	via	β	decay	of	34mAl	

4!

1+

4-

Ee1+Ee2 = cst = 1697(3) keV

E(0+
2) = 1697 + 1022 = 2719(3) keV

multSi!"

E(02+)=2719 ± 3 keV

2719(3)   02
+

0+
2 in 34Si : experimental results 1/4

2719(3)   02
+ 18(1) ns

4!

511 keV gamma time

T1/2 = 18.3 " 0.6 ns

Electrons time

T1/2 = 17.4 " 1.1 ns

Electric monopole strength:

!2(E0)=(23 ± 1)x10-3 

1+

4-
0+

2 in 34Si : experimental results 3/4
F.	Rotaru	et	al.	PRL	109	092503	(2012)	--LISE3@GANIL	

A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent

(3 )-

2+

2+

2+ 2+

2+

2+
0+ 0+3328

3291
2168

3936
3346

0+

0+ 0+ 0+0+

0+

[2400]

0 0 0

3378
3-

3-

4+

6+

6

4

2

0

-2
32

12
Mg 34

14
Si 36

16
S 38

18
Ar

)
Ve

M(
E

7289

5349

-1058

FIG. 44. Systematics of the even-mass N ¼ 20 isotones. Known
and possible "ð2p-2hÞ states are shown. In 38Ar this structure gives
rise to a deformed band. The extrapolation of this structure (see also
Fig. 45) to explain the deformed states in 32Mg is discussed in the
text. The estimate of the 0þ "ð2p-2hÞ state at 2400 keV in 34Si is
from Fig. 45 (and see the remark in the text on the 2þ1 state in 34Si).
The data are from Endt (1998), Nummela et al. (2001a), Rudolph
et al. (2002a), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 45 (color online). Systematics of multiparticle–multihole
states in the N ¼ 19, 20, and 21 isotones. The sum of the
"ð1p-2hÞ and "ð2p-1hÞ state energies strongly correlates with that
of the "ð2p-2hÞ state energies (cf. Figs. 17 and 24), supporting the
extrapolation shown in 34Si and 32Mg. The N ¼ 21 extrapolation
from 35Si to 33Mg is assumed to be parallel to N ¼ 19. The data are
from Endt (1998), Nummela et al. (2002), Z.M. Wang et al.
(2010b), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 46. Energies of 2þ1 states for N & 18, Z ' 24, illustrating
the N, Z ¼ 20, N ¼ 28 shell closures and the neutron-drip line
(Bn ! 0). Some features are discussed in the text. The data are from
Yanagisawa et al. (2003), Fornal et al. (2004), Liddick et al.
(2004), Belleguic et al. (2005), Grévy et al. (2005), Iwasaki et al.
(2005), Dombrádi et al. (2006), Doornenbal et al. (2009), and
Nuclear Data Sheets.
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Figure	from	Heyde	&	Wood	

e+	+	e-	spectrum	

N	=	20	



E0	transi)ons	between	“single”and	“double”	
intruder	states	in	185Au		

C.D. Papanicolopulos et al.: Converted Transit ions and Particle-Core Coupling 373 
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Fig. 3. Portions of the conversion-electron and y-ray spectra gated 

by the 211 keV y line. The 461 and 492keV lines are discussed 

in the text 

Table 2. K internal-conversion coefficients (C~K) for the transitions 

with ~x(expt)> ~K(M 1, theory) that are shown in Fig. 4 a and b 

AE (keV) El ~ Ef  ct K (expt) c~ K (M 1) ~K (E 2) Notat ion 

lSSAu 

, , + 3 5  
313.2 322--*9 u.3~ 15 0.26 0.056 " 

426.7 648-*221 0.33 + 3  0.11 0.027 b.c.d 

491.9 712--+220 0 . 2 1 + !  0.077 0.020 U,d 
O 

1 8 7 A u  

322.9 4 4 4 ~  121 0.66_+17 0.23 0.054 *'f'g 

388.2 7 4 2 ~ 3 5 4  0.64_+9 0.12 0.035 ~'f'g 

657.3 8 8 1 ~ 2 2 4  0.10_+2 0.036 0.011 e'g 

This work. (A 313 keV line with c~r~0.45 was reported in [6]. 

However, that work failed to recognize that  this line is a doublet. 

The assignment made here (see Fig. 4a) was not  made in the work 

of [6]) 

b This work. See also [4] 

See also [3] 

e No c~ K value was given for this transition in [6] 

~ This work. See also [13] 

f See also [16] 

g No c~ value was given for this transition in [12] 

plex, containing multiple positive and negative parity 

bands and hundreds of transitions. Papers containing 

full details on the energy levels and transition in 
lSVAu [14] and lSSAu [15] are in preparation. 

' ' / z - ~  64s 2 ~  
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Fig. 4a and b. The band structures associated with the E0 transitions 

of 313, 427, 492 keV (18SAu) and 323, 388, 657 keV (187Au). Some 

details of part  a have been reported previously [3, 4]. Some details 

of part b have also have been reported earlier [3, 4, 16]. The level 

at 322 keV in a was not reported in [6], and the level at 444 keV 

in b was not  reported in [-12] 

3. Discussion 

The locations of the highly-converted 427 (13/2- 

-~ 13/2-) and 492 (11/2---, 11/2-) keV transitions in 

the 18SAu level scheme are shown in Fig. 4a. A simi- 

lar pattern of highly-converted transitions at 388 

(13/2---+13/2-) and 657 (11/2--~11/2-) keV is ob- 

served in lSVAu as shown in Fig. 4b. The 313 keV 

(9 /2-~9/2- )  transition in lSSAu and the 323 keV 

(9/2---+9/2-) transition in 187Au also have ~K(expt) 

>eK(M1). The conversion coefficients for all these 

transitions are shown in Table 2. The location of all 

transitions with ~K(expt) > ctK(M 1), shown in Table 2 

and Fig. 4 a and b, are consistent with A J = 0. Thus, 

these eK values can be interpreted [17] as E 0+M 1 ,  

E 0 + M 1 + E 2, or E 0 + E 2. Higher order multipoles 

(AL>3) are excluded since that would require the 

parent levels to be long-lived; yet only prompt coin- 

cidences are observed for the 326~313 and 

299-~323 keV cascades (Fig. 4a and b respectively). 

Bourgeois et al., however, have suggested [6] that the 

�	

�	 �	

9/2-	state	@	9	keV:	“double”	intruder	state:	
	πh9/2	(1p)	×	184Pt	[π(2p-6h)]	=	π(3p-6h)	

9/2-	state	@	322	keV:	“single”	intruder	state:	
	πh9/2	(1p)	×	184Pt	[π(4h)]	=	π(1p-4h)	
	

C.D.	Papanicolopulos		PhD	
thesis		Ga	Tech		1987	and	
ZP	A330		371		1988		UNISOR	

Z	=	79		427	keV		
		mult											αK			
					E1										0.010	
					E2										0.027	
					M1								0.11	
			

32
3	

17/2-	

E2
	

expt.								0.33	
	



Shape	coexistence	in	the	N	=	90	isotones:	
	revealed	by	E0	transi)on	strengths	

Strong mixing of coexisting shapes produces strong electric monopole 
(E0) transitions and identical bands.

E0 strength is a function of mixing.
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Electric monopole transitions are an unequivocal 
signature of shape coexistence and mixing.

  Shape coexistence is a widely-occurring structural 
phenomena indicative of “interesting physics”.

  Observation of an E0 determines the spin and 
parity of the excited state.

8! and PACES at TRIUMF/ISAC.
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Electric monopole transitions are an unequivocal 
signature of shape coexistence and mixing.

  Shape coexistence is a widely-occurring structural 
phenomena indicative of “interesting physics”.

  Observation of an E0 determines the spin and 
parity of the excited state.

8! and PACES at TRIUMF/ISAC.
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Kulp,	Wood,	GarreS,	Zganjar	and	others	

E	(MeV)	
3+,K=2	è	3+,K=2:	no	γ	
	
3K2	–	I(I+1)	=	0		

Coexistence	in	the	N	=	90	isotones:	
																	K	=	0	and	K	=	2	bands		

E0	transi)ons	between	pairs	of	K	=	2	bands	



152Sm	and	the	neighboring	N	=	90	isotones	are	a	
manifesta)on	of	shape	coexistence	

Proton particle-hole excitations across the Z = 64 gap may be the 
source of the coexisting shapes.

There is no a priori way to determine the nature of the 
unmixed configurations or the strength of the mixing.

E
n
e
rg
y

N
90 92 9484 86 88

2
+

0
+

“π(2h)”

“π(2p-4h)”

2
+

0
+

2
+

0
+

normal

collectivity

suppressed

collectivity

N=90

2
+

0
+

2
+

0
+

mixedunmixed

E0

2
+

2
+

Less-deformed 2h and more-
deformed 2p-4h structures 
coexist at low energy at N=90.

Strong mixing obscures the 
energy differences that are 
indicative of different shapes.

Strong E0 transitions are a key 
signature of the mixing of 
coexisting structures.

As observed, the K=2 bands 
will also mix strongly, resulting 
in E0 transitions.

24



!"#$%&'(%)*+,%-'%&*-&./01,&2%3%#4%5&67&89&5%'#7&

$#,,%2-&

:;&<=&%,&#4;&1"7+;&>%3;&?%,,;&@/A&B/CB&D.EEFG&

H(,%I&,"%&-(-J

(6+%23#,*(-&(K&#&L&2#7&

6%,M%%-&,"%&,M(&BN&&

OPF&+,#,%+&5=%&,(&

#''*5%-,#4&'#-'%44#,*(-&

(K&,"%&8F&Q#,2*)&

%4%Q%-,&6%'#=+%&&

BOF&R&SDSN.G&P&9&&&

Y.	Xu	et	al.,	PRL	68,	3853	(1992)	

Coexistence	in	the	even-Pt	isotopes:	
coexistence	of	K	=	0	and	K	=	2	bands	in	184Pt		



