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THE ELECTRONIC SCHRÖDINGER EQUATION 

2 2OH( ) H( )S−Σ +

2 2OH( ) H( )S+Σ +

2 2OH( ) H( )SΠ +

H2O→OH+H 



SINGLE-REFERENCE COUPLED-CLUSTER (CC) THEORY 
(F. Coester, 1958; F. Coester and H. Kümmel, 1960; J. Čížek, 1966,1969; J. Čížek and J. Paldus, 1971) 

1p-1h, singles (S) 2p-2h, doubles (D) 3p-3h, triples (T) 



← iterative N6 
← iterative N8 
← iterative N10 

SINGLE-REFERENCE COUPLED-CLUSTER (CC) THEORY 
(F. Coester, 1958; F. Coester and H. Kümmel, 1960; J. Čížek, 1966,1969; J. Čížek and J. Paldus, 1971) 

1p-1h, singles (S) 2p-2h, doubles (D) 3p-3h, triples (T) 
CPU time 
scaling with the 
system size 

exact theory (full CI), approximationsA Am N m N= ⇒ < ⇒



← iterative N6 
← iterative N8 
← iterative N10 

SINGLE-REFERENCE COUPLED-CLUSTER (CC) THEORY 
(F. Coester, 1958; F. Coester and H. Kümmel, 1960; J. Čížek, 1966,1969; J. Čížek and J. Paldus, 1971) 

1p-1h, singles (S) 2p-2h, doubles (D) 3p-3h, triples (T) 
CPU time 
scaling with the 
system size 

exact theory (full CI), approximationsA Am N m N= ⇒ < ⇒



← iterative N6 
← iterative N8 
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To reduce large computer costs of CCSDT, CCSDTQ, etc., one 
usually approximates T3, T4, etc. This can be done via noniterative 
corrections to CCSD energies, as in the CCSD(T), CCSD(TQ), and 
similar approaches, or by reduced scaling iterative CCSDT-n, 
CCSDTQ-n, etc. approximations. 
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1p-1h, singles (S) 2p-2h, doubles (D) 3p-3h, triples (T) 
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plus noniterative 
N7 or N9, or 
iterative N7 or N9  

CPU time 
scaling with the 
system size 

exact theory (full CI), approximationsA Am N m N= ⇒ < ⇒



EXCITED STATES:  EQUATION-OF-MOTION CC (EOMCC) THEORY, 
SYMMETRY-ADAPTED-CLUSTER CONFIGURATION INTERACTION 

APPROACH (SAC-CI), AND RESPONSE CC METHODS 
(H. Monkhorst, 1977; D. Mukherjee and P.K. Mukherjee, 1979; H. Nakatsuji and K. Hirao, 1978; K. Emrich, 1981;  M. 

Takahashi and J. Paldus; 1986; J. Geertsen, M. Rittby, and R.J. Bartlett, 1989) 
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Basic approximation: EOMCCSD 
(J. Geertsen, M. Rittby, and R.J. Bartlett, 1989; J.F. Stanton and R.J. Bartlett, 1993) 

mA T RK method CPU scaling 

2 T1 + T2 RK,0 + RK,1 + RK,2 EOMCCSD no
2nu

4 

J.F. Stanton & R.J. Bartlett, J. Chem. Phys., 1993 

3 T1 + T2 + T3 RK,0 + RK,1 + RK,2 + RK,3 EOMCCSDT no
3nu

5 

K. Kowalski & P. Piecuch, J. Chem. Phys., 2001, Chem. Phys. Lett., 2001; S.A. Kucharski et al., J. Chem. Phys., 2001 

4 T1 + T2 + T3 + T4 RK,0 + RK,1 + RK,2 + RK,3 + RK,4 EOMCCSDTQ no
4nu

6 

S. Hirata, J. Chem. Phys., 2004; M. Kallay and J. Gauss, J. Chem. Phys., 2004 



Basic approximation: EOMCCSD 
(J. Geertsen, M. Rittby, and R.J. Bartlett, 1989; J.F. Stanton and R.J. Bartlett, 1993) 

