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What to expect from this talk

Bottom lines

I I use old-school phenomenological e↵ective interactions (energy density
functionals (EDFs)) – no ab-initio in this talk!

I I will not worry about getting in-medium correlations from a ”bare”
Hamiltonian.

I I will address nuclear structure phenomena that require multi-reference
techniques. (It turns out that almost all do!)

Topics

I Why MR?

I From simple to increasingly complicated MR schemes.

I Technical issues.
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Semantics

I single reference (SR) ⌘ self-consistent mean field, ”HF”, ”HFB”

I multi reference (MR) ⌘ projection and/or Generator Coordinate Method

Nuclear physics jargon 101
I static correlations: what one gets by symmetry-breaking mean field

I HFB-type pairing
I deformation (quadrupole, octupole, . . . )
I high angular-momentum (nuclear physics jargon: high-spin) states

I dynamical correlations: correlations from ”going beyond the mean field”
I Correlations from symmetry restoration
I shape mixing (because of deformation softness and/or shape coexistence)
I excited states (vibrations, . . . )
I restoration of angular-momentum, parity and isospin selection rules for

electromagnetic and weak transitions

Why worry?

I nuclei are self-bound systems ) conserved quantum numbers

I most, if not all, nuclei exhibit shape coexistence Heyde & Wood, RMP83 (2011) 1467

I individual and various collective excitation modes on the same energy scale

I large amplitude collective motion

M. Bender, CEN de Bordeaux Gradignan Symmetry-restored mean-field theory for nuclei



Symmetry restoration
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Configuration mixing by the symmetry-restored Generator Coordinate
Method

Superposition of projected self-consistent mean-field states |MF(q)i di↵ering in a set of
collective and single-particle coordinates q
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Angular-momentum projected GCM gives the

I correlated ground state for each value of J

I spectrum of excited states for each J
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Horizontal vs. vertical expansion of correlations

M. B., P.-H. Heenen, unpublished

F. Dönau et al, NPA496 (1989) 333.
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Horizontal vs. vertical expansion of correlations

M. B., P.-H. Heenen, unpublished

F. D6nau et al. / Large amplitude collective motion 335 

la te r  on  ca l l ed  the  loca l  v a c u u m .  I f  one  is s t u d y i n g  s low c o l l e c t i ve  m o t i o n ,  the  s ta te  
Iq) is t a k e n  to be  the  e n e r g e t i c a l l y  l owes t  H F B  d e t e r m i n a n t  sa t i s fy ing  

alq) = 0 ,  (4) 

w h e r e  b o t h  the  d e s t r u c t i o n  o p e r a t o r  a = a ( q )  a n d  its v a c u u m  are  de f i ned  loca l ly  
fo r  e a c h  p o i n t  (q) .  T h e  a b o v e  p r o c e d u r e  m e a n s  an  a d i a b a t i c  p r e p a r a t i o n  o f  a 
s e q u e n c e  o f  s tates* l a b e l e d  by  q, q ' ,  q",  • • • .  In this  a d i a b a t i c  r eg ime ,  c o n s i d e r  t hen  
a ser ies  o f  level  c ross ings  as s h o w n  in fig. 1. H e r e  the  loca l  v a c u u m  Iq) fo l lows  
m e r e l y  the  e n v e l o p e  o f  t he  ene rgy  o f  p u r e  c o n f i g u r a t i o n s  (see fig. 1) in s t ead  o f  
c o n t i n u i n g  in the  p r e v i o u s  c o n f i g u r a t i o n  w h i c h  inc reases  in ene rgy** .  A c c o r d i n g  to 

CAL 
ICUA 

Fig. 1. Schematic plot of the energy versus the collective variable. The dark envelopes show the positions 
of the local vacua. The domain of the collective variable is defined by q,m,~, qm,x and the energy cut Em~,~. 

* To simplify the notation, we label the above well-prepared set of determinantal solutions subject 
to the routhian (3) by the symbol q regardless of the fact that q may not always lead to a complete 
classification of the set of states taken into account. 