Coexistence	in	the	even-Pt	isotopes:	
K	=	0	and	K	=	2	bands		

!"#$%&'(%)*+,%-'%&*-&./01,&2%3%#4%5&67&89&5%'#7&

$#,,%2-&

:;&<=&%,&#4;&1"7+;&>%3;&?%,,;&@/A&B/CB&D.EEFG&

H(,%I&,"%&-(-J

(6+%23#,*(-&(K&#&L&2#7&

6%,M%%-&,"%&,M(&BN&&

OPF&+,#,%+&5=%&,(&

#''*5%-,#4&'#-'%44#,*(-&

(K&,"%&8F&Q#,2*)&

%4%Q%-,&6%'#=+%&&

BOF&R&SDSN.G&P&9&&&

!"#$%&'(%)*+,%-'%&*-&./01,&2%3%#4%5&67&89&5%'#7&

$#,,%2-&

:;&<=&%,&#4;&1"7+;&>%3;&?%,,;&@/A&B/CB&D.EEFG&

H(,%I&,"%&-(-J

(6+%23#,*(-&(K&#&L&2#7&

6%,M%%-&,"%&,M(&BN&&

OPF&+,#,%+&5=%&,(&

#''*5%-,#4&'#-'%44#,*(-&

(K&,"%&8F&Q#,2*)&

%4%Q%-,&6%'#=+%&&

BOF&R&SDSN.G&P&9&&&

�	

�	
	

Y.	Xu	et	al.		PRL	68		3853		1992		UNISOR		



!"#$%&'(%)*+,%-'%&*-&./01,&2%3%#4%5&67&89&5%'#7&

$#,,%2-&

:;&<=&%,&#4;&1"7+;&>%3;&?%,,;&@/A&B/CB&D.EEFG&

H(,%I&,"%&-(-J

(6+%23#,*(-&(K&#&L&2#7&

6%,M%%-&,"%&,M(&BN&&

OPF&+,#,%+&5=%&,(&

#''*5%-,#4&'#-'%44#,*(-&

(K&,"%&8F&Q#,2*)&

%4%Q%-,&6%'#=+%&&

BOF&R&SDSN.G&P&9&&&

!"#$%&'(%)*+,%-'%&*-&./01,&2%3%#4%5&67&89&5%'#7&

$#,,%2-&

:;&<=&%,&#4;&1"7+;&>%3;&?%,,;&@/A&B/CB&D.EEFG&

H(,%I&,"%&-(-J

(6+%23#,*(-&(K&#&L&2#7&

6%,M%%-&,"%&,M(&BN&&

OPF&+,#,%+&5=%&,(&

#''*5%-,#4&'#-'%44#,*(-&

(K&,"%&8F&Q#,2*)&

%4%Q%-,&6%'#=+%&&

BOF&R&SDSN.G&P&9&&&

�	

�	
	

Y.	Xu	et	al.		PRL	68		3853		1992		UNISOR			

E2	/	M1	from	low-temperature	
	nuclear	orienta)on	on-line	

Coexistence	in	the	even-Pt	isotopes:	
K	=	0	and	K	=	2	bands		



Coexistence	in	the	even-Pt	isotopes:	
K	=	0	and	K	=	2	bands		

!"#$%&'(%)*+,%-'%&*-&./01,&2%3%#4%5&67&89&5%'#7&

$#,,%2-&

:;&<=&%,&#4;&1"7+;&>%3;&?%,,;&@/A&B/CB&D.EEFG&

H(,%I&,"%&-(-J

(6+%23#,*(-&(K&#&L&2#7&

6%,M%%-&,"%&,M(&BN&&

OPF&+,#,%+&5=%&,(&

#''*5%-,#4&'#-'%44#,*(-&

(K&,"%&8F&Q#,2*)&

%4%Q%-,&6%'#=+%&&

BOF&R&SDSN.G&P&9&&&

!"#$%&'(%)*+,%-'%&*-&./01,&2%3%#4%5&67&89&5%'#7&

$#,,%2-&

:;&<=&%,&#4;&1"7+;&>%3;&?%,,;&@/A&B/CB&D.EEFG&

H(,%I&,"%&-(-J

(6+%23#,*(-&(K&#&L&2#7&

6%,M%%-&,"%&,M(&BN&&

OPF&+,#,%+&5=%&,(&

#''*5%-,#4&'#-'%44#,*(-&

(K&,"%&8F&Q#,2*)&

%4%Q%-,&6%'#=+%&&

BOF&R&SDSN.G&P&9&&&

�	
	

�	

Y.	Xu	et	al.		PRL	68		3853		1992		UNISOR		
	

★	

★	

★	
★	



Coexistence	in	the	even-Pt	isotopes:	
intruder	ground-state	interpreta)on	
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B(E2)’s	and	<|E2|>’s	

•  Reveal	directly	the	quadrupole	collec)vity	(deforma)on)	
							OR	
•  Reveal	mixing	of	configura)ons	with	different	intrinsic	

quadrupole	moments	
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Evidence	for	mixing	of	02+	and	03+	configura@ons	
	in	116Sn	
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FIG. 1. A partial level scheme of 116Sn where only selected
transitions are presented to highlight the strong mixing that
occurs between the low-spin members of the intruder band
with other low-lying states. The widths of the arrows repre-
sent the E2 transition strengths. Only upper limits are avail-
able for the 166-, 198-, 304-, and 417-keV transitions. The
270-keV 0+3 ! 0+2 transition has an E0 transition strength of
⇢

2=103 ·103 [5]. The half-life of the 3032-keV state has not
been measured, so the widths of the arrows for the 503- and
641-keV � rays represent their B(E2) values relative to each
other.

should be treated with some caution as it is dependent
on an estimate of the intensity of the 85-keV � ray and
�-ray intensities from Ref. [7]. Even though questions
were raised as to which 0+ state was the band head of
the ⇡ 2p�2h band [8], the 1757-keV 0+2 state was adopted
as the band head and other possibilities were not further
investigated.

The 2+2 and 2+3 states: There is no evidence that sug-
gest strong mixing between these low-lying 2+ states. As
only weak transitions are observed populating the excited
0+ states from the 2225-keV 2+3 state, the majority of the
rotational character of the ⇡ 2p� 2h band is assumed to
be contained in the 2112-keV 2+2 state. The 2225-keV 2+3
state is strongly populated in the (d, p) reaction with a
spectroscopic factor of 0.98 [9], indicating that it contains
primarily neutron character. The di↵erent configurations
of these two states is further highlighted by the absence
of the 113-keV � ray that would connect them.

The 4+1 and 4+2 states: The 2391-keV 4+1 and 2529-
keV 4+2 states are both populated by the 6+ member
of the rotational band (at 3033 keV) via 641-keV and
503-keV � rays respectively. The half-life of the 3033-
keV state has not been measured, but the ratio B(E2;

641 keV)/B(E2; 503 keV) can be deduced as 1.9(2) from
previously reported �-ray branching ratios [10]. Each 4+

state has a strong transition strength to the 2+ rota-
tional band member (at 2112 keV), which suggests that
these states are mainly comprised of proton configura-
tions. Further evidence of the similar structure of these
states comes from the observation of the intense 138-keV
� ray that connects them. This fact suggest that the 4+1
and 4+2 states are mixed in a similar manner to the 0+2
and 0+3 states.
The low-lying levels of 116Sn are populated in the �

�

decay of 116In. In the past, such studies have been lim-
ited; there are measurements from over 30 years ago
[5, 8], and a recent study constrained to �-ray sin-
gles spectroscopy [11]. Today, intense sources of mass-
separated radioactive indium isotopes can readily be pro-
duced, and when combined with large arrays of Compton-
suppressed high-purity germanium (HPGe) detectors, al-
lowing for very weak decay branches in the tin daughters
to be studied with high precision.
In the present work the nature of these low-lying states

is further investigated in a detailed study of 116Sn from a
high-statistics �

� decay measurement. Evidence is pre-
sented to show that the 2027-keV 0+3 state should replace
the 1757-keV 0+2 state as the band-head of the intruder
⇡ 2p� 2h rotational band.

EXPERIMENTAL SETUP

The measurements were performed with the 8⇡ spec-
trometer at the TRIUMF-ISAC facility in Vancouver,
BC [12]. A radioactive beam of 116In was produced
by spallation reactions of a 40-µA, 500-MeV proton
beam delivered by the TRIUMF cyclotron onto a natTa
high-power production target. A singly-charged mass-
separated beam of A=116 ions was produced with a
surface ionization source. The resulting beam delivered
to the 8⇡ spectrometer consisted of 1.2x104 s�1 of the
I⇡=1+ T1/2=14.10(3) s 116gIn ground state, 4.0x106 s�1

of the I⇡=5+ T1/2=54.29(17) min 116m1In isomer, and
3.2x105 s�1 of the I⇡=8� T1/2=2.18(4) s 116m2In isomer.

The beam was implanted onto a moveable mylar tape
at the center of the 8⇡ spectrometer for cycles of one
hour of beam implantation followed by one hour with-
out beam. The implantation spot on the tape was trans-
ported behind a thick lead wall after each cycle to reduce
the probability of detection of any long-lived contami-
nants that may have been present. The 8⇡ spectrome-
ter consists of 20 high-purity germanium (HPGe) detec-
tors equipped with bismuth germanate (BGO) Compton-
suppression shields. The array was coupled with a plas-
tic scintillator for � particle detection located at zero
degrees with respect to the beam, and the PACES ar-
ray of 5 Si(Li) detectors for conversion-electron detec-
tion [13]. The resultant �-singles data contained 6x109

116Sn	
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B(E2;	02+	è	21+)	vs.	E(02+)	–	E(21+):	coexistence	and	
mixing	yields	B(E2;	02+	è21+)	~	α2	β2	(ΔQ)2	
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Coulomb	excita)on	of	radioac)ve	beams	(182Hg)	

Shape coexistence, whereby at low energy near-
degenerate states characterized by different shapes appear,
is an intriguing phenomenon that occurs in various meso-
scopic systems. However, the distinctive character of shape
coexistence in atomic nuclei lies in the subtle inter-
play between two opposing trends [1]. Shell and subshell
closures invoke a stabilizing effect leading to sphericity
while residual interactions between protons and neutrons
outside closed shells drive the nucleus to deformation.
Understanding the manifestation of shape coexistence
could be the key to reveal the microscopic origin of collec-
tivity and the apparent evaporation of the shell structure
in atomic nuclei. In the region around the light lead
isotopes, with proton number Z ¼ 82, a substantial amount
of information has been collected using a wide spectrum of
experimental probes such as decay studies, optical spec-
troscopy studies, and in-beam spectroscopy investigations
[1,2]. This resulted, amongst other things, in the observa-
tion of strong staggering in the isotope shifts in the mercury
isotopes [3], the discovery of triple shape coexistence in
186Pb [4], and an early onset of deformation in the light
polonium and platinum isotopes as evidenced through laser
spectroscopy (see, e.g., [5]). The global trends of these exp-
erimental findings are reproduced by theoretical descrip-
tions, such as phenomenological shape-mixing calculations
and contemporary symmetry-guided models (e.g., [6,7]),
and beyond mean-field approaches [5,8,9]. However, there
is a lack of direct experimental information on the nature of
the quadrupole deformation or on the mixing of the states
belonging to the coexisting structures.
The energy-level systematics of the even-even mercury

isotopes ranging from A ¼ 190 to A ¼ 198 exhibit a nearly
constant behavior of the energy of the yrast states [2,10].
Mean-field calculations suggested that these states are
related to a weakly deformed oblate ground state [1,8,9].
For the lighter, neutron-deficient mercury isotopes
(A ≤ 186), this pattern is distorted through the appearance
of more deformed states, interpreted to be prolate, which
decrease in excitation energy, reaching a minimum around
the neutron midshell (N ¼ 104, 184Hg), and mix with the

weakly deformed states. However, as shown by the mean-
square charge radius measurements [11], it appears that
mixing in the ground states is small (see, e.g., [5]).
In spite of this distortion, the energy of the 2þ1 state of

even-even Hg isotopes around the N ¼ 104 midshell is
relatively constant. Moreover, recent lifetimemeasurements
for the yrast states reveal comparable values of the reduced
transition probabilities, BðE2; 2þ1 → 0þ1 Þ, for even-even
182−188Hg isotopes [12–14]. On the other hand, strong
conversion of 2þ2 → 2þ1 transitions associated with an E0
component have been observed [15,16], indicating mixing
of these states. In order to resolve these apparently contra-
dictory observations and to obtain information on themixing
and the type of deformation, the electromagnetic properties
of low-lying yrast and non-yrast states in 182−188Hg have to
be determined. While Coulomb excitation is the preferred
probe, energetic radioactive beams are required in this case.
Coulomb excitation of even-even 182−188Hg was carried

out at the REX-ISOLDE facility at CERN [17,18]. A
radioactive mercury-ion beam was accelerated to an energy
of 2.85 MeV=nucleon and delivered to the MINIBALL
setup [19]. Coulomb excitation of 182−188Hg was induced
by 120Sn, 107Ag, and 112;114Cd targets of thicknesses of 2.3,
1.1, and 2 mg=cm2, respectively. The beam intensity varied
between 3.5 × 103 pps up to 0.2–2.0 × 105 pps for 182Hg
and 184−188Hg, respectively. The experimental setup con-
sisted of the MINIBALL γ-ray spectrometer coupled with
the double-sided silicon strip detector (DSSSD) [19,20].
The low-energy states in 182−188Hg that were populated

in the experiment are presented in Fig. 1. A random-
subtracted, γ-ray spectrum of a 182Hg beam incident on a
112Cd target, in coincidence with both projectile and target
particles and Doppler corrected for a projectile, is presented
in Fig. 2. The population of the 2þ1 , 2