mA T RK method CPU scaling 

2 T1 + T2 RK,0 + RK,1 + RK,2 EOMCCSD no
2nu

4 

J.F. Stanton & R.J. Bartlett, J. Chem. Phys., 1993 

3 T1 + T2 + T3 RK,0 + RK,1 + RK,2 + RK,3 EOMCCSDT no
3nu

5 

K. Kowalski & P. Piecuch, J. Chem. Phys., 2001, Chem. Phys. Lett., 2001; S.A. Kucharski et al., J. Chem. Phys., 2001 

4 T1 + T2 + T3 + T4 RK,0 + RK,1 + RK,2 + RK,3 + RK,4 EOMCCSDTQ no
4nu

6 

S. Hirata, J. Chem. Phys., 2004; M. Kallay and J. Gauss, J. Chem. Phys., 2004 

Again, large costs of EOMCCSDT, EOMCCSDTQ, etc. computations can be reduced by 
designing noniterative corrections to EOMCCSD energies, as in the EOMCCSD(T) and 
similar approaches, or by reduced scaling iterative EOMCCSDT-n etc. approximations, 
pioneered by Watts and Bartlett in 1995/1996 (cf., also, CC3 and CCSDR3 
approximations to linear response CCSDT developed by Jørgensen et al.). 



Electron-Attached (EA) and Ionized (IP) EOMCC Methods 

EA 

IP 

Solve the Eigenvalue Problem 

M. Nooijen and R.J. 
Bartlett, 1995; R.J. 
Bartlett and J.F. 
Stanton, 1994; M. 
Nooijen and J.G. 
Snijders, 1992-1993; 
J.F. Stanton and J. 
Gauss, 1994;  …, 
Musiał et al., 2003 -; 
Piecuch et al., 2005 -; 
… 











SOME OF THE KEY CHALLENGES IN EOMCC 

∗ Potential energy surfaces along bond breaking coordinates, 
radical and biradical electronic spectra, energy gaps in 
magnetic systems, electronic excitations dominated by two-
electron transitions, … (generally, multi-reference 
problems, systems with strong non-dynamical correlations). 

 

∗ Steep increase of computer costs with the system size 
(CPU steps and memory requirements of the leading 
approximations scale as N6-N7 and N4, respectively, with 
the system size N). 
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H2O→OH+H 
[J.J. Lutz and P. Piecuch, 2014] 



EOMCCSD 

H2O→OH+H CH+→C+H+ 
[K. Kowalski and P. Piecuch, 2001] [J.J. Lutz and P. Piecuch, 2014] 



EOMCCSDT 

H2O→OH+H CH+→C+H+ 
[K. Kowalski and P. Piecuch, 2001] [J.J. Lutz and P. Piecuch, 2014] 



State EOMCCSD EOMCCSDT EOMCCSDTQ Experiment 

a 4Σ– 0.95 0.66 0.65 0.74 

A 2Δ 3.33 3.02 3.00 2.88 

B 2Σ– 4.41 3.27 3.27 3.23 

C 2Σ+ 5.29 4.07 4.04 3.94 

Adiabatic excitation energies of the CH radical  (in eV) [S. Hirata, 2004] 

Vertical excitation energies of CH+ (in eV) [K. Kowalski and P. Piecuch, 2001] 

errors 
relative 
to full CI 
(eV) 

Vertical excitation energies of C2  (in eV) [K. Kowalski and P. Piecuch, 2002; S. Hirata, 2004] 
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to full CI 
(eV) 
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H. Handschuh, et al., J. Chem. Phys. 100, 7093  (1994) 25 

Photoelectron Spectrum of Au3
− 



IP-EOMCCSD(2h-1p)/aug-cc-pVDZ-PP 

Binding Energy (eV) 
6      5       4         3            2   1  0 

N.P. Bauman, J.A. Hansen, M. Ehara, and P. Piecuch,  
J. Chem. Phys. 141, 101102 (2014) 

Vertical Ionization Spectra 
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AMONG THE SOLUTIONS WITHIN EOMCC (EXAMPLES): 
 

Completely renormalized CC/EOMCC approaches (Piecuch et al.) 
 Objective: Use asymmetric energy formulas and moment expansions to capture the most relevant 

dynamical and non-dynamical correlations through noniterative corrections to total or excitation 
energies obtained in lower-order CC/EOMCC calculations , such as CCSD/EOMCCSD (CR-
EOMCCSD(T), δ-CR-EOMCCSD(T), CR-EOMCC(2,3), δ-CR-EOMCC(2,3), etc.). 