** It is important to mention that for the formalism given one can prepare also another set of HFB 
states following adiabatic filling regime, and furthermore adiabatic and diabatic sets could even be used 
simultaneously. 

F. Dönau et al, NPA496 (1989) 333.
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Our implementation(s)

I Coordinate space representation on a 3d mesh using Lagrange-mesh
techniques (in quantum chemistry jargon: a special case of a DVR)

I “HF+BCS” or “HFB” solved with two-basis method

I full space of occupied single-particle states

I Skyrme energy density functionals (old school) or Skyrme
pseudo-potentials (new school)
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Typical applications
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Configuration mixing via the projected Generator Coordinate Method

M. B., P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.
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Spectroscopy from MR EDF

M. B., P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.
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Spectroscopy from MR EDF

M. B., P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.
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Spectroscopy from MR EDF
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M. B., P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.

Attention: g 2
i

(q) is not the probability to find a mean-field state with intrinsic
deformation q in the collective state
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Spectroscopy from MR EDF
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M. B., P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.

Attention: g 2
i

(q) is not the probability to find a mean-field state with intrinsic
deformation q in the collective state
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Possible role of non-axial degrees of freedom
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Spectroscopy from MR EDF: Transition moments

M. B., P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.

Experiment: T. Grahn et al, Phys. Rev. Lett. 97 (2006) 062501 I in-band and out-of-band E2 transition
moments directly in the laboratory
frame with correct selection rules

I full model space of occupied particles

I only occupied single-particle states
contribute to the kernels (”horizontal
expansion”)

I ) no e↵ective charges necessary

I no adjustable parameters
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Spherical nuclei don’t stay spherical ”beyond the mean field”
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M. B., B. Avez, B. Bally, T. Duguet, P.-H. Heenen, D. Lacroix, unpublished
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Typical cases

. . . .

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Typical cases

. . .

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322

M. Bender, CEN de Bordeaux Gradignan Symmetry-restored mean-field theory for nuclei



Static vs. dynamical quadrupole correlation energies

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Static vs. dynamical quadrupole correlation energies

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Intrinsic Deformation and Quadrupole Correlation Energy

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Two-nucleon separation energies

data from M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Two-nucleon separation energies

data from M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322

M. Bender, CEN de Bordeaux Gradignan Symmetry-restored mean-field theory for nuclei



Two-nucleon separation energies

data from M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Eigenvalues of the single-particle Hamiltonian vs. S2q

lower panel: �S2p(Z=50,N)/2
The global linear trend is taken out subtracting
N�82

2 [S2p(Z=50,N=50)�S2p(Z=50,N=82)]

using the spherical mean-field S2p

lower panel: �S2n(Z ,N=50)/2
The global linear trend is taken out subtracting
N�50

2 [S2n(Z=28,N=50)�S2n(Z=50,N=50)]

using the spherical mean-field S2n
M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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Eigenvalues of the single-particle Hamiltonian vs. S2q

lower panel: �S2p(Z=50,N)/2
The global linear trend is taken out subtracting
N�82

2 [S2p(Z=50,N=50)�S2p(Z=50,N=82)]

using the spherical mean-field S2p

lower panel: �S2n(Z ,N=50)/2
The global linear trend is taken out subtracting
N�50

2 [S2n(Z=28,N=50)�S2n(Z=50,N=50)]

using the spherical mean-field S2n
M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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Eigenvalues of the single-particle Hamiltonian vs. S2q

lower panel: �S2p(Z=50,N)/2
The global linear trend is taken out subtracting
N�82

2 [S2p(Z=50,N=50)�S2p(Z=50,N=82)]

using the spherical mean-field S2p

lower panel: �S2n(Z ,N=50)/2
The global linear trend is taken out subtracting
N�50