þ
2 , and 4þ1 states in

182Hg can be clearly observed. Moreover, intense K x-ray
peaks are present in the spectrum. A careful analysis of
these peaks, that were Doppler broadened, reveals that they
stem partly from x rays produced in atomic process when
the 182Hg ions pass the target and partly from electron
conversion accompanying the observed γ-ray transitions
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FIG. 1 (color online). Low-energy part of the level schemes, relevant to the Coulomb-excitation analysis, of the even-even 182−188Hg
isotopes. Level and γ-ray transition energies are given in keV. Widths of the arrows are proportional to the observed γ-ray yields
normalized to the 2þ1 → 0þ1 transition. The intensity of the 2þ2 → 2þ1 transition in 182Hg, not visible in the spectrum in Fig. 2 due to the
presence of Compton edge of 2þ1 → 0þ1 transition, was deduced from the γ − γ ray spectrum gated on the 2þ1 → 0þ1 peak. Mixing
amplitudes squared of the unperturbed structure (I), α2J , are taken from [14].
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and the deexcitation of the 0þ2 state to the ground state [21].
From their intensities, the population of the 0þ2 excited state
was deduced and information on all connecting E2 matrix
elements (ME2’s) was obtained, albeit with limited preci-
sion. Data of similar quality were collected for 184;186;188Hg.
Crucial for this analysis was the knowledge of the con-
version coefficient of the 2þ2 → 2þ1 transition, as it contained
a large E0 component. The total conversion coefficient,
αð2þ2 → 2þ1 Þ, deduced from the β-decay studies of 182;184Tl,
is equal to 4.7$ 1.3 in 182Hg and 23$ 5 in 184Hg [15].
In order to determineME2’s in 182−188Hg, the Coulomb-

excitation least-squares fitting code GOSIA [22] was used.
The code fits a set of reduced matrix elements to reproduce
the measured yield of γ-ray transitions depopulating the
Coulomb-excited states of 182−188Hg, taking into account
known spectroscopic data related to electromagnetic matrix
elements: branching ratios [15,23,24], conversion coeffi-
cients [15,25], and lifetimes of the yrast and non-yrast
states [13,14,26]. Importantly, for all cases, the fitted
BðE2; 2þ1 → 0þ1 Þ values obtained without lifetimes as
additional data are consistent with results reported in
Refs. [12–14].
The analysis of the Coulomb-excitation data brings

information on the relative signs of transition ME2’s.
The absolute sign of a single, transition ME2 has no
physical meaning, since it depends on the arbitrary choice
of the relative phases of a wave function of initial and final
states. However, the sign of the product—the interference
term, e.g., h0þ1 ∥E2∥2þ1 ih2þ1 ∥E2∥2þ2 ih2þ2 ∥E2∥0þ1 i—is in-
dependent of the chosen convention and can be determined
experimentally since it influences the Coulomb-excitation
cross section.
The extracted ME2’s are shown in Table I. These results

can be analyzed in terms of the quadrupole deformation
parameters, Q and δ, which are universal variables of
quadrupole collective models within the General Bohr
Hamiltonian (GBH) [27]. Using the quadrupole sum rules
approach [28–31] the quadrupole invariants, hQ2i and
hQ3 cosð3δÞi, can then be obtained. Invariants describe
the charge distribution of a nucleus in a given nuclear state.
The sums of products of the relevant ME2’s between 0þ

and 2þ states given in Table I are shown in Fig. 3: the sum

of squared E2 matrix elements (SSM) related to hQ2i and
the sum of triple products of E2 matrix elements (STM)
related to hQ3 cosð3δÞi. The quadrupole invariants can be
further related to the GBH collective model variables [31],
β (overall deformation parameter) and γ (nonaxiality
parameter). It can be concluded that the ground states of
the even-even mercury isotopes are weakly deformed with
a β value close to 0.15 and are consistent with an oblatelike
deformation [hcosð3δÞi≃ −1], while the excited 0þ states
are more deformed. The lack of precision on key matrix
elements, especially in 186;188Hg, prevents us from drawing
firm conclusions on the nature of the deformation of the
ground (186Hg) or excited (186;188Hg) 0þ states.
Sums of the products of the relevant ME2’s given in

Table I, were compared to the equivalent sums (including to
the 2þ2 state) calculated from beyond mean field (BMF) [9]
and interacting boson-based models (IBM) [32] (Fig. 3).
The BMF excitation spectrum of neutron-deficient Hg
isotopes is dominated by two coexisting rotational bands
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FIG. 2. Random-subtracted γ-ray spectrum of 182Hg Coulomb
excited by a 112Cd target, Doppler corrected for the projectile.
Intense K x-ray peaks are clearly visible in the spectrum.

TABLE I. Reduced transitional and diagonal E2 matrix ele-
ments between low-lying states in 182−188Hg obtained in this
work. The error bars correspond to 1σ. The ($) indicates that the
sign of the h0þ1 ∥E2∥2þ2 i for 186Hg was not determined.

hIi∥E2∥Ifi (eb) 182Hg 184Hg 186Hg 188Hg

h0þ1 ∥E2∥2þ1 i 1.29þ0.04
−0.03 1.27 (3) 1.25þ0.10

−0.07 1.31 (10)
h2þ1 ∥E2∥4þ1 i 3.71 (6) 3.15 (6) 3.4 (2) 2.07(8)
h0þ1 ∥E2∥2þ2 i −0.61 ð3Þ 0.21 (2) ($) 0.05 (1)
h0þ2 ∥E2∥2þ1 i −2.68þ0.15

−0.13 3.3 (8)
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FIG. 3 (color online). The SSM and STM values of the 0þ1
(open symbols) and 0þ2 (full symbols) extracted from the ME2’s
obtained in this work (black squares) are compared to the
equivalent values from the BMF (blue circles) and IBM (red
triangles) calculations. The 188Hg experimental data points
represent only contributions to the 2þ1 state. Within the quadru-
pole collective models these can be related to the quadrupole
invariants (hQ2i and hcosð3δÞi representing the overall deforma-
tion and the axial asymmetry, respectively) as well as the β and γ
parameters through the GBH model. To maintain clarity, some
markers are slightly offset from integer values.
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and the deexcitation of the 0þ2 state to the ground state [21].
From their intensities, the population of the 0þ2 excited state
was deduced and information on all connecting E2 matrix
elements (ME2’s) was obtained, albeit with limited preci-
sion. Data of similar quality were collected for 184;186;188Hg.
Crucial for this analysis was the knowledge of the con-
version coefficient of the 2þ2 → 2þ1 transition, as it contained
a large E0 component. The total conversion coefficient,
αð2þ2 → 2þ1 Þ, deduced from the β-decay studies of 182;184Tl,
is equal to 4.7$ 1.3 in 182Hg and 23$ 5 in 184Hg [15].
In order to determineME2’s in 182−188Hg, the Coulomb-

excitation least-squares fitting code GOSIA [22] was used.
The code fits a set of reduced matrix elements to reproduce
the measured yield of γ-ray transitions depopulating the
Coulomb-excited states of 182−188Hg, taking into account
known spectroscopic data related to electromagnetic matrix
elements: branching ratios [15,23,24], conversion coeffi-
cients [15,25], and lifetimes of the yrast and non-yrast
states [13,14,26]. Importantly, for all cases, the fitted
BðE2; 2þ1 → 0þ1 Þ values obtained without lifetimes as
additional data are consistent with results reported in
Refs. [12–14].
The analysis of the Coulomb-excitation data brings

information on the relative signs of transition ME2’s.
The absolute sign of a single, transition ME2 has no
physical meaning, since it depends on the arbitrary choice
of the relative phases of a wave function of initial and final
states. However, the sign of the product—the interference
term, e.g., h0þ1 ∥E2∥2þ1 ih2þ1 ∥E2∥2þ2 ih2þ2 ∥E2∥0þ1 i—is in-
dependent of the chosen convention and can be determined
experimentally since it influences the Coulomb-excitation
cross section.
The extracted ME2’s are shown in Table I. These results

can be analyzed in terms of the quadrupole deformation
parameters, Q and δ, which are universal variables of
quadrupole collective models within the General Bohr
Hamiltonian (GBH) [27]. Using the quadrupole sum rules
approach [28–31] the quadrupole invariants, hQ2i and
hQ3 cosð3δÞi, can then be obtained. Invariants describe
the charge distribution of a nucleus in a given nuclear state.
The sums of products of the relevant ME2’s between 0þ

and 2þ states given in Table I are shown in Fig. 3: the sum

of squared E2 matrix elements (SSM) related to hQ2i and
the sum of triple products of E2 matrix elements (STM)
related to hQ3 cosð3δÞi. The quadrupole invariants can be
further related to the GBH collective model variables [31],
β (overall deformation parameter) and γ (nonaxiality
parameter). It can be concluded that the ground states of
the even-even mercury isotopes are weakly deformed with
a β value close to 0.15 and are consistent with an oblatelike
deformation [hcosð3δÞi≃ −1], while the excited 0þ states
are more deformed. The lack of precision on key matrix
elements, especially in 186;188Hg, prevents us from drawing
firm conclusions on the nature of the deformation of the
ground (186Hg) or excited (186;188Hg) 0þ states.
Sums of the products of the relevant ME2’s given in

Table I, were compared to the equivalent sums (including to
the 2þ2 state) calculated from beyond mean field (BMF) [9]
and interacting boson-based models (IBM) [32] (Fig. 3).
The BMF excitation spectrum of neutron-deficient Hg
isotopes is dominated by two coexisting rotational bands
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TABLE I. Reduced transitional and diagonal E2 matrix ele-
ments between low-lying states in 182−188Hg obtained in this
work. The error bars correspond to 1σ. The ($) indicates that the
sign of the h0þ1 ∥E2∥2þ2 i for 186Hg was not determined.

hIi∥E2∥Ifi (eb) 182Hg 184Hg 186Hg 188Hg

h0þ1 ∥E2∥2þ1 i 1.29þ0.04
−0.03 1.27 (3) 1.25þ0.10

−0.07 1.31 (10)
h2þ1 ∥E2∥4þ1 i 3.71 (6) 3.15 (6) 3.4 (2) 2.07(8)
h0þ1 ∥E2∥2þ2 i −0.61 ð3Þ 0.21 (2) ($) 0.05 (1)
h0þ2 ∥E2∥2þ1 i −2.68þ0.15

−0.13 3.3 (8)
h0þ2 ∥E2∥2þ2 i −1.7 ð2Þ 1.25 (28) ≥ 3.7 ð8Þ
h2þ1 ∥E2∥2þ2 i −2.2 ð4Þ 0.91 (14)
h2þ2 ∥E2∥4þ1 i 3.1 (3) 5.8 (5) −5.3þ1.3

−0.5
h2þ1 ∥E2∥2þ1 i −0.04þ1.30

−1.40 1.5þ1.8
−1.2 1.0þ0.6

−0.4
h2þ2 ∥E2∥2þ2 i 0.8þ1.0

−0.6 −2.6 ð20Þ

 0  0

 5  5

 10  10

 15  15

 20  20

 25  25

<Q
2 >

 [e
2 b

2 ]

S
S

M

Mass number, A

0+1

0+1

0+1

0+2

0+2

0+2

exp:

β=0.3

β=0.15

IBM:
BMF:

-2 -2
-1.5 -1.5

-1 -1
-0.5 -0.5

 0  0
 0.5  0.5

 1  1
 1.5  1.5

<c
os

(3
δ)

>

S
T

M

Mass number, A
 182  184  186  188  182  184  186  188

FIG. 3 (color online). The SSM and STM values of the 0þ1
(open symbols) and 0þ2 (full symbols) extracted from the ME2’s
obtained in this work (black squares) are compared to the
equivalent values from the BMF (blue circles) and IBM (red
triangles) calculations. The 188Hg experimental data points
represent only contributions to the 2þ1 state. Within the quadru-
pole collective models these can be related to the quadrupole
invariants (hQ2i and hcosð3δÞi representing the overall deforma-
tion and the axial asymmetry, respectively) as well as the β and γ
parameters through the GBH model. To maintain clarity, some
markers are slightly offset from integer values.
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was placed 25 mm downstream from the 208Pb target. The
active area with inner and outer radii of 11 and 35 mm,
respectively, was segmented into 16 concentric rings and
16 azimuthal sectors. The energy resolution of the silicon
detector was sufficient to distinguish between the scattered
Kr projectiles and the recoiling Pb nuclei. This allowed a full
kinematical reconstruction of the Coulomb excitation events
when either the Kr or the Pb nucleus was detected. The
DSSD covered scattering angles between 23.8◦ and 54.5◦ in
the laboratory frame corresponding to a continuous range of
scattering angles between 24◦ and 145◦ in the center-of-mass
frame. For the scattering angles covered by the DSSD the
distance of closest approach d between projectile and target
nuclei always corresponded to “safe” values to ensure a purely
electromagnetic excitation, fulfilling the condition [11]

d > 1.25
(
A

1/3
P + A

1/3
T

)
+ 5 fm. (1)

The segmentation of the silicon detector allowed measuring
the differential Coulomb excitation cross section as a function
of scattering angle. Unscattered projectiles left the target
area through the central hole in the detector, reducing the
radioactive background from the beam.