Noniterative energy corrections based on partitioning of the similarity-transformed 
Hamiltonian (Watts and Bartlett, Hirata, Bartlett, and co-workers) 

 Objective: Use the CC/EOMCC energy functional and perturbative expansions resulting from 
partitioning of the similarity-transformed Hamiltonian to correct total or excitation energies obtained 
in lower-order CC/EOMCC calculations, such as CCSD/EOMCCSD (EOMCCSD(  ), EOMCC(2)PT(2), 
EOMCCSD(2)T, etc.). 

Spin-flip EOMCC approaches (Krylov et al.) 
 Objective: Use spin-flipping excitation operators within the EOMCC framework to obtain low-spin 

states with larger non-dynamical correlations from the weakly correlated high-spin state. 

 Active-space CC/EOMCC approaches (Adamowicz, Piecuch, Bartlett et al.) 
 Objective: Use active orbitals in single-reference CC/EOMCC to incorporate the leading non-

dynamical correlations through selection of higher-than-double excitations. 

EA/IP and DEA/DIP EOMCC methods with higher excitations (Bartlett, Stanton, Musiał, 
Piecuch et al.) and their active-space extensions (Piecuch et al.) 

 Objective: Describe certain classes of open-shell multi-reference problems by adding electrons to     
or removing electrons from the related closed-shell cores. 

T
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IN SEARCH FOR BLACK-BOX METHODS FOR POTENTIAL SURFACES ALONG 
BOND BREAKING COORDINATES AND MULTI-REFERENCE EXCITED STATES 

METHOD OF MOMENTS OF COUPLED-CLUSTER EQUATIONS (MMCC)             
AND COMPLETELY RENORMALIZED CC/EOMCC APROACHES 

Main idea: 



 MMCC ENERGY FORMULA: ORIGINAL FORMULATION 
(the ground-state problem: P. Piecuch and K. Kowalski, 2000; excited states: K. Kowalski and P. Piecuch, 2001) 
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Example: CR-CC(2,3), single-reference noniterative triples correction for bond breaking 

F2/cc-pVTZ 

Another 
example … 

CR-CC(2,3) 

CCSDT 

CR-CC(2,3) 

CR-CCSD(T) 

CCSD(T) 

OH- 

 iterative no
2nu

4 (N6) + noniterative no
3nu

4 (N7); CCTYP=CR-CCL in GAMESS 



 THE MMCC ENERGY FORMULA FOR GROUND AND EXCITED STATES 
(original formulation; K. Kowalski and P. Piecuch, 2000, 2001, 2004; biorthogonal 

extension, P. Piecuch, M. Włoch, et al., 2005, 2006, 2009) 



 THE MMCC ENERGY FORMULA FOR GROUND AND EXCITED STATES 
(original formulation; K. Kowalski and P. Piecuch, 2000, 2001, 2004; biorthogonal 

extension, P. Piecuch, M. Włoch, et al., 2005, 2006, 2009) 

MMCC(2,3), MMCC(2,4), 
CR-EOMCCSD(T), etc. 



 THE MMCC ENERGY FORMULA FOR GROUND AND EXCITED STATES 
(original formulation; K. Kowalski and P. Piecuch, 2000, 2001, 2004; biorthogonal 

extension, P. Piecuch, M. Włoch, et al., 2005, 2006, 2009) 

MMCC(2,3), MMCC(2,4), 
CR-EOMCCSD(T), etc. 

CR-EOMCC(2,3), CR-
EOMCC(2,4), etc. 