2 [S2n(Z=28,N=50)�S2n(Z=50,N=50)]

using the spherical mean-field S2n
M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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Angular momentum projection of triaxial states

mean-field deformation energy surface

J = 0 projected deformation energy surface

M. B. and P.-H. Heenen, Phys. Rev. C 78 (2008) 024309
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Angular momentum projection of triaxial states

mean-field deformation energy surface J = 0 projected deformation energy surface

M. B. and P.-H. Heenen, Phys. Rev. C 78 (2008) 024309
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Angular momentum projection of triaxial states

mean-field deformation energy surface J = 0 projected deformation energy surface

M. B. and P.-H. Heenen, Phys. Rev. C 78 (2008) 024309
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Mixing of angular-momentum projected triaxial states
of di↵erent intrinsic deformation

<

M. B. and P.-H. Heenen, Phys. Rev. C 78 (2008) 024309
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Other collective degrees of freedom: Octupole deformation
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V. Hellemans, M. B., P.-H. Heenen, to be published.
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I Skyrme SLy5

I axial Slater determinants (no pairing).

I J and parity projection
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Towards the MR description of fission: the case of 180Hg
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I Skyrme SLy5s1 (recent parametrization with optimized surface tension) R.

Jodon, K. Bennaceur, M. B., J. Meyer, in preparation.

I axial states

I N, Z , J & parity projection

M. Bender, CEN de Bordeaux Gradignan Symmetry-restored mean-field theory for nuclei



Other collective degrees of freedom: dynamical pairing

.

.

Mixing of particle number projected spherical

states in 120Sn with di↵erent amount of neutron

pairing correlations

M. B., T. Duguet, IJMPE16 (2007) 222

dynamical pairing combined with quadrupole

GCM and projection on N, Z , and J

N. López Vaquero, J. L. Egido, T. R. Rodŕıguez, PRC 88 (2013) 064311.
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Other collective degrees of freedom: dynamical pairing

.

.

Mixing of particle number projected spherical

states in 120Sn with di↵erent amount of neutron

pairing correlations

M. B., T. Duguet, IJMPE16 (2007) 222

VAQUERO, EGIDO, AND RODRÍGUEZ PHYSICAL REVIEW C 88, 064311 (2013)
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FIG. 12. (Color online) Spectra of 32Mg in the PN-VAP +
PNAMP approach (left) and the HFB + AMP approach (right).

an inversion of the 0+
3 and 0+

4 levels with the respective 2+
3 and

2+
4 levels that does not show up in 52–54Ca. In principle, one

would expect an increase in collectivity with growing neutron
number. Looking at the spectra we find that this not the case,
the nucleus 52Ca does not appears as a smooth interpolation of
50Ca and 54Ca; as a matter of fact, the low-lying states of 52Ca

are higher in energy than in 50–54Ca. We observe, in particular,
that the 2+

1 state of the nucleus 52Ca is higher in energy than
in its neighbors; this fact has been interpreted as a subshell
closure at N = 32. The discussions going on [43–45] about
the hypothetical shell closures at N = 32 and N = 34 have
been settled by a recent measurement of the excitation energy
of the 2+

1 level in 54Ca [46]. Our prediction for this state taking
the pairing degree of freedom into account is in agreement
with the experimental finding; see also Ref. [45].

We conclude this section by stressing the impact of the
pairing of the nuclear spectra and the relevance of the PNP to
avoid unwanted mixing.

VII. COLLECTIVE WAVE FUNCTIONS

In this section we discuss the collective w.f.’s [see Eq. (6)]
solution of the HW equations in 1D, g(q), and 2D, g(q, δ), and
in the three basic approaches only for the nucleus 52Ti.