The γ rays depopulating the Coulomb-excited states were
detected in the EXOGAM array [12] of large segmented
germanium clover detectors with escape suppression shields.
Each clover detector comprises four individual germanium
crystals, and each crystal is electrically segmented into four
longitudinal segments. The array comprised six full-size and
one smaller clover detector for the 76Kr experiment, and seven
large and four smaller detectors for the 74Kr experiment. The
detectors were placed at 90◦ and 135◦ with respect to the
beam axis, and the distance between the front face of the
detectors and the target was 11.2 cm for the large and 14 cm
for the smaller detectors. The efficiency for full-energy
absorption of a 1.3 MeV γ ray was measured to be 12%
during the 74Kr experiment. Events were recorded when at
least one γ ray was detected in coincidence with one of the
collision partners. The coincidence requirement suppressed
the very large background from the radioactive beam almost
completely. The segmentation of both the germanium and the
silicon detectors allowed a precise determination of the relative
angle between scattered Kr projectiles and the emitted γ rays.
After Doppler correction a resolution of 8 keV was obtained
for a γ ray of 500 keV.

III. DATA ANALYSIS AND RESULTS

A. 76Kr Experiment

The total Doppler corrected γ -ray spectrum in coincidence
with either the scattered 76Kr projectiles or the recoiling 208Pb
target nuclei is shown in Fig. 2. The spectrum is very clean
and neither background from the radioactive decay of the beam
nor from isobaric contaminants of the beam are present. Data
were collected for ∼50 h with a secondary beam intensity of
5 × 105 pps. The ground-state band was observed up to the 8+

state, populated in multi-step Coulomb excitation, and several
non-yrast states were excited. A partial level scheme of 76Kr
is presented in Fig. 3, showing all states that were included in
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FIG. 2. Total γ -ray spectrum in logarithmic scale after Coulomb
excitation of the 4.4 A MeV 76Kr beam on a 208Pb target of 0.9 mg/cm2

thickness in coincidence with either the scattered beam particle or
recoiling target nucleus.

the Coulomb excitation analysis and all transitions that were
observed. All states and transitions of the level scheme in Fig. 3
had been observed previously [13].

The 0+
2 state at 770 keV, which is a candidate for having a

shape different from that of the ground state, is populated and
its decay to the 2+

1 state observed. The 2+
3 state at 1687 keV is

feeding the 0+
2 state. However, this transition of 918 keV is not

fully resolved from the 4+
2 → 4+

1 transition with 923 keV. The
"J = 2 sequence above the 2+

2 state at 1222 keV has been
interpreted [14] as a K = 2 quasi-gamma band together with a
"J = 2 sequence on top of a 3+ state at 1733 keV, which was
not populated in the present Coulomb excitation experiment.
The 2+

2 state of this band, however, was populated and possibly
also the 4+

2 state, so that all even-spin members of the band
have been included in the Coulomb excitation analysis.

To extract matrix elements from the differential Coulomb
excitation cross sections and the observed γ -ray yields, the
data was divided into several subsets corresponding to different
ranges of scattering angles. Because the innermost rings and
some rings in the center of the segmented silicon detector

FIG. 3. Partial level schemes of 74Kr (left) and 76Kr (right)
showing all transitions observed in the measurement and their
energies in keV and all states that were included in the Coulomb
excitation analysis.
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B. 74Kr Experiment

The production rate of 74Kr with SPIRAL is at the limit
of feasibility for a measurement of spectroscopic quadrupole
moments with the low-energy Coulomb excitation technique
utilizing the reorientation effect. An average secondary beam
intensity of 104 pps was achieved during the experiment. The
lower beam intensity compared to the 76Kr experiment was
partly compensated by a longer running time of ∼150 h.
Furthermore, the experimental difficulties concerning the
silicon detector could be resolved and a larger range of
scattering angles was covered. The number of germanium
clover detectors in the EXOGAM array was also increased,
resulting in a higher full-energy detection efficiency of 12% at
a γ -ray energy of 1.3 MeV. Even though the secondary beam
intensity for 74Kr was 50 times smaller compared to the 76Kr
experiment, the level of statistics was only reduced by a factor
of five. The total γ -ray spectrum in coincidence with either
scattered 74Kr projectiles or recoiling target nuclei is shown in
Fig. 7. In addition to transitions in 74Kr the 2+

1 → 0+
1 transition
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FIG. 7. Total γ -ray spectrum after Coulomb excitation of the
4.7 A MeV 74Kr beam on a 208Pb target of 1.0 mg/cm2 thickness in
coincidence with either the scattered beam particle or recoiling target
nucleus.

of 74Se is also visible in the spectrum. Its strength accounts for
1.2% of the total beam intensity. No other contaminants of the
beam were observed.

A partial level scheme of 74Kr with the observed transitions
is presented in Fig. 3. As was the case for 76Kr, the ground-state
band of 74Kr was populated up to the 8+ state. The metastable
0+

2 state at 508 keV was interpreted as a shape isomer
corresponding to a shape different from that of the ground
state [7]. This state is populated via the 694 keV transition from
the 2+

2 state. Its decay proceeds via an enhanced E0 transition
to the ground state and a strongly converted E2 transition of
52 keV to the 2+

1 state [5–7] and is therefore not observed in
this experiment. The 2+

2 state also decays to the 2+
1 and directly

to the ground state. The branching ratio for the decay of the 2+
2

state is known from an earlier measurement [15]. A 4+
2 state

is expected above the 2+
2 state as part of a rotational structure,

but has not been reported previously. A new transition is
observed at 910 keV in the spectrum of Fig. 7, which does
not correspond to any known transition in 74Kr or neighboring
nuclei that could potentially contaminate the beam. Because
the energy and, as will be shown, the matrix element of
this transition agree with the expected rotational state, a 4+

2
state is tentatively placed at 2112 keV. Weak γ γ coincidence
data were obtained confirming the above assignment, but an
alternative interpretation of the 910 keV peak as a 4+

2 → 4+
1

transition cannot be completely excluded. In this case the 4+
2

state would be located 188 keV lower.
A third 0+ state at 1654 keV and a third 2+ state at 1741 keV

excitation energy have been observed after β decay [15]. The
0+

3 → 2+
1 transition of 1198 keV is not resolved from the

2+
2 → 0+

1 transition of 1202 keV. The larger width of the
peak at 1200 keV, however, shows that the 0+

3 state was also
populated. The 2+

3 → 0+
2 transition of 1233 keV is visible as a

shoulder of this peak, and a very weak transition at 1285 keV
is interpreted as the 2+

3 → 2+
1 transition.

The full data set for 74Kr was divided into four ranges of
scattering angles as shown in Table II. The first two ranges,
A and B, correspond to the detection of the 74Kr projectile
in the silicon detector, whereas the last two ranges, C and D,
correspond to the detection of the recoiling 208Pb nuclei from
the target. The individual spectra from the four subsets of
data are shown in Fig. 8. This division is again a compromise
between the maximum number of data sets and the minimum
level of statistics required to extract the γ -ray yields. A
division into only two ranges of scattering angles improves
the uncertainty of the γ -ray yields, but was found to result in
an insufficient number of data points to determine the large
number of matrix elements needed to describe the data. The
yields extracted from the spectra of Fig. 8 are summarized in
Table II.

During the data analysis it was found that the silicon
detector was not fully aligned with the beam axis in the
experiment. The count rates are not isotropically distributed
over the azimuthal sectors of the detector. By measuring
the Rutherford scattering cross section individually for the
azimuthal sectors and comparing to a Monte Carlo simulation,
the displacement of the detector with respect to the beam
axis was found to be 3.0(5) mm. This misalignment breaks the
cylindrical symmetry of the set-up and introduces an azimuthal
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was placed 25 mm downstream from the 208Pb target. The
active area with inner and outer radii of 11 and 35 mm,
respectively, was segmented into 16 concentric rings and
16 azimuthal sectors. The energy resolution of the silicon
detector was sufficient to distinguish between the scattered
Kr projectiles and the recoiling Pb nuclei. This allowed a full
kinematical reconstruction of the Coulomb excitation events
when either the Kr or the Pb nucleus was detected. The
DSSD covered scattering angles between 23.8◦ and 54.5◦ in
the laboratory frame corresponding to a continuous range of
scattering angles between 24◦ and 145◦ in the center-of-mass
frame. For the scattering angles covered by the DSSD the
distance of closest approach d between projectile and target
nuclei always corresponded to “safe” values to ensure a purely
electromagnetic excitation, fulfilling the condition [11]

d > 1.25
(
A

1/3
P + A

1/3
T

)
+ 5 fm. (1)

The segmentation of the silicon detector allowed measuring
the differential Coulomb excitation cross section as a function
of scattering angle. Unscattered projectiles left the target
area through the central hole in the detector, reducing the
radioactive background from the beam.

The γ rays depopulating the Coulomb-excited states were
detected in the EXOGAM array [12] of large segmented
germanium clover detectors with escape suppression shields.
Each clover detector comprises four individual germanium
crystals, and each crystal is electrically segmented into four
longitudinal segments. The array comprised six full-size and
one smaller clover detector for the 76Kr experiment, and seven
large and four smaller detectors for the 74Kr experiment. The
detectors were placed at 90◦ and 135◦ with respect to the
beam axis, and the distance between the front face of the
detectors and the target was 11.2 cm for the large and 14 cm
for the smaller detectors. The efficiency for full-energy
absorption of a 1.3 MeV γ ray was measured to be 12%
during the 74Kr experiment. Events were recorded when at
least one γ ray was detected in coincidence with one of the
collision partners. The coincidence requirement suppressed
the very large background from the radioactive beam almost
completely. The segmentation of both the germanium and the
silicon detectors allowed a precise determination of the relative
angle between scattered Kr projectiles and the emitted γ rays.
After Doppler correction a resolution of 8 keV was obtained
for a γ ray of 500 keV.

III. DATA ANALYSIS AND RESULTS

A. 76Kr Experiment

The total Doppler corrected γ -ray spectrum in coincidence
with either the scattered 76Kr projectiles or the recoiling 208Pb
target nuclei is shown in Fig. 2. The spectrum is very clean
and neither background from the radioactive decay of the beam
nor from isobaric contaminants of the beam are present. Data
were collected for ∼50 h with a secondary beam intensity of
5 × 105 pps. The ground-state band was observed up to the 8+

state, populated in multi-step Coulomb excitation, and several
non-yrast states were excited. A partial level scheme of 76Kr
is presented in Fig. 3, showing all states that were included in
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FIG. 2. Total γ -ray spectrum in logarithmic scale after Coulomb
excitation of the 4.4 A MeV 76Kr beam on a 208Pb target of 0.9 mg/cm2

thickness in coincidence with either the scattered beam particle or
recoiling target nucleus.

the Coulomb excitation analysis and all transitions that were
observed. All states and transitions of the level scheme in Fig. 3
had been observed previously [13].