Example: CR-EOMCC(2,3), robust noniterative triples correction to EOMCCSD 
 iterative no

2nu
4 (N6) + noniterative no

3nu
4 (N7); CCTYP=CR-EOML in GAMESS 



Example: CR-EOMCC(2,3), robust noniterative triples correction to EOMCCSD 

, 

 iterative no
2nu

4 (N6) + noniterative no
3nu

4 (N7); CCTYP=CR-EOML in GAMESS 



Example: CR-EOMCC(2,3), robust noniterative triples correction to EOMCCSD 

, 

 iterative no
2nu

4 (N6) + noniterative no
3nu

4 (N7); CCTYP=CR-EOML in GAMESS 



Example: CR-EOMCC(2,3), robust noniterative triples correction to EOMCCSD 

, 

 iterative no
2nu

4 (N6) + noniterative no
3nu

4 (N7); CCTYP=CR-EOML in GAMESS 



Example: CR-EOMCC(2,3), robust noniterative triples correction to EOMCCSD 

, 

CR-EOMCC(2,3),D  

 iterative no
2nu

4 (N6) + noniterative no
3nu

4 (N7); CCTYP=CR-EOML in GAMESS 



Example: CR-EOMCC(2,3), robust noniterative triples correction to EOMCCSD 

, 

CR-EOMCC(2,3),A = EOMCC(2)PT(2) of Hirata et al.  

CR-EOMCC(2,3),D  

 iterative no
2nu

4 (N6) + noniterative no
3nu

4 (N7); CCTYP=CR-EOML in GAMESS 
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δ-CR-EOMCC(2,3): robust triples correction to EOMCCSD, which is size 
extensive in the ground state and size intensive for excitation energies 

size intensive 

size extensive 

δ-CR-EOMCC(2,3),A = EOMCCSD(  ) or Watts and Bartlett for excitation 
energies and EOMCCSD(2)T of Hirata et al. for total energies 

T

 iterative no
2nu

4 (N6) + noniterative no
3nu

4 (N7); CCTYP=CR-EOML in GAMESS 



Benchmark Molecules 
[W. Thiel et al.] 

149 singlet excitations 
3 σ→π* 
45 n→π* 
101 π→π* 
+ some additional states 



EOMCCSD (iterative N6) vs CC3 (iterative N7) 
[A. Ayala, J.A. Hansen, and P. Piecuch, in preparation] 



δ-CR-EOMCC(2,3),D (iterative N6 + noniterative N7) vs CC3 (iterative N7) 
[A. Ayala, J.A. Hansen, and P. Piecuch, in preparation] 

δ-CR-(2,3),D (eV) 



EOMCCSD (iterative N6) vs EOMCCSDT-3 (iterative N7) 
[A. Ayala, J.A. Hansen, and P. Piecuch, in preparation] 



δ-CR-EOMCC(2,3) (iterative N6 + noniterative N7) vs EOMCCSDT-3 (iterative N7) 
[A. Ayala, J.A. Hansen, and P. Piecuch, in preparation] 



G. Fradelos, J.J. Lutz, P. Piecuch, and T.A. Wesolowski, in preparation 

   Environment Exp. EOMCCSD Error δ-CR-EOMCC(2,3) Error 
bare 30830 35046 4216 30711 -119 

an aromatic system with first  
excited-state dominated by a 
π    π* electronic transition 

Vertical excitation energies of cis-7-hydroxyquinoline in 
various molecular environments 

Theory: G. Fradelos, J.J. Lutz, P. Piecuch, T.A. Wesolowski, and M. Włoch, J. Chem. Theory 
Comput., 2011. Experiment: S. Leutwyler et al., J. Phys. Chem. A, 2008 

(Values in cm-1 obtained using 6-311+G(d)/6-31+G(d) basis set; 350 cm-1 ≈ 1 kcal/mol ) 
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(Values in cm-1 obtained using 6-311+G(d)/6-31+G(d) basis set; 350 cm-1 ≈ 1 kcal/mol ) 

