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Statistical approach in nuclear  reactions: 
         conception of equilibrium

Intermediate energy collisionsPreequlibrium emission 
       + equilibration 

evaporation fission multifragmentation

Compound-nucleus decay 
channels (sequential evaporation 
or fission) dominate at low 
excitation energy 
of thermal sources E*<2-3 
MeV/nucl

At high excitation energy 
E*>3-4 MeV/nucl there is a 
simultaneous break-up into 
many fragments 

N.Bohr (1936)

V.Weisskopf (1937) N.Bohr, J.Wheeler (1939)  Bondorf et al. (1995) SMM

starting 1980-th :



4.3.3 Evaporation from hot fragments

The successive particle emission from hot primary fragments with A>16 is assumed to be their basic 
de-excitation mechanism. Due to the high excitation energy of these fragments,  standard Weisskopf 
evaporation scheme [2] was modified to take into account the heavier ejectiles up to 18O, besides light 
particles (nucleons, d, t, ), in ground and particle-stable excited states [81]. This corresponds to the 
excitation energies (i) of the ejectiles not higher than 7-8 MeV. By analogy with standard model the 
width for the emission of a particle j from the compound nucleus (A,Z) is given by:

Here the sum is taken over the ground and all particle-stable excited states  j
(i) (i=0,1,…n) of 

the fragment j, gj
(i)=(2sj

(i)+1) is the spin degeneracy factor of the ith excited state, j and Bj are 
corressponding reduced mass and seperation energy, E*

AZ is the excitation energy of the initial 
nucleus (55), E is the kinetic energy of an emitted particle in the centre of mass frame. In Eq. 
(60) AZ and A’Z’ are the level densities of the initial (A,Z) and final (A’,Z’) compound nuclei. 
They are calculated using the Fermi-gas formula (41). The cross section j (E) of the inverse 
reaction (A’,Z’)+j=(A,Z) was calculated using the optical model with nucleus-nucleus 
potential from Ref.[117]. The evaporational process was simulated by the Monte Carlo 
method using the algorithm described in Ref.[118]. The conservation of energy and 
momentum was strictly controlled in each  emission step.



4.3.4. Nuclear fission
An important channel of de-excitation of heavy nuclei (A>200) is 
fission. This process competes with particle emission. Following the 
Bohr-Wheeler statistical approach we assume that the partial width for 
the compound nucleus fission is propotional to the level density at the 
saddle point  sp(E) [1]:

Where Bf is the height of the fission barrier which is determined by the 
Myers-Swiatecki prescription [120]. For approximation of sp  we used 
the results of the extensive analysis of nuclear fissibility and s/f 
branching ratios [121]. The influence of the shell structure on the level 
densities sp  and  AZ is disregarded since in the case of 
multifragmentation we are dealing with very high excitation energies 
E*>30-50 MeV when shell effects are expected to be washed out [122].



sequential evaporation of fragments
nuclear fission

Fig. 4.1. Cross section for heavy cluster emission at 
backward angles (=120-160º) in the reaction 3He+Ag as a 
function of the laboratory kinetic energy of 3He. The data 
are from Ref.[119], and the curves show the results of the 
evaporation model calculation described in the text.

J.P. Bondorf et al. Phys. Reports 257 (1995)133-221.
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Eren N., Buyukcizmeci,N., Ogul R, Botvina AS, EPJA 49 (2013)48.

Nuclear fission



 Multifragmentation in intermediate  and high energy nuclear reactions

Experimentally established: 
1)few stages of reactions leading to multifragmentation, 
2)short time ~100fm/c for primary fragment production, 
3) freeze-out density is around 0.1ρ0 , 
4) high degree of equilibration at the freeze-out,
5) primary fragments are hot. 



Survival probability of the compound nucleus 
Wcomp and fission probability Wfiss as a 
function of the excitation energy, for the 
disintegration of 235U as obtained in the present 
SMM calculations.



MULTICS

Au(35MeV/N)+Au, peripheral

Fig.8. Charge distributions for peripheral and midperipheral collisions   
 
          (open point:experimental data; histogram:SMM predictions).

M.D'Agostino et al., Nucl.Phys. A650 (1999) 329
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ALADIN data

multifragmentation of
relativistic projectiles

GSI

      A.S.Botvina et al.,
Nucl.Phys. A584(1995)737

         H.Xi et al., 
Z.Phys. A359(1997)397

comparison with
SMM (statistical 

multifragmentation
model)

Statistical equilibrium
has been reached in 

these reactions



Statistical (chemical) equilibrium  
is established at break-up of hot 
projectile residues ! In the case of 
strangeness admixture we expect 
it too ! 

