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Symmetry-restored coupled cluster formalism 
 

One strategy for ab-initio calculations of near-degenerate and open-shell systems: 
I. Let the reference state break symmetry(ies) 

II. Safely expand the many-body state around it 
III. Restore the symmetry(ies) exactly 
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I.   Introduction 

II. Angular-momentum-restored coupled cluster formalism 
       T. D., J. Phys. G42, 025107 (2015) 

III. Preliminary results in the doubly-open shell 24Mg nucleus 
       S. Binder, T. D., G. Hagen, T. Papenbrock, unpublished 

Outline 
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Introduction 

Part I 
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Breaking and restoring symmetries 

Target 
state 

Wave  
operator 

Reference  
state 

Expand 

A-body ground state  Ground-state energy 

Size extensive 

Closed shell 

RHF reference 

conserves A, J2, M 

Dy-SCGF 
CC 

Singly/doubly open shell 

UHF(B) reference 

breaks A / J2 and M 

Go-SCGF 
BCC 

First implementation 
Breaks down for 
open-shell nuclei Symmetry contaminants 

Expansion around a single reference state 

Multi -reference character 

ph degeneracy 
<->  

Zero mode  

Finite inertia 
<-> 

Resolve zero mode 

Singly/doubly open shell 

UHF(B) manifold 

restores A / J2 and M 

PNR-BCC/AMR-CC 
New formalism 

SCGF: to be done 
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Symmetry-restored coupled-cluster theory 
 

 Angular-momentum-restored coupled-cluster formalism   

 T. D., J. Phys. G42, 025107 (2015) 

  

 Particle-number-restored Bogoliubov coupled-cluster formalism 
 T. D., A. Signoracci, in preparation (2015) 

 
 
 
....can be extended to essentially any symmetry group 

Part II 
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Single-reference CC based on UHF (GHF) 
Symmetry group of H includes SU(2) = non abelian compact Lie group ς Lie algebra  

Eigenstates of H leads to 

IRREPs 

CC wave-function ansatz 

where Such that and 

with 

Symmetry-breaking unperturbed system 
U(G)HF reference state 

with 

Mixes various IRREPs 

Degeneracy lifted 
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Single-reference CC based on UHF (GHF) 
Time-independent G.S. Schrödinger equation Similarity-transformed Hamiltonian 

Baker-Campbell-Hausdorff + Wick theorem 

Energy equation 

Amplitude equation to determine Tn 

Variant without xe-T first  

Obtain algebraic expressions via Wick theorem 

Define energy and norm kernels 

Exponential naturally terminates 

xe-T 

Intermediate normalization 
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Master equations (1) 

Imaginary-time dependent scheme 

Time-evolved  state 

Off-diagonal kernels 

Schrödinger equation 

R(W) 

Reduced kernels 

1) Standard kernels at W = 0 and t = қ 
2) Same for n-tuply excited kernels  

 

Intermediate normalization at W = 0 

Rotated UHF reference states and overlap 

with and 

where 

and 

Rotated U(G)HF reference state 
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Master equations (2) 
Expansion of off-diagonal kernels over IRREPs of SU(2) 

Truncating kernels expanded around a symmetry-breaking reference 

Time propagation selects the proper IRREP 

IRREPs still mixed as t -Ҕ қ  
<=> 

The good symmetry is lost 

Symmetry-restored energy 

Standard many-body methods at W = 0 

Straight ratio 

No fingerprint of mixing left to be used 
Benefit of inserting rotation operator in kernels 

Superfluous in exact limit but not after truncation  

Schrödinger equation for G.S. 
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Technical points of importance 

Å Wick Theorem for off-diagonal matrix element                         of strings of operators 
           [R. Balian, E. Brezin, NC 64, 37 (1969)] 

Å Care must be taken of both the rotated energy                 and norm                kernels 

Angular-momentum-restored CC theory 

Goal: extend exact symmetry restoration techniques beyond PHF to any order in CC such that 

1. It keeps the simplicity of a single-reference-like CC theory (and includes it) 

2. It is valid for any symmetry  (spontaneously) broken by the reference state 

3. It is valid for any system, i.e. closed shell, near degenerate and open shell 

4. It accesses not only the ground state but also the lowest state of each IRREP 

Expansion and truncation must be consistent 

Has no naturally terminating expansion 

мύ {ǘŀǘƛŎ ŎƻǊǊŜƭŀǘƛƻƴǎ ŦǊƻƳ άƘƻǊƛȊƻƴǘŀƭέ ŜȄǇŀƴǎƛƻƴΣ ƛΦŜΦ ŦǊƻƳ ƛƴǘŜƎǊŀƭ ƻǾŜǊ {¦όнύ  
нύ 5ȅƴŀƳƛŎ ŎƻǊǊŜƭŀǘƛƻƴǎ ŦǊƻƳ άǾŜǊǘƛŎŀƭέ ŜȄǇŀƴǎƛƻƴΣ ƛΦŜΦ ŦǊƻƳ a.t¢κ// ŜȄǇŀƴǎƛƻƴǎ ƻŦ ƪŜǊƴŜƭǎ 

+ their consistent interference! 
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The norm kernel factorizes exactly for any b 

This is proved via the MBPT expansions of             and   

            = connected/linked diagrams to operator 

            = disconnected (exponential of connected) diagrams 

Expansion of the operator kernels 

Algebraic expressions 

Diagonal density matrix of UHF reference state  

b-dependent part connects holes and particles   

Expanding the kernel of an operator 

In the exact limit 

 
After truncation  

Signals the symmetry breaking 

Possess generalized expansions 
1. MBPT expansion 
2. Naturally terminating CC expansion 

b-dependent elementary contractions 

Standard MBPT/CC expansions recovered at b = 0 

Final CC expansion (via time-ŘŜǇŜƴŘŜƴǘ a.t¢Χύ 
b-dependent cluster amplitudes 

Off-diagonal connected matrix element 

!ƭƭ ƪŜǊƴŜƭǎ ŀǊŜ ǊŜŘǳŎŜŘ ƻƴŜǎ ŀǘ ǘ Ґ қ 
                             only one Euler angle b 

in quasi-particle language 

Extends [J. Goldstone, PRSL A239 (1957) 267 ; N.M. Hugenholtz, Phys. 23 (1957) 481; C. Bloch, NP7 (1958) 451] 