Theory: G. Fradelos, J.J. Lutz, P. Piecuch, T.A. Wesolowski, and M. Włoch, J. Chem. Theory 
Comput., 2011. Experiment: S. Leutwyler et al., J. Phys. Chem. A, 2008 
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G. Fradelos, J.J. Lutz, P. Piecuch, and T.A. Wesolowski, in preparation 

   Environment Exp. EOMCCSD Error δ-CR-EOMCC(2,3) Error 
bare 30830 35046 4216 30711 -119 
NH3 29925 34263 4338 29922 -3 
H2O 30240 34500 4260 30199 -41 
H2O + H2O 29193 33699 4506 29378 185 

Vertical excitation energies of cis-7-hydroxyquinoline in 
various molecular environments 

(Values in cm-1 obtained using 6-311+G(d)/6-31+G(d) basis set; 350 cm-1 ≈ 1 kcal/mol ) 

Theory: G. Fradelos, J.J. Lutz, P. Piecuch, T.A. Wesolowski, and M. Włoch, J. Chem. Theory 
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   Environment Exp. EOMCCSD Error δ-CR-EOMCC(2,3) Error 
bare 30830 35046 4216 30711 -119 
NH3 29925 34263 4338 29922 -3 
H2O 30240 34500 4260 30199 -41 
H2O + H2O 29193 33699 4506 29378 185 
NH3 + H2O + H2O 28340 33218 4878 28863 523 

Vertical excitation energies of cis-7-hydroxyquinoline in 
various molecular environments 

(Values in cm-1 obtained using 6-311+G(d)/6-31+G(d) basis set; 350 cm-1 ≈ 1 kcal/mol ) 

Theory: G. Fradelos, J.J. Lutz, P. Piecuch, T.A. Wesolowski, and M. Włoch, J. Chem. Theory 
Comput., 2011. Experiment: S. Leutwyler et al., J. Phys. Chem. A, 2008 



Environment Exp. δ-CR-EOMCC(2,3) TDDFT 
NH3 -905 -820 (9%) -1222 (35%) 
H2O -590 -562 (5%) -944 (60%) 
H2O + H2O -1637 -1446 (12%) -2280 (39%) 
CH3OH -467 -396 (15%) -805 (72%) 
HCOOH -1014 -743 (27%) -1569 (55%) 
NH3 + H2O + H2O -2490 -1969 (21%) -2838 (14%) 
NH3 + H2O + NH3 -2136 -1780 (17%) -2594 (21%) 
NH3 + NH3 + H2O  -2482 -2055 (17%) -2899 (17%) 
Average error 15% 39% 

Excitation energy shifts for cis-7-hydroxyquinoline in 
various molecular environments (in cm-1) 

Theory: G. Fradelos, J.J. Lutz, P. Piecuch, T.A. Wesolowski, 
and M. Włoch, J. Chem. Theory Comput., 2011. 
Experiment: S. Leutwyler et al., J. Phys. Chem. A, 2008 
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ELECTRONIC SPECTRUM OF AZULENE: DISCOVERY 

OF THE DOUBLY EXCITED STATE THAT MEDIATES 

THE 1+2’ PHOTOIONIZATION OF AZULENE 
 

[P. Piecuch, J.A. Hansen, D. Staedter, S. Faure, and V. Blanchet, J. Chem. Phys., 2013]  
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1+2’ photoionization spectra are 
invariant with respect to 

• the pump-probe time delay  
varied between 120 and 500 fs 

• the pump wavelength varied 
between 201 and 335 nm      
(3.71-6.18 eV) 

Probe was fixed at 400 nm (3.10 eV) 
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The postulated doubly excited state below 
the ionization threshold (7.41 eV) should 
• lie below 6.81 eV (the lowest-energy 

pump at 335 nm + 400 nm probe) and 
above RB = 5.19 eV 

• be of 1A1 symmetry 
• be accessible from the S2 state 
• have electronic structure dominated by 

(HOMO)2 → (LUMO+1)2 and           
(HOMO-1)2 → (LUMO)2  transitions. J. Chem. Phys. 138, 201102  (2013) 