R.Ogul et al. PRC 83, 024608 (2011)    ALADIN@GSI

124,107-Sn, 124-La (600 A MeV) + Sn →  projectile (multi-)fragmentation
Very good description is obtained within Statistical Multifragmentation Model, including fragment 
                                 charge  yields, isotope yileds, various fragment correlations. 



EOS collaboration

Two-stage multifragmentation of 1A GeV Kr, La, and Au
J. A. Hauger et al.  Phys. Rev. C 62, 024616 (2000)

Fig. 19. Caloric curves (Tf vs E*
th/A) for Kr, La and, Au. 

Points are experimental and curves are from SMM.

Fig.24. Second stage fragment charge distribution as a 
function of Z/Zprojectile. Results are shown For three 
reduced multiplicity intervals for both data and SMM.



FRS data @  GSI
FRS projectile fragmentation of two symetric systems 124Sn + 124Sn and 112Sn + 112Sn  at an 
incident beam energy of 1 A GeV measured with high-resolution magnetic spectrometer FRS.
 (V. Föhr, et al., Phys. Rev. C 84, (2011) 054605)

Experimental data are well reproduced with statistical calculations in the SMM–ensemble .
To reproduce the FRS data symmetry energy term is reduced as shown in the table.
We have also  found a decreasing trend of the symmetry energy with increasing charge 
number, for the neutron-rich heavy fragments resulting from 124Sn projectile.
H. Imal, A.Ergun, N. Buyukcizmeci, R.Ogul, A.S. Botvina, W. Trautmann, C 91, 034605 (2015)

Symmetry-energy coefficients.



Multifragmentation versus sequential evaporation

ISIS ALADIN

:

Au (600 MeV/n) +X.π-(8GeV/c)+Au





Fermi-break-up for 
light nuclei

J.P. Bondorf et al. Phys. Reports 257 (1995)133-221.



Multifragmentation !



multifragmentation in intermediate and high energy nuclear reactions

  + nuclear matter with strangeness 

Λ hyperons captured

production of hypermatter

hyperfragments

 A.S.Botvina and J.Pochodzalla, Phys. Rev.C76 (2007) 024909

Generalization of the statistical de-excitation model for nuclei with Lambda hyperons

In these reactions we expect analogy with 





Separation energy 

Binding energy 

liquid-drop approximation





Multifragmentation of 
 excited hyper-sources 

       is the number of hyperons
             in the system 

General picture depends weakly on 
strangeness content (in the case it 
is much lower than baryon charge)

A.S.Botvina and J.Pochodzalla, Phys. Rev.C76 (2007) 024909

There are differences in yield 
of hyper-fragments depending 
on their properties. 



Toward a fission of low  excited hyper-sources 

Properties of normal fission



Barriers for hyper-fission







normalhyper

Statistical calculations of probabilities for fission 
and evaporation of heavy hypernuclei



hyper

normal





Conclusions

We have investigated the evaporation and fission of middle and heavy hypernuclei since they were 
not considered up to now because of scarce experimental data [H. Ohm et al., Phys. Rev. C 55, 3062 
(1997)]. They should be dominating decay channels at low excitation energies. We are going to 
develop such models to use them also for the complementary study of producing exotic hypernuclei, 
e.g., neutron-rich and neutron-poor ones. Because of novelty of such processes there is an 
uncertainty in knowledge of level densities, shell corrections and some other parameters of 
hypernuclei. 

In the beginning, the hypernuclear mass formulae obtained by Botvina-Pochodzalla (2007) is used. 
The level densities are calculated in the Fermi-gas approximation by taking into account protons, 
neutrons and hyperons, similar as it was done for normal nuclei. For the fission, we included the 
deformation of nuclear surface around the saddle point. We want to obtain a reasonable estimate of 
these decay channels in order to simulate future experiments. 

We should emphasize that modification the parameters of the model in the presence of hyperons can 
be  important for future comparison with experimental data. 

In the future, we plan to analyze theoretically the formation of multi-hyperon nuclei, which can be 
abundantly produced in these reactions.

Our invetigations open the posibility to study formation of exotic hypernuclei (may be formed) via  
the secondary evaporation, fission, and multifragmentation-like processes.
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