In Fig. 14 we present the HW w.f.’s of the 52Ti nucleus in
the 1D case in the three basic approaches. The corresponding
potential energy curves have been plotted in Fig. 4. In the
left top panel of Fig. 4 the PN-VAP + PNAMP potential
energy curve displays two quasi-coexistent minima, the lowest
one prolate and the other one oblate; consequently, the w.f.’s
[see Fig. 14(a)] of the 0+

1 and 0+
2 states display a two-hump

structure with maxima (or maximum and minimum) at these
values, the 0+

2 with a node as one would expect for a β
vibration. The 0+

3 state, however, peaks at large deformations
in the prolate and the oblate potential shoulders and it has
a two-node structure. In the HFB + PNAMP approach, the
potential energy curve (see Fig. 4) presents also two minima,
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FIG. 13. (Color online) Spectra of 50Ca, 52Ca, and 54Ca in the PN-VAP + PNAMP approach.

064311-12

dynamical pairing combined with quadrupole

GCM and projection on N, Z , and J

N. López Vaquero, J. L. Egido, T. R. Rodŕıguez, PRC 88 (2013) 064311.
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Isospin breaking and restoration

isospin is a particular case:

I physically broken by the Coulomb
interaction, the di↵erence of proton
and neutron masses, and small
contributions of the strong interaction

I spuriously broken by mean-field
methods, with some severe
consequences for calculated properties
of nuclei close to the N = Z line.

I spurious breaking can be removed by
diagonalizing the symmetry-breaking
Hamiltonian in a basis of
isospin-projected mean-field states.

I isospin projection mixes proton and
neutron single-particle states.

I controlling the physical isospin
breaking has relevance for tests of the
standard model through the analysis of
superallowed 0+ ! 0+ Fermi � decay

Example: rotational bands of 56Ni
SATUŁA, DOBACZEWSKI, NAZAREWICZ, AND RAFALSKI PHYSICAL REVIEW C 81, 054310 (2010)

approach to the SD bands in 56Ni and terminating states in
N = Z isotopes of Ca, Sc, Ti, V, and Cr are presented in
Secs. IV A and IV B, respectively. Finally, Sec. V contains the
conclusions of this work.

II. ISOSPIN SYMMETRY VIOLATION IN A
MEAN-FIELD APPROACH

Let us begin by exposing serious problems with the MF
description of g.s. configurations of odd-odd (o-o) N = Z
nuclei. If, for the sake of simplicity, the Coulomb and time-
odd polarization effects are disregarded and proton-neutron
symmetry is conserved, a deformed MF approach naturally
leads to four-fold degenerate (isospin and Kramers) single-
particle (s.p.) levels. Consequently, the MF g.s. configuration
of the o-o N = Z nucleus is not uniquely defined and depends
on occupation of specific levels. As shown in the upper panel
of Fig. 1, the valence proton and neutron can be arranged
in two distinctively different ways. Indeed, configurations of
the type shown on the left-hand side (aligned configurations),
are symmetric in spin-space coordinates and, therefore, anti-
symmetric (isoscalar) in isospin coordinates. The anti-aligned
configurations depicted on the right-hand side, have a mixed
symmetry in spin-space coordinates and, therefore, also in
isospin coordinates.

Because of their isoscalar character, aligned configurations
are not affected by the isospin projection. On the other
hand, the projection lifts the degeneracy of T = 0 and T = 1
components of aligned configurations as it is illustrated in
the lower panel of Fig. 1. Due to the repulsive character of the
nuclear symmetry energy, the isovector (isoscalar) components
of the anti-aligned configurations are shifted up (down) in
energy. Hence, isospin restoration changes the structure of
the ground states of o-o N = Z nuclei without affecting the

aligned configuration

π πνν

anti-aligned configuration
ν π or ν πorν π ν π

T=0

Isospin projection

T=1

T=0ν π ν π

Mean-field

νν π π

four-fold degeneracy of the sp levels

FIG. 1. The upper panel schematically shows two possible g.s.
configurations of an odd-odd N = Z nucleus, as described by the
conventional deformed MF theory. These degenerate configurations
are called aligned (left) and anti-aligned (right), depending on what
levels are occupied by the valence particles. The lower panel shows
what happens if the isospin-symmetry is restored. The aligned
configuration is isoscalar; hence, it is insensitive to the isospin
projection. The anti-aligned configuration represents a mixture of
the T = 0 and T = 1 states. The isospin projection removes the
degeneracy by shifting the T = 0 component down.
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p3/2
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νp-h Band 2

[303]7/2

[321]1/2

[440]1/2

or?