State Basis REL EOMCCSD δ-CR-EOMCC(2,3) CAS(10,10) CASPT2(10,10) Experiment 

S1(B1) 6-31G(d) 1.105 2.290 1.691 1.97 1.96 1.77 

cc-pVDZ 1.105 2.224 1.618 

S2(A1) 6-31G(d) 1.089 4.192 3.570 4.45 3.81 3.56 

cc-pVDZ 1.090 4.037 3.414 

S3(B1) 6-31G(d) 1.109 4.897 4.220 4.62 4.15 4.23 

cc-pVDZ 1.110 4.760 4.083 

S4(A1) 6-31G(d) 1.097 5.567 4.954 5.50 4.94 4.40 

cc-pVDZ 1.097 5.387 4.770 

S5(B1) 6-31G(d) 1.107 6.424 5.792 4.72 

cc-pVDZ 1.107 6.237 5.607 

S6(A1) 6-31G(d) 1.146 6.671 5.824 5.19 

cc-pVDZ 1.143 6.509 5.674 

S7(B2) 6-31G(d) 1.093 6.543 6.010 6.15 

cc-pVDZ 1.095 6.421 5.888 

S8(A1) 6-31G(d) 1.140 7.378 6.473 6.33 

cc-pVDZ 1.138 7.187 6.298 

S9(A1) 6-31G(d) 1.879 10.708 6.787 

cc-pVDZ 1.893 10.652 6.578 

S10(A2) 6-31G(d) 1.092 7.348 6.810 

cc-pVDZ 1.094 7.186 6.648 V. Blanchet, et al. J. Chem. Phys. 128, 164318 (2008) 
A. Murakami, et al. J. Chem. Phys. 120, 1245 (2004) J. Chem. Phys. 138, 201102  (2013) 
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1. Lies between 5.19 – 6.81 eV 
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State Basis S0(A1) S1(B1) S2(A1) S3(B1) S4(A1) 

S1(B1) 6-31G(d) 0.007 

cc-pVDZ 0.007 

Exp. 0.009 

S2(A1) 6-31G(d) 0.003 0.000 

cc-pVDZ 0.003 0.000 

Exp. 0.08 

S3(B1) 6-31G(d) 0.064 0.022 0.001 

cc-pVDZ 0.062 0.022 0.001 

S4(A1) 6-31G(d) 1.309 0.008 0.001 0.000 

cc-pVDZ 1.307 0.008 0.001 0.000 

Exp. 1.10 

S9(A1) 6-31G(d) 0.001 0.043 0.005 0.052 0.190 

cc-pVDZ 0.000 0.043 0.004 0.038 0.212 

EOMCCSD Oscillator Strengths 

R. Pariser J. Chem. Phys. 25, 1112 (1956) J. Chem. Phys. 138, 201102  (2013) 



State Basis S0(A1) S1(B1) S2(A1) S3(B1) S4(A1) 

S1(B1) 6-31G(d) 0.007 

cc-pVDZ 0.007 

Exp. 0.009 

S2(A1) 6-31G(d) 0.003 0.000 

cc-pVDZ 0.003 0.000 

Exp. 0.08 

S3(B1) 6-31G(d) 0.064 0.022 0.001 

cc-pVDZ 0.062 0.022 0.001 

S4(A1) 6-31G(d) 1.309 0.008 0.001 0.000 

cc-pVDZ 1.307 0.008 0.001 0.000 

Exp. 1.10 

S9(A1) 6-31G(d) 0.001 0.043 0.005 0.052 0.190 

cc-pVDZ 0.000 0.043 0.004 0.038 0.212 

EOMCCSD Oscillator Strengths 

R. Pariser J. Chem. Phys. 25, 1112 (1956) J. Chem. Phys. 138, 201102  (2013) 



State Basis S0(A1) S1(B1) S2(A1) S3(B1) S4(A1) 
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Exp. 0.009 

S2(A1) 6-31G(d) 0.003 0.000 
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Exp. 0.08 
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R. Pariser J. Chem. Phys. 25, 1112 (1956) 