The 0+
2 state at 770 keV, which is a candidate for having a

shape different from that of the ground state, is populated and
its decay to the 2+

1 state observed. The 2+
3 state at 1687 keV is

feeding the 0+
2 state. However, this transition of 918 keV is not

fully resolved from the 4+
2 → 4+

1 transition with 923 keV. The
"J = 2 sequence above the 2+

2 state at 1222 keV has been
interpreted [14] as a K = 2 quasi-gamma band together with a
"J = 2 sequence on top of a 3+ state at 1733 keV, which was
not populated in the present Coulomb excitation experiment.
The 2+

2 state of this band, however, was populated and possibly
also the 4+

2 state, so that all even-spin members of the band
have been included in the Coulomb excitation analysis.

To extract matrix elements from the differential Coulomb
excitation cross sections and the observed γ -ray yields, the
data was divided into several subsets corresponding to different
ranges of scattering angles. Because the innermost rings and
some rings in the center of the segmented silicon detector

FIG. 3. Partial level schemes of 74Kr (left) and 76Kr (right)
showing all transitions observed in the measurement and their
energies in keV and all states that were included in the Coulomb
excitation analysis.
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C. Rotational invariants and the sum-rule method

Finally, the matrix elements are analyzed using a model-
independent description of the nuclear shape in terms of
global quadrupole-deformation parameters. This can be done
by constructing rotational invariants of zero-coupled products
of the E2 operator, which can be linked to the deformation
parameters in the intrinsic frame of the nucleus [8,16].

The electric quadrupole operator E(λ = 2, µ) is a spherical
tensor that can be parameterized in the principal axes frame
using the two parameters Q and δ as:

E(2, 0) = Qcos(δ),

E(2, 1) = E(2,−1) = 0,

E(2, 2) = E(2,−2) = 1√
2
Qsin(δ).

The parameter Q measures the overall deformation and is
equivalent to the elongation parameter β in the Bohr model,
whereas δ is related to the triaxiality parameter γ . The simplest
zero-coupled products of the E2 operator can then be written
as:

⟨I∥[E2 × E2]0∥I ⟩ = Q2

√
5
,

⟨I∥{[E2 × E2]2 × E2}0∥I ⟩ = −
√

2
35

Q3cos(3δ).

The E2 invariants can be expressed in the laboratory frame
by an expansion over all possible intermediate states using
Wigner’s 6j symbols:

⟨Ii∥[E2 × E2]0∥Ii⟩

= ( − 1)2Ii

√
2Ii + 1

∑

j

⟨Ii∥M(E2)∥Ij ⟩⟨Ij∥M(E2)∥Ii⟩

×
{

2 2 0

Ii Ii Ij

}
,

⟨Ii∥{[E2 × E2]2 × E2}0∥Ii⟩

= 1
2Ii + 1

∑

j,k

⟨Ii∥M(E2)∥Ij ⟩

×⟨Ij∥M(E2)∥Ik⟩⟨Ik∥M(E2)∥Ii⟩
{

2 2 2

Ii Ij Ik

}
.

If the relevant matrix elements are experimentally known,
the deformation parameters can be determined in a model-
independent way by summing over all closed loops of E2
matrix elements, including diagonal ones, connected to a
specific state. This method is particularly useful to attribute
shape parameters to 0+ states, which are not directly accessible
in the laboratory frame. Besides statistical errors of the
E2 matrix elements, an additional systematic error comes
from an incomplete knowledge of the matrix elements. Any
loop that is not considered in the sum will reduce the
deformation parameter Q2 and may change the triaxiality
parameter cos(3δ) depending on the relative signs of the
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FIG. 17. Quadrupole deformation parameters obtained by the
sum-rule method for the 0+ states in 74Kr and 76Kr.

unknown matrix elements. The analysis of the rotational
invariants in the present case of 74Kr and 76Kr has therefore
been restricted to the 0+ states, so that only the transitional
matrix elements ⟨0i∥M(E2)∥2j ⟩ and ⟨2i∥M(E2)∥2j ⟩ and
the diagonal matrix elements ⟨2i∥M(E2)∥2i⟩ have to be
considered. In deformed nuclei most of the E2 strength is
exhausted by the first rotational 2+ state. Due to the shape
coexistence and configuration mixing also the excited 2+ states
contribute significantly to the shape parameters of the 0+ states
in the krypton isotopes. Extending the analysis to states of
higher spin seems unreliable because the set of matrix elements
cannot be considered to be complete for higher-spin states.

The resulting quadrupole deformation parameters for the
first and second 0+ states in 74Kr and 76Kr are presented in
Fig. 17. The Q2 parameter is very similar for the ground
states in 74Kr and 76Kr. It seems surprising that in 74Kr the
deformation parameter for the excited oblate 0+

2 state is larger
than that of the prolate ground state, even though the absolute
value of the experimental quadrupole moment is larger for
the prolate 2+

1 than for either of the non-yrast 2+ states. The
difference between the ground state and excited 0+

2 state is
even more pronounced in 76Kr. The extremely large Q2 value
of the 0+

2 state is related to the strong coupling of this state to all
three 2+ states, in particular to the 2+

2 state. It is interesting to
note in this context that the experimental quadrupole moment
of the oblate 2+

3 state is indeed very large, and also the analysis
in the two-band mixing model suggests a rather large oblate
deformation, so that there seems to be experimental evidence
for an increase in oblate deformation from 74Kr to 76Kr.

The parameter cos(3δ) suggests an almost purely prolate
shape for the ground state of 76Kr and a mostly prolate shape
with some triaxiality for the ground state of 74Kr. An oblate
triaxial shape is found for the excited 0+

2 state in 76Kr and
maximum triaxiality for the 0+

2 state in 74Kr. The results
found for the triaxiality parameter cos(3δ) are in qualitative
agreement with the findings of the two-band mixing model.
The mixing of prolate and oblate configurations leads to a
certain triaxiality of the 0+ states. In the case of 74Kr the
maximum mixing between a large prolate and smaller oblate
deformation could introduce a slight triaxiality in the ground
state, but affect the shape of the 0+

2 state much stronger,
resulting in a shape with large triaxiality. The results again
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can be defined, which are rotational invariants, and are thus
the same in the body frame as the laboratory frame. Expec-
tation values of these invariants can be evaluated because
they can be written as sums of products of E2 reduced matrix
elements by making intermediate state expansions. For
ground-state expectation values in the present model, only
two intermediate states, 21

+ and 22
+, are involved. Thus,
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Equation (40) is trivially fulfilled by Eqs. (17) and (18) with
the result !q2"=Qo

2 Equation (41) is fulfilled by Eqs.
(17)–(21), viz.,

!q3 cos 3!" = Qo
3 cos2&# + $'cos&# − 2$'

+ 2Qo
3 cos&# + $'sin&# − 2$'sin&# + $'

− Qo
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= Qo
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which demonstrates the independence of the “triaxiality”
moment with respect to mixing effects.
A final point to be noted regarding the present model

treatment is its direct connection to Mikhailov band mixing

for the 21
+ and 22

+ states. Band mixing for K=0 (ground) and
K=2 (gamma) bands can be expressed generically to lowest
order in the form, originally due to Mikhailov (see [12] for
an extensive discussion),

B&E2;I,K = 2→ I!,K = 0'
!I22,− 2+I!0"2

= ,M1 +M2$I!&I! + 1' − I&I + 1'%-2. &43'

In the present treatment, the %K=2 coupling is given explic-
itly by Eq. (2) and leads to

+G+ =(8&

15
M2

Qo
$E&22

+' − E&21
+'% , &44'

which determines the slope, M2, of a Mikhailov plot. If there
is no mixing, M2=0 and Eq. (43) yields a constant value,
M1=Qo cos #, which is the intercept of a Mikhailov plot.
This relationship between the triaxial rotor and Mikhailov
plots has been emphasized by Wu and Cline [6].
The present work provides new insight into the triaxial

rotor model, which is widely used as a basic description of
nuclear collectivity. It explicitly illustrates the contributions
of mixing effects, resulting from the triaxiality of the inertia
tensor, to the triaxial signatures in experimental data. An
interference effect results between the mixing angle and the
triaxial shape angle. The model extends the applicability of
triaxial rotor descriptions to nuclei that previously were out-
side of the range of the model (using irrotational moments of
inertia). Information is provided on the ratios of the compo-
nents of the inertia tensor in nuclei: they are not irrotational.
A deeper insight into the Kumar-Cline shape invariants is
obtained: the extracted triaxiality centroid depends only on
the triaxial shape angle, not on the mixing angle.

We wish to acknowledge valuable discussions on various
aspects of the model with David Rowe. This work was sup-
ported in part by U.S. Department of Energy Grant No. DE-
FG02-96ER40958.

TABLE II. Fitted rotational parameters and their ratios with respect to irrotational parameters [Eq. (27)]
for selected nuclei.

Nucleus A1
expt A2

expt A3
expt &A2

expt /A2
irrot'a &A3

expt /A3
irrot'a

186Os 17.5 28.1 181. 0.918 0.614
188Os 20.2 31.4 145. 0.768 0.633
166Er 11.4 15.4 189. 0.885 0.610
172Yb 11.9 14.3 360. 0.841 0.798
184W 16.4 20.6 217. 0.821 0.485

aFor A1
irrot#A1

expt
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Shape	coexistence	at	shell	and	subshell	gaps:		
the	suppression	of	collec)vity	

typical few-nucleon excitations in a consistent way,
extended model spaces such as 1p1=2;3=2-2s1=21d3=2;5=2,
2s1=21d3=2;5=2-2p1=2;3=21f5=2;7=2, and 1f5=22p1=2;3=21g9=2
have been considered. Here one is close to reaching the
present limits of computing possibilities. Benchmark calcu-
lations for, e.g., 40Ca (Caurier et al., 2007) and 56Ni (Horoi
et al., 2006) have given rise to a consistent description of the
lowest-lying spherical states, deformed states, and even
superdeformed structures that appear at low excitation en-
ergy. Even though large-scale shell-model calculations can
produce low-lying collective states [energy, BðE2Þ values,
Q moment], an obvious insight is hampered because of the
complexity of the shell-model wave functions. Still, effective
charges are needed with typical values of e! ¼ 1:5e and e" ¼
0:5e. A relation to quasi-SU(3) and to quasipseudo-SU(3) has
been addressed (Caurier et al., 2005) but has not been
developed in a systematic way.

Uncovering symmetries present within the huge shell-
model Hilbert space should allow for an extraction of the
collective dynamics, starting from microscopic effective
nucleon-nucleon forces.

Theoretical prediction of shape coexistence in nuclei has
largely evolved using separate descriptions of their intrinsic
and collective structure, i.e., intrinsic structures have been
calculated using constrained HF(B) theory and collective
structure has been imposed (either by fiat or by beyond-
mean-field techniques). However, a unified description is
available using the symplectic shell model (Rosensteel and
Rowe, 1977; Rowe, 1985, 1996). We say that, in reflecting on
the substance of this review, experiment has ‘‘caught up’’ to
the symplectic shell model which provides the fundamental
theoretical framework for understanding shape coexistence in
atomic nuclei. We suggest that this time lag has been because
it has taken 30 years to move the experimental perspective of
shape coexistence from an exotic rarity to a near-universal
property of nuclei.

From a symplectic perspective, configurations associated
with spherical shapes are just a small subset of a large number
of possible nuclear configurations. This suggests that we can
invert the intruder parabolas to emphasize that the occurrence
of spherical structures at doubly and singly closed shells is the
manifestation of just a few of the many possibilities for
structures in such nuclei. We depict this new perspective in
Fig. 51.

Figure 52 gives a schematic view of the way in which the
Hilbert space of a nucleus is viewed from a symplectic
Spð3; RÞ model perspective: Each ‘‘tower’’ in Fig. 52 is a
symplectic irrep or collective band labeled by the quantum
numbers #, $ of the Spð3; RÞ subgroup, SU(3). Symplectic
(2ℏ!) raising and lowering operators, acting within each
Spð3; RÞ irrep are indicated. This ‘‘vertical’’ perspective re-
flects a remarkable and fundamental property of Spð3; RÞ: It
contains the Bohr model as a submodel. Indeed, at its in-
ception (Rosensteel and Rowe, 1977), Spð3; RÞ was the result
of a search for the microscopic shell-model basis of the Bohr
model. It is the configurations contained in the towers that are
necessary to microscopically generate the large collective
strengths observed at low energy in nearly all nuclei.

From a shell-model perspective, one views the Hilbert
space of a nucleus in terms of a valence energy shell together

with a few shells below and above, i.e., from a ‘‘horizontal’’
perspective. Most of this review used this perspective to
organize data. Microscopic, shell-model based theory fol-
lowed this way of looking at nuclear collectivity. However,
one cannot describe the highly deformed states of rotational
nuclei in a conventional spherical shell-model basis without
using unphysically large effective charges.

From a mean-field perspective, the observed deformations
of nuclei can be generated from the Hilbert space when major
shell mixing is allowed. However, the details of the intrinsic
structure of each of these deformed minima is obscured
because beyond-mean-field methods impose the collective
dynamics, i.e., the view of nuclear collectivity that results is
limited.

From a symplectic perspective, each SU(3) irrep ð#;$Þ is
an intrinsic state with # and $ values determined by the
number of oscillator quanta N carried by the collectively
active nucleons in the nucleus. A simple way to make this
connection is via the partitioning of the N quanta over nx, ny,
and nz, and the relationships N ¼ nx þ ny þ nz, # ¼ 2nz %
nx % ny, and $ ¼ nx % ny. The values of # and $ are related

to the Bohr model parameters % and & (Rowe, 1985;
Castanos, Draayer, and Leschber, 1988).

Collectivity can emerge from a ð#;$Þ irrep directly as an
SU(3) dynamical symmetry through a nucleon-nucleon inter-
action of the quadrupole-quadrupole type of the Elliott

suppressed
collectivity

suppressed
collectivity
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(b)

(c)
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collectivity

doubly-closed
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FIG. 51. A schematic view of the intruder-state ‘‘parabolas,’’
shown to dramatize the way that shells and subshells suppress the
emergence of low-energy collectivity in nuclei. (a) The situation
where deformed structures intrude to become the ground state at the
middle of a singly closed shell, e.g., 32Mg; (b) where the ground
states for a sequence of singly closed shell nuclei remain spherical,
but deformed structures form excited intruder bands, e.g., the Sn and
Pb isotopes; (c) where a subshell may suppress intrusion of a
deformed structure from becoming the ground state or a low-lying
excited band, e.g., N ¼ 50, 82.
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The	Hoyle	state	(7.65	MeV	state	in	12C)	

it would be expected that the angular correlation should
oscillate with a period given by jPJ½cosðψÞ$j2. As described
in Refs. [18,19], it is possible to infer from the oscillation
pattern of the data, the spin of the excited state. The
dependence of the yield on the angle ψ is shown in Fig. 3,
in which the data are compared with several Legendre
polynomials. The measured alpha spectrum and angular
correlation clearly point to the existence of a state at 22.4
(2) MeV with Jπ ¼ 5−.
In Fig. 4, we show the rotational band structure in 12C.

The ground state rotational band consisting of the levels 0þ,
2þ, 3−, 4', and the newly measured 5− state, follow a
JðJ þ 1Þ trajectory. Also, the recently identified rotational

excitations with 2þ [17] and 4þ [18] of the Hoyle state form
a JðJ þ 1Þ sequence, albeit with a larger moment of inertia.
Finally, as we discuss below, the negative parity states
1− and 2− shown in Fig. 4 are assigned as members of the
bending vibration with almost the same moment of inertia
as the Hoyle band.
We present an analysis of the cluster states in 12C in

terms of oblate symmetric top which is a special case of the
algebraic cluster model [1,2]. In this approach, the three
alpha particles are located at the corners of an equilateral
triangle. Their relative motion is described by two
perpendicular Jacobi vectors, ~ρ and ~λ, one vector connect-
ing two points on the triangle and the second one along the
half angle perpendicular to it. The corresponding algebraic
model describing such a system is based on theUð6þ 1Þ ¼
Uð7Þ spectrum-generating algebra [1,2].
Of particular interest is the oblate symmetric top limit

which corresponds to the geometric configuration of three
α particles located at the vertices of an equilateral triangle.
The rotation-vibration wave functions of a triangular
configuration can be written as [1,2]

∣N; ðv1; vl22 Þ; K; LPi: ð1Þ

Here, N is the total number of bosons. The energy spectrum
consists of a series of rotational bands labeled by (v1, v

l2
2 ).

Here, v1 corresponds to the breathing vibration with A
symmetry and v2 to the doubly degenerate bending vibration
with E symmetry; l2 denotes the vibrational angular
momentum of the doubly degenerate vibration, L the angular
momentum,K its projection on the symmetry axis, andP the
parity. Since we do not consider the excitation of the α
particles, the wave functions describing the relative motion
have to be symmetric, i.e., jK∓2l2j ¼ 3m a multiple of 3
[1,2]. This imposes some conditions on the allowed values of
the angular momenta and parity. For vibrational bands with
(v1, 00), the allowed values of the angular momenta and
parity are LP ¼ 0þ; 2þ; 4þ; …, with K ¼ 0 and
LP ¼ 3−; 4−; 5−; …, with K ¼ 3. The threefold symmetry
excludes states with K ¼ 1 and K ¼ 2 and leads to the
lowest predicted LP ¼ 4' parity doublet in the (v1, 00)
vibrational band. The predicted LP ¼ 4' parity doublet both
in the ground band and the Hoyle band is a strong signature
of this model. For the bending vibration with (0, 11), the
rotational sequence is given by LP ¼ 1−; 2−; 3−; 4−;…,
with K ¼ 1, LP ¼ 2þ; 3þ; 4þ;…, with K ¼ 2 and
LP ¼ 4þ;…, with K ¼ 4. The degeneracy of the states
with the same value of the angular momentum L but
different value of K is split by the κ2 term in Eq. (2) [2].
Since in the application to the cluster states of 12C, the
vibrational and rotational energies are of the same order, we
expect sizeable rotation-vibration couplings.
In the Uð7Þ algebraic cluster model, the energy eigen-

values of the oblate top, up to terms quadratic in the
rotation-vibration interaction, are given by:

FIG. 3 (color online). The projection onto the ψ axis of the
angular correlations for the 22.4 MeV state. The data points are
corrected for the acceptance of the detectors and connected with a
(continuous black) line to guide the eye. They are compared with
the Legendre polynomials jP5½cosðψÞ$j2 (dashed blue line) as
well as for l ¼ 4 (dotted red line) and l ¼ 6 (dotted-dashed red
line). Note that due to the unknown m-substate population of the
Jπ ¼ 5− state, the height of the oscillations cannot be predicted,
but the oscillatory phase determines the angular correlation to
arise from a Jπ ¼ 5− state.

FIG. 4 (color online). Rotational band structure of the ground-
state band, the Hoyle band, and the bending vibration in 12C.
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Measurement of the radiative branching ratio for the Hoyle state using cas-
cade gamma decays

B. Alshahrani1,2,a, T. Kibédi1, A.E. Stuchbery1, E. Williams1, and S. Fares3,4
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Abstract. A new setup consisting of four 5” by 5” NaI scintillators and an array of particle detectors is being
developed. Proton-gamma-gamma coincidences will be measured using the 12C(p, p′ )12C reaction at 10.5 MeV
energy. The new setup will be used for the measurement of the electromagnetic decay rate of the Hoyle state via
two E2 transitions. We report the initial experimental results for singles gamma and gamma-proton coincidences
through inelastic scattering of protons on a 12C target.

1 Introduction
It is well known that carbon is produced in the universe by
the triple-alpha reaction in helium-burning red giant stars.
In 1953, Fred Hoyle realised that the fact that any signifi-
cant carbon in the Universe requires a resonant state in 12C
very near 7.7 MeV.

The subsequent observation of this state, known as the
Hoyle state, is often cited as the beginning of experimental
nuclear astrophysics [1]. The first observation of the Hoyle
state was made by Noel Dunbar in 1953 and has been de-
scribed as the most important experiment performed by an
Australian physicist [2].

The structure of the Hoyle state is difficult to explain.
It is generally believed to be based on α-clusters in a lin-
ear chain structure [3], however an alternative explanation
of the α clustering in analogy to ultra-cold gases has been
proposed [4]. Recent studies show that, based on ab initio
lattice calculations, the Hoyle state has a structure like a
compact triangular configuration of alpha clusters [5]. A
somewhat different picture emerged from the analysis of
the proton and α scattering data [6] suggesting that the α
particles form an open triangle shape or can be considered
as a loose assembly. However all recent studies exclude
the possibility of a linear chain structure.

Our project aims to improve the knowledge of the ra-
diative width of the Hoyle state through the observation of
the cascading gamma-rays, the 3.21 MeV and 4.44 MeV
transitions. One should note that there is only one exper-
imental spectrum [7] ever published showing the electro-
magnetic decay branch from the Hoyle state. We report
the initial experimental results from the detections of sin-
gles gamma and gamma-proton coincidences through the
inelastic scattering of protons on a 12C target.

ae-mail: badriah.alshahrani@anu.edu.au

2 3α reaction
The triple-alpha reaction has a significant role in the
production of carbon in the universe. The 3α process and
the formation of 12C are illustrated in Fig. 1. It is one
of the most important reactions in the field of nuclear
astrophysics.

Carbon production 
(0.04%) 
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2+ 

0+ 

4.44 MeV 

7.65 MeV 

E2 

E2 

E0 

Hoyle state 

12C 

8Be 

D"

D"
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D-decay 
(99.96%) 

12C

8B

12C 

Figure 1. 3α process and the formation of 12C.

We can describe the 3α reaction as follows: helium
nuclei fuse into heavier elements when the temperature is
high enough, typically around 108 K, and when the helium
density is in the order of 105 g/cm3 [8]. Two helium nuclei
fuse to form 8Be (an unstable isotope with short half-life
of 5 ×10−17 sec).12C is created when a third alpha particle
fuses with the 8Be nucleus, and the unstable Hoyle state is
populated, which has a short half-life around 2.4×10−16s.
The chain of this process is as follows:

4He + 4He↔ 8Be 4He + 8Be↔ 12C∗
Step I Step II

Article available at http://www.epj-conferences.org or http://dx.doi.org/10.1051/epjconf/20136301022

3α  7.37 MeV 

2α   -0.09 MeV 

I(I + 1) 
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0+	states	in	68Ni:	
02+	v=0	state?										03+	π	2p-2h	deformed	state?		RAPID COMMUNICATIONS

F. RECCHIA et al. PHYSICAL REVIEW C 88, 041302(R) (2013)

FIG. 1. Partial level scheme of 68Ni. Arrow widths are propor-
tional to the branching ratios measured in the DIS data. Spins
and parities are taken from Refs. [5,9,15,16] and half-lives from
Refs. [15,16]. The dashed line marked PP(511) denotes the E0 decay
by pair production (see text).

configurations. Results presented here originate from two
in-beam spectroscopy experiments that complement the infor-
mation obtained from decay spectroscopy [10] and provide a
comprehensive picture of the low-lying level structure of 68Ni.
The relevant details are summarized in the partial level scheme
of Fig. 1. The decay patterns of several states are examined
in terms of relative B(E2) strengths, in order to investigate
further the intrinsic structures involved. These results provide
additional tests for modern shell-model calculations that also
aim to describe exotic nuclei in the fpg9/2(d5/2) valence space.