1. Lies between 5.19 – 6.81 eV 
2. Is of 1A1 symmetry 
3. Accessible from the S2 state  

J. Chem. Phys. 138, 201102  (2013) 



Dominant Electronic Transitions 
State Basis rμ,0 Leading rμ,1 and rμ,2 amplitudes 

S9 (A1) 6-31G(d) 0.15 3b2→6b2 (0.10) 1a22a2→3a2
2 (0.12) 3b2

2→4b2
2 (0.41) 3b22a2→4b23a2

 (0.23) 

2a2
2→4b2

2 (0.11) 2a2
2→3a2

2 (0.42) 3b22a2→3a24b2
 (0.28) 

cc-pVDZ 0.15 1a22a2→3a2
2 (0.12) 3b2

2→4b2
2 (0.41) 3b22a2→4b23a2

 (0.23) 

2a2
2→4b2

2 (0.11) 2a2
2→3a2

2 (0.42) 3b22a2→3a24b2
 (0.28) 

J. Chem. Phys. 138, 201102 (2013) 
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S9 (A1) 6-31G(d) 0.15 3b2→6b2 (0.10) 1a22a2→3a2
2 (0.12) 3b2

2→4b2
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2→4b2
2 (0.41) 3b22a2→4b23a2

 (0.23) 

2a2
2→4b2

2 (0.11) 2a2
2→3a2

2 (0.42) 3b22a2→3a24b2
 (0.28) 

1. Lies between 5.19 – 6.81 eV 
2. Is of 1A1 symmetry 
3. Is accessible from the S2 state 
4. Has electronic structure dominated by (HOMO)2 → (LUMO+1)2 [(2a2)2 → (3a2)2] 

and (HOMO-1)2 → (LUMO)2 [(3b2)2 → (4b2)2] transitions 

J. Chem. Phys. 138, 201102 (2013) 



V. Blanchet, et al. J. Chem. Phys. 128, 164318 (2008) 
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      Av. errors (eV):  1.33               0.20 

Completely renormalized CC/EOMCC methods can offer great help … 
but there are situations where this is not sufficient … 

Example: excited states of metallic clusters (Be3) 
(K. Kowalski et al., J. Chem. Phys. 2005, P. Piecuch et al., Int. J. Quantum Chem., 2006) 
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ACTIVE-SPACE CC/EOMCC APROACHES FOR QUASI-DEGENERATE STATES 
(CCSDt, CCSDtq, EOMCCSDt, etc.)  

[~ state-selective MRCC methods exploiting a single-reference formalism] 
[Key concepts: Oliphant and Adamowicz, 1991; Piecuch, Oliphant, and Adamowicz, 1993; Piecuch and Adamowicz, 1994; 
Piecuch, Kucharski, and Bartlett, 1999; Kowalski and Piecuch, 2000-2001; Gour, Piecuch, and Włoch, 2005-2006; Shen and 

Piecuch, 2013-2014; cf., also, CASCC work by Adamowicz et al.] 

(CAS) 

(long-range correlations) (short-range correlations) 



REPRESENTATIVE APPROXIMATIONS: 
CCSDt OR SSMRCCSD(T) AND EOMCCSDt 

Other approximations: SSMRCCSD(TQ) or CCSDtq, EOMCCSDtq, etc. 

Because of the use of active orbitals, the numbers of t, q, … excitations 
are small fractions (~10-30 %) of all T, Q, … excitations.  

The most expensive CPU steps of (EOM)CCSDt and (EOM)CCSDtq scale 
as ~NoNuno

2nu
4 and ~No

2
 Nu

2
 no

2nu
4, respectively. 