Excited states in 68Ni were populated in two experiments
involving different reaction mechanisms. At the ATLAS
facility at Argonne National Laboratory, a 440-MeV 70Zn
beam was directed onto a 208Pb target that was sufficiently thick
to stop all reaction products in the center of the Gammasphere
array of 100 Compton-suppressed high-purity germanium
(HPGe) detectors [17]. Details of the experimental setup are
provided in Ref. [5]. There are two key features relevant to
the present discussion: (i) the time structure of the beam, with
0.3-ns beam pulses every 412 ns enabling prompt and delayed
tagging of γ rays, and (ii) the excitation of cross-coincident
partner nuclei in the DIS process, specifically the population
of Po isotopes with A ! 210 for 68Ni.

68Ni was also produced in two-neutron knockout (2nKO)
reactions at the Coupled Cyclotron Facility of the National
Superconducting Cyclotron Laboratory (NSCL). A secondary
cocktail beam containing 70Ni, 69Co, and 71Cu ions was
produced in the projectile fragmentation of a 140-MeV/u 82Se
beam on a 423-mg/cm2 9Be production target located at the
entrance of the A1900 fragment separator [18]. The momen-
tum acceptance of the separator was set to 1%. Secondary
beams with typical intensities of 105 ions/s were delivered

to the experimental area and impinged upon a 281-mg/cm2

9Be reaction target located at the pivot point of the S800
spectrograph [19] to induce knockout reactions at a midtarget
energy of 75 MeV/u. Reaction products were identified on
an event-by-event basis at the S800 focal plane [19]. The
high-resolution γ -ray detection system GRETINA [20,21],
an array of 36-fold segmented HPGe detectors, surrounded
the S800 target position and was used to detect prompt γ rays
emitted by the projectile-like reaction residues. The GRETINA
quadruple-crystal detector modules were arranged in two
rings, with four detectors located at 58◦ and three at 90◦ with
respect to the beam axis. Signal decomposition [21] provided
sub-segment spatial resolution used for the event-by-event
Doppler reconstruction of the γ rays emitted in flight by
the projectile-like reaction products. The photopeak efficiency
of the detector array was calibrated with standard sources
and corrected for the Lorentz boost of the γ -ray distribution
emitted by the recoils moving at velocity 0.38c. Finally,
delayed γ rays could also be identified within a 0.4- to 25-µs
time window following implantation of the ions in an Al plate
in front of a 4 × 8 array of CsI(Na) detectors located behind
the focal plane of the S800 spectrograph [22,23].

With the ∼50-ns flight time for 68Ni ions through the S800
spectrograph, it was possible to correlate isomeric decays
measured using the CsI(Na) detectors with prompt γ rays at
the target position. Figure 2(a) presents the CsI(Na) spectrum
measured in coincidence with 68Ni, 2nKO-reaction fragments
wherein a 511-keV peak is observed. A 511-keV line is
expected following decay of the 0+

2 isomer via pair production
(PP). Gating on the 511-keV γ ray in the CsI(Na) scintillators
returns the coincidence spectrum of Fig. 2(b), revealing prompt
663(1)- and 1139(1)-keV transitions detected by GRETINA.
The former had been identified in Ref. [5] as feeding the 2+

2
level at 2743 keV (see Fig. 1). A transition with the latter
energy had been reported in the β-decay work of Ref. [4],
but no coincidence relationships were observed. At the time,
the large systematic offset in the 68Ni 0+

2 energy had not
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FIG. 2. (Color online) Spectra from the 2nKO data. (a) Delayed
γ -ray spectrum recorded in the CsI(Na) scintillators in coincidence
with implanted 68Ni ions. Inset: decay curve for the 511-keV line.
(b) Prompt GRETINA spectrum coincident with the identification of
a 68Ni recoil and the detection of a delayed 511-keV γ ray in the
CsI(Na) detectors.
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π(2p-2h)?	

to understanding 0þ states in nuclei. Table VI shows a sample
of mixing strengths across the mass surface, deduced from
various spectroscopic data. As for the E0 transition rates, an
expression for the BðE2Þ reduced transition probability can be
derived using a simple two-level model as described in
Sec. III.A.1 which can be used to extract a mixing matrix
element. Combining the known experimental data such as the
excitation energy, BðM1Þ, BðE2Þ, !2ðE0Þ values, and transfer
data, it is possible to extract a mixing matrix element.
Differences in mean-square radii for the mixing configura-
tions can sometimes be deduced from isotope shifts,
cf. Figs. 26 and 33, and occasionally from isomer shifts
(Wu and Wilets, 1969). To fully understand 0þ states in
nuclei, a systematic mapping of E0 transition strength is
needed (this should also include !J ¼ 0 transitions between
states with J ! 0).

Other spectroscopic fingerprints that need to be considered
in the interpretation of excited 0þ states are one-, two-,
and four-nucleon transfer reactions. Examples of two- and
four-nucleon transfer data are shown in Figs. 29, 30, and 36.
One-nucleon transfer data have hardly ever been considered,
although strong warnings have been given regarding their
importance, e.g., for the N ¼ 90 nucleus 154Gd (Burke,
Waddington, and Jolly, 2001; Garrett, 2001), cf. Sec. III.A.4,
and note the above-cited example of 110Cd. Indeed, what is
really needed for an understanding of 0þ states are maps of

FIG. 48 (color online). Illustration of the concept of ‘‘multishells.’’ Removal of a closed-shell ‘‘line’’ between two open-shell regions
creates an open multishell region. For Z ¼ 82 this provides an explanation of the extreme deformation associated with the coexisting states
observed in the Hg and Pb isotopes. This perspective may also provide an explanation of the mass regions where superdeformation is
observed. The superscripts, e.g., [2, 1] attached to 186Pb½2;1&, indicate the number of proton and neutron ‘‘regular’’ shells forming the
multishells as shown by the diagonal lines passing through the location of the isotope. The region boxed in the lower left-hand corner contains
mainly N ¼ Z line cases, i.e., ‘‘symmetric’’ cases; the region boxed in the upper right-hand corner contains only asymmetric cases.
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FIG. 49. Systematics of the low-lying positive-parity states in
68–76Ni shown relative to the ð1g9=2Þn, J ¼ 8 states. The pattern

shows that in 68Ni the 0þ2 state results from a strong mixing between

configurations involving different pair occupancies of the 1g9=2 and
2p1=2, 2p3=2, and 1f5=2 orbitals (cf. Fig. 37). The data are from

Nuclear Data Sheets.
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typical few-nucleon excitations in a consistent way,
extended model spaces such as 1p1=2;3=2-2s1=21d3=2;5=2,
2s1=21d3=2;5=2-2p1=2;3=21f5=2;7=2, and 1f5=22p1=2;3=21g9=2
have been considered. Here one is close to reaching the
present limits of computing possibilities. Benchmark calcu-
lations for, e.g., 40Ca (Caurier et al., 2007) and 56Ni (Horoi
et al., 2006) have given rise to a consistent description of the
lowest-lying spherical states, deformed states, and even
superdeformed structures that appear at low excitation en-
ergy. Even though large-scale shell-model calculations can
produce low-lying collective states [energy, BðE2Þ values,
Q moment], an obvious insight is hampered because of the
complexity of the shell-model wave functions. Still, effective
charges are needed with typical values of e! ¼ 1:5e and e" ¼
0:5e. A relation to quasi-SU(3) and to quasipseudo-SU(3) has
been addressed (Caurier et al., 2005) but has not been
developed in a systematic way.

Uncovering symmetries present within the huge shell-
model Hilbert space should allow for an extraction of the
collective dynamics, starting from microscopic effective
nucleon-nucleon forces.

Theoretical prediction of shape coexistence in nuclei has
largely evolved using separate descriptions of their intrinsic
and collective structure, i.e., intrinsic structures have been
calculated using constrained HF(B) theory and collective
structure has been imposed (either by fiat or by beyond-
mean-field techniques). However, a unified description is
available using the symplectic shell model (Rosensteel and
Rowe, 1977; Rowe, 1985, 1996). We say that, in reflecting on
the substance of this review, experiment has ‘‘caught up’’ to
the symplectic shell model which provides the fundamental
theoretical framework for understanding shape coexistence in
atomic nuclei. We suggest that this time lag has been because
it has taken 30 years to move the experimental perspective of
shape coexistence from an exotic rarity to a near-universal
property of nuclei.

From a symplectic perspective, configurations associated
with spherical shapes are just a small subset of a large number
of possible nuclear configurations. This suggests that we can
invert the intruder parabolas to emphasize that the occurrence
of spherical structures at doubly and singly closed shells is the
manifestation of just a few of the many possibilities for
structures in such nuclei. We depict this new perspective in
Fig. 51.

Figure 52 gives a schematic view of the way in which the
Hilbert space of a nucleus is viewed from a symplectic
Spð3; RÞ model perspective: Each ‘‘tower’’ in Fig. 52 is a
symplectic irrep or collective band labeled by the quantum
numbers #, $ of the Spð3; RÞ subgroup, SU(3). Symplectic
(2ℏ!) raising and lowering operators, acting within each
Spð3; RÞ irrep are indicated. This ‘‘vertical’’ perspective re-
flects a remarkable and fundamental property of Spð3; RÞ: It
contains the Bohr model as a submodel. Indeed, at its in-
ception (Rosensteel and Rowe, 1977), Spð3; RÞ was the result
of a search for the microscopic shell-model basis of the Bohr
model. It is the configurations contained in the towers that are
necessary to microscopically generate the large collective
strengths observed at low energy in nearly all nuclei.

From a shell-model perspective, one views the Hilbert
space of a nucleus in terms of a valence energy shell together

with a few shells below and above, i.e., from a ‘‘horizontal’’
perspective. Most of this review used this perspective to
organize data. Microscopic, shell-model based theory fol-
lowed this way of looking at nuclear collectivity. However,
one cannot describe the highly deformed states of rotational
nuclei in a conventional spherical shell-model basis without
using unphysically large effective charges.

From a mean-field perspective, the observed deformations
of nuclei can be generated from the Hilbert space when major
shell mixing is allowed. However, the details of the intrinsic
structure of each of these deformed minima is obscured
because beyond-mean-field methods impose the collective
dynamics, i.e., the view of nuclear collectivity that results is
limited.

From a symplectic perspective, each SU(3) irrep ð#;$Þ is
an intrinsic state with # and $ values determined by the
number of oscillator quanta N carried by the collectively
active nucleons in the nucleus. A simple way to make this
connection is via the partitioning of the N quanta over nx, ny,
and nz, and the relationships N ¼ nx þ ny þ nz, # ¼ 2nz %
nx % ny, and $ ¼ nx % ny. The values of # and $ are related

to the Bohr model parameters % and & (Rowe, 1985;
Castanos, Draayer, and Leschber, 1988).

Collectivity can emerge from a ð#;$Þ irrep directly as an
SU(3) dynamical symmetry through a nucleon-nucleon inter-
action of the quadrupole-quadrupole type of the Elliott
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FIG. 51. A schematic view of the intruder-state ‘‘parabolas,’’
shown to dramatize the way that shells and subshells suppress the
emergence of low-energy collectivity in nuclei. (a) The situation
where deformed structures intrude to become the ground state at the
middle of a singly closed shell, e.g., 32Mg; (b) where the ground
states for a sequence of singly closed shell nuclei remain spherical,
but deformed structures form excited intruder bands, e.g., the Sn and
Pb isotopes; (c) where a subshell may suppress intrusion of a
deformed structure from becoming the ground state or a low-lying
excited band, e.g., N ¼ 50, 82.
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to understanding 0þ states in nuclei. Table VI shows a sample
of mixing strengths across the mass surface, deduced from
various spectroscopic data. As for the E0 transition rates, an
expression for the BðE2Þ reduced transition probability can be
derived using a simple two-level model as described in
Sec. III.A.1 which can be used to extract a mixing matrix
element. Combining the known experimental data such as the
excitation energy, BðM1Þ, BðE2Þ, !2ðE0Þ values, and transfer
data, it is possible to extract a mixing matrix element.
Differences in mean-square radii for the mixing configura-
tions can sometimes be deduced from isotope shifts,
cf. Figs. 26 and 33, and occasionally from isomer shifts
(Wu and Wilets, 1969). To fully understand 0þ states in
nuclei, a systematic mapping of E0 transition strength is
needed (this should also include !J ¼ 0 transitions between
states with J ! 0).

Other spectroscopic fingerprints that need to be considered
in the interpretation of excited 0þ states are one-, two-,
and four-nucleon transfer reactions. Examples of two- and
four-nucleon transfer data are shown in Figs. 29, 30, and 36.
One-nucleon transfer data have hardly ever been considered,
although strong warnings have been given regarding their
importance, e.g., for the N ¼ 90 nucleus 154Gd (Burke,
Waddington, and Jolly, 2001; Garrett, 2001), cf. Sec. III.A.4,
and note the above-cited example of 110Cd. Indeed, what is
really needed for an understanding of 0þ states are maps of

FIG. 48 (color online). Illustration of the concept of ‘‘multishells.’’ Removal of a closed-shell ‘‘line’’ between two open-shell regions
creates an open multishell region. For Z ¼ 82 this provides an explanation of the extreme deformation associated with the coexisting states
observed in the Hg and Pb isotopes. This perspective may also provide an explanation of the mass regions where superdeformation is
observed. The superscripts, e.g., [2, 1] attached to 186Pb½2;1&, indicate the number of proton and neutron ‘‘regular’’ shells forming the
multishells as shown by the diagonal lines passing through the location of the isotope. The region boxed in the lower left-hand corner contains
mainly N ¼ Z line cases, i.e., ‘‘symmetric’’ cases; the region boxed in the upper right-hand corner contains only asymmetric cases.

(8+)

(4+)

(2+) (2+)
(2+) (2+)

(4+) (4+)

(8+)
(6+)

(6+)

(4+)

(0+)

4210

3149

2744 1096
1024 992

1941 1763

2420
2396

2276

1922

2512

norm.
6+

2+

0+

0+

0+
0+ 0+0+

6+

4+

2+

2+

8+
4001

2034

0

0

0
0 01770

2678
2230

1260

1867

68
28 40

Ni 70
28 42

Ni 72
28 44

Ni 74
28 46

Ni 76
28 48

Ni

2860
norm.

norm.

norm.

FIG. 49. Systematics of the low-lying positive-parity states in
68–76Ni shown relative to the ð1g9=2Þn, J ¼ 8 states. The pattern

shows that in 68Ni the 0þ2 state results from a strong mixing between

configurations involving different pair occupancies of the 1g9=2 and
2p1=2, 2p3=2, and 1f5=2 orbitals (cf. Fig. 37). The data are from

Nuclear Data Sheets.
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The	superscripts,	e.g.,	“[1,2]”	
associated	with	154Dy,	designate	
that	two	neutron	shells	are	
forming	a	“mul)-shell”		

Figure	2.67	





Coexistence	in	odd-Au	isotopes:	
mul)ple	parabolas	

There are suggestions for the occurrence of shape coex-
istence in lighter odd-Au isotopes (Kondev et al., 2001;
Mueller et al., 2004), at low spin in 179Au (Venhart et al.,
2011), in lighter odd-Hg nuclei (Jenkins et al., 2002; Kondev
et al., 2002), and in neutron-deficient even-Os (Davidson
et al., 1994; Kibédi et al., 1994) and even-W (Kibédi
et al., 2001) isotopes.

2. Z! 50 nuclei

Shape coexistence at and near Z ¼ 50 is centered on the
stability line and is therefore easily accessible to detailed
study. However, all but the lowest-energy shape-coexisting
states lie above the pairing gap and thus demand a variety of
spectroscopic techniques for their characterization.

The first indication of shape coexistence in this region was,
as with the Z ¼ 82 region, totally unexpected and came from
in-beam !-ray spectroscopy of the even-Sn isotopes (Bron
et al., 1979). Much of what is known about this region is
already covered in our earlier reviews (Heyde et al., 1983;
Wood et al., 1992), and so we only touch on a few new
insights in this section.

Figure 24 shows the simple relationships that exist between
odd-In, odd-Sb, and even-Sn isotopes that are similar to those

shown in Fig. 17 for the Z ¼ 82 region. Figure 25 shows
the simple relationships that exist between multiparticle–
multihole intruder states in even-even nuclei in the
Z ¼ 50 region. This figure illustrates the concept of ‘‘intruder
spin’’ (Heyde et al., 1992; De Coster et al., 1996). Note that
for I ¼ 1 bands, 116Sn is the most collective. The occurrence
of 2þ2 ; 3

þ
1 ; 4

þ
2 ; . . . states in, e.g.,

110Ru and 112Pd (see Nuclear
Data Sheets) suggests that such states should occur as intruder
states; see, e.g., Fig. 25 in Wood et al. (1999).

Since our last review (Wood et al., 1992) experimental
work has extended the collective bands in 112–118Sn
(Schimmer et al., 1992; Wirowski et al., 1995; Savelius
et al., 1998; Gableske et al., 2001; Ganguly et al., 2007; S. Y.
Wang et al., 2010), and identified candidate bands in 110Sn
(Wolinska-Cichocka et al., 2005) and 108Sn (Wadsworth
et al., 1993, 1996; Juutinen et al., 1997). Lifetime data are
now available for collective band members in 112Sn (Ganguly
et al., 2007) and 114Sn (Gableske et al., 2001). Negative
parity bands have been proposed in 114Sn (Schimmer et al.,
1992; Wirowski et al., 1995; Gableske et al., 2001); and
collective bands have been proposed in 111Sn (Gangopadhyay
et al., 1995; LaFosse et al., 1995; Wolinska-Cichocka et al.,
2005) and with lifetimes (Ganguly et al., 2008), 113Sn

FIG. 20. Systematics of bands built on the lowest 9=2$ and 13=2þ states in the odd-Au isotopes. Decoupled bands with large BðE2Þ values
(given in ½e b(2 in the boxes) are observed. The 7=2$ states result from the 2f7=2 intruder configuration. Details are discussed in the text. The

data are from Joshi et al. (2002, 2004), Venhart et al. (2011), and Nuclear Data Sheets.
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21+	state	proper)es	are	a	strong	signature	of	
shell	and	deformed	structures	

R&W	Fig.	1.39	

R&W	Fig.	1.40	

Energies	of	21+	states	determined	by:	
	gamma-ray	spectroscopy	following	β	decay	
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Coexistence	in	even-Pb	isotopes:		
mul)ple	parabolas	and	spherical		(seniority)	structure	

Collectivity in 196,198Pb isotopes 4
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Figure 1. Level-energy systematics of the neutron-deficient Pb isotopes adapted from
reference [8]. Levels associated with different intrinsic configurations are connected
and labelled according to proposed shapes.

2. Experimental technique

The experiment was performed at the REX-ISOLDE facility, CERN [25]. The nuclei

of interest were produced by bombarding a high temperature UCx target with 1.4 GeV

proton beam provided by PS-Booster with intensity up to 2 µA. The radioactive ion

beams were extracted employing the RILIS laser ion source [34]. Subsequently, they were

mass selected utilising the High Resolution Separator (HRS) before being delivered to

the REXTRAP Penning trap for cooling and bunching and REXEBIS electron-beam ion

source for charge breeding. Finally, the REX-ISOLDE post-accelerator was employed

to deliver the radioactive ion beams of 196,198Pb at 2.82 MeV/u to the Miniball γ-ray

spectrometer [35]. Miniball is an array of eight triple-cluster Ge-detectors, where each

crystal is six-fold segmented. At Miniball, the radioactive ion beams impinged on a

2 mg/cm2 thick 112Cd target. The beam energy was chosen to fulfil the safe energy

criterion [36], in other words to ensure that all interactions in the scattering processes

were purely electromagnetic. The beam intensity on the Miniball target varied between

2.5×105 − 5.0 × 105 pps. The scattered beam and target recoils were detected with

the CD detector at 32.9 mm downstream from the target. The CD detector consists
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The	nature	of	the	shape	coexis)ng	state	in	116Sn	
revealed	by	(3He,n)	transfer	reac)on	spectroscopy	
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Hg	(Z	=	80)	isotopes:	detailed	spectroscopy--Coulex	

84	

182Hg	

N.	Bree	et	al.	PRL	112	162701	2014	
figure	courtesy	of	Liam	Gaffney	

Mul)-step	Coulex	@	REX-ISOLDE:		
Hg	beam	(2.85	MeV/A)	/	112Cd	target;		
GOSIA	analysis	of	γ-ray	yield(angle)	
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Electric	monopole	transi)on	strengths:	cri)cal	
test	of	phase	transi)on	models	
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Cadmium	isotopes:	systema)cs	(selected	states)	
N	=	50	to	N	=	82	posi)ve	parity,	98-130Cd		
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The	Hoyle	state	(7.65	MeV	state	in	12C)	

Helium	fusion	in	stars	
8Be	
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Measurement of the radiative branching ratio for the Hoyle state using cas-
cade gamma decays
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Abstract. A new setup consisting of four 5” by 5” NaI scintillators and an array of particle detectors is being
developed. Proton-gamma-gamma coincidences will be measured using the 12C(p, p′ )12C reaction at 10.5 MeV
energy. The new setup will be used for the measurement of the electromagnetic decay rate of the Hoyle state via
two E2 transitions. We report the initial experimental results for singles gamma and gamma-proton coincidences
through inelastic scattering of protons on a 12C target.

1 Introduction
It is well known that carbon is produced in the universe by
the triple-alpha reaction in helium-burning red giant stars.
In 1953, Fred Hoyle realised that the fact that any signifi-
cant carbon in the Universe requires a resonant state in 12C
very near 7.7 MeV.

The subsequent observation of this state, known as the
Hoyle state, is often cited as the beginning of experimental
nuclear astrophysics [1]. The first observation of the Hoyle
state was made by Noel Dunbar in 1953 and has been de-
scribed as the most important experiment performed by an
Australian physicist [2].

The structure of the Hoyle state is difficult to explain.
It is generally believed to be based on α-clusters in a lin-
ear chain structure [3], however an alternative explanation
of the α clustering in analogy to ultra-cold gases has been
proposed [4]. Recent studies show that, based on ab initio
lattice calculations, the Hoyle state has a structure like a
compact triangular configuration of alpha clusters [5]. A
somewhat different picture emerged from the analysis of
the proton and α scattering data [6] suggesting that the α
particles form an open triangle shape or can be considered
as a loose assembly. However all recent studies exclude
the possibility of a linear chain structure.

Our project aims to improve the knowledge of the ra-
diative width of the Hoyle state through the observation of
the cascading gamma-rays, the 3.21 MeV and 4.44 MeV
transitions. One should note that there is only one exper-
imental spectrum [7] ever published showing the electro-
magnetic decay branch from the Hoyle state. We report
the initial experimental results from the detections of sin-
gles gamma and gamma-proton coincidences through the
inelastic scattering of protons on a 12C target.
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2 3α reaction
The triple-alpha reaction has a significant role in the
production of carbon in the universe. The 3α process and
the formation of 12C are illustrated in Fig. 1. It is one
of the most important reactions in the field of nuclear
astrophysics.
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Figure 1. 3α process and the formation of 12C.

We can describe the 3α reaction as follows: helium
nuclei fuse into heavier elements when the temperature is
high enough, typically around 108 K, and when the helium
density is in the order of 105 g/cm3 [8]. Two helium nuclei
fuse to form 8Be (an unstable isotope with short half-life
of 5 ×10−17 sec).12C is created when a third alpha particle
fuses with the 8Be nucleus, and the unstable Hoyle state is
populated, which has a short half-life around 2.4×10−16s.
The chain of this process is as follows:

4He + 4He↔ 8Be 4He + 8Be↔ 12C∗
Step I Step II
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EVERYTHING	YOU	SEE,	EXCEPT	
HYDROGEN,	i.e.,	MOST	OF	YOU	
AND	ME	CAME	INTO	EXISTENCE	
THROUGH	THE	HOYLE	STATE	

He	nucleus	=	α		

																					Z							A	
Helium								2							4	
Beryllium				4							8	
Carbon								6						12	