Ground and excited states of Be3 

 (K. Kowalski et al., J. Chem. Phys. 2005, P. Piecuch et al., Int. J. Quantum Chem., 2006) 



Ground and excited states of Be3 

 (K. Kowalski et al., J. Chem. Phys. 2005, P. Piecuch et al., Int. J. Quantum Chem., 2006) 



Average errors (eV): 1.33              0.20              0.08 

Ground and excited states of Be3 

 (K. Kowalski et al., J. Chem. Phys. 2005, P. Piecuch et al., Int. J. Quantum Chem., 2006) 



Radicals via the active-space electron-attached (EA) and ionized (IP) EOMCC 
(J.R. Gour, P. Piecuch, and M. Włoch, J. Chem. Phys., 2005; Int. J. Quantum Chem., 2006, J.R. Gour and P. Piecuch, J. 

Chem. Phys., 2006; Piecuch et al., 2007-2011) 
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(CCTYP=EA-
EOM3A and 
IP-EOM3A, 
respectively, 
in GAMESS) 
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Biradicals via the active-space DEA- and DIP-EOMCC 
(J. Shen and P. Piecuch, J. Chem. Phys., 2013, Mol. Phys., 2014) 

M. Nooijen and R.J. 
Bartlett, 1997; M. 
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2011-2012; … 



Biradicals via the active-space DEA- and DIP-EOMCC 
(J. Shen and P. Piecuch, J. Chem. Phys., 2013, Mol. Phys., 2014) 

Example: Singlet-triplet gap in trimethylenemethane (TMM)  

M. Nooijen and R.J. 
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MERGING ACTIVE-SPACE AND RENORMALIZED 
COUPLED-CLUSTER METHODS, CC(P;Q), CC(t;3), 

CC(t,q;3), CC(t,q;3,4), CC(q;4), ETC. SCHEMES  

(CCSDt)
1 2 3T T T T t≈ = + +

Key idea: Replace the previously developed moment expansions, which aim 
at describing the differences between the exact (full CI) energies Eμ and the 
corresponding CC/EOMCC energies obtained using conventional truncation 
schemes for the cluster operator T and, in the case of excited states, 
excitation operator Rμ by the expansions that enable us to correct the 
energies obtained with arbitrary truncations of T and Rμ for the selected 
higher-order correlation effects of interest. 

Examples (and motivation): 

Correct the results of CCSDt calculations, where                                        ,            
for the remaining triples effects neglected in CCSDt calculations, or correct 
EOMCCSDtq energies, obtained with                                                       and                                         
and                                                         for the remaining triples and quadruples. 

(CCSDtq)
1 2 3 4T T T T t t≈ = + + +

(CCSDtq)
1 2 3 4R R R R r rµ µ≈ = + + +

[J. Shen and P. Piecuch, Chem. Phys., 2012; J. Chem. Phys., 2012; J. Chem. Theory Comput., 2012] 
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{2,2} 



STATE 7R-SU-CCSD [1] EOMCCSD  CR-EOMCC(2,3) CC(t;3) 

1  1A’ 3.94 10.80 0.88 1.10 

2  1A’ 3.12 15.59 1.89 1.61 

3  1A’ 12.44 14.86 3.86 2.12 

1  3A’ 4.25 3.03 1.31 0.92 

2  3A’ 4.15 9.67 0.68 1.25 

3  3A’ 6.48 11.09 4.89 2.08 

AVERAGE MUE 5.73 10.84 3.38 1.51 

STATE 4R-SU-CCSD [1] (8,4)-CCSD [1] EOMCCSD  CR-EOMCC(2,3) CC(t;3) 
 

1  1A’’ 2.85 1.32 8.31 0.87 0.99 

2  1A’’ 6.22 3.80 1.54 0.89 0.19 

1  3A’’ 3.88 2.82 8.53 0.58 1.19 

2  3A’’ 12.62 1.95 8.95 4.13 0.63 

AVERAGE MUE 6.39 2.47 6.83 1.62 0.75 

[1] X. Li and J. Paldus, J. Chem. Phys. 133, 024102 (2010). 

EXCITED-STATE POTENTIAL ENERGY SURFACES OF THE WATER MOLECULE  
[J. Shen and P. Piecuch, in preparation; cf., also, J.J. Lutz and P. Piecuch, Comput. Theor. Chem., 2014] 

Mean unsigned errors (MUEs) rel. to full CI, in mH, for the A' and A″ excited states 
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