T=0

T=1

νp-hπp-h

Band 2 with isospin projection

FIG. 2. The upper panel schematically shows the s.p. configura-
tion corresponding to the SD Band 1 in 56Ni, which is based on a
4p4h excitation with respect to the doubly magic core. The middle
panel depicts two possible configurations of Band 2 involving a single
proton (left) or neutron (right) promoted to the 0g9/2 shell. To facilitate
the discussion, we also show the relevant asymptotic Nilsson quantum
numbers associated with deformed orbitals involved. The lower panel
illustrates the isospin splitting induced by the isospin-symmetry
restoration.

ground states of e-e N = Z nuclei. In other words, it does
affect the binding-energy staggering along the N = Z line.

Another example that nicely illuminates problems with
isospin encountered in MF approaches is the case of two
SD bands observed in the doubly magic nucleus 56Ni [22].
Following Ref. [22], we label them as Band 1 and Band 2.
Band 1 is interpreted as a four-particle four-hole configuration
formed by promoting two protons and two neutrons from
the 0f7/2 shell to 0f5/2 shell. Within deformed MF model,
where it is more natural to use the notion of Nilsson orbitals,
Band 1 is obtained by emptying the neutron and proton
[303]7/2 Nilsson extruder orbitals and occupying the prolate-
driving [321]1/2 levels. This interpretation, not involving
the 0g9/2 shell, is strongly supported by both state-of-the-art
shell-model (SM) calculations [22,29] in the 0h̄ω fp space and
the self-consistent cranked-HF theory [22]. Both approaches
appear to reproduce satisfactorily the excitation energy and
moment of inertia (MoI) of this band. The p-h configuration
of this band is depicted schematically in the upper panel of
Fig. 2.

Band 2, on the other hand, cannot be reproduced within the
fp SM space. This band has also a larger MoI as compared
to the Band 1, and it is becoming yrast around spin I ∼ 12h̄.
These two facts strongly suggest that its structure must involve
at least one particle in the prolate-driving [440]1/2 Nilsson

054310-2

W. Satu la, J. Dobaczewski, W. Nazarewicz, M. Rafalski, PRC 81 (2010)

054310
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charge radii: Experimental signatures of shape mixing

M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312

transition [17] allows the formalism of King to be used to
study the atomic properties of polonium by comparing
modified isotope shifts (see Fig. 2) [15]. The slope of this
so-called King plot is the ratio of the two F while the y
intercept is a linear combination of the MSMS from each
transition. The MSMS and F can also be calculated on
the basis of the Dirac-Coulomb-Breit Hamiltonian and a
Fermi-like distribution of the different isotopes. A series of
relativistic configuration interaction calculations have
been carried out with systematically enlarged wave func-
tion expansions within a restricted active space, including
the polarization of the electronic core and single and
double excitations into three additional layers of correla-
tion orbitals (n ¼ 8, 9, 10). Reasonable convergence with
the size of the wave functions was obtained, especially
for F, while the MSMS values appear more sensitive to
the details of the calculations. The results are shown in
Table II. The red dotted line in Fig. 2 displays the corre-
sponding relation according to the calculated parameters
and lies within 1! of the fitted trend. The good agreement
between the slope of the calculated parameters and that
of the fit shows the predictive power of the calculations
for F. The difference in the y intercept, however, raises
some questions on the theoretical accuracy of the calcu-
lated MSMS.

The "hr2i of the even-A isotopes 192–210;216;218Po were
extracted using those parameters and a 0.932 correction
for higher moments [22]. In order to take into account the
uncertainty of the different MSMS in the calculation, a
systematic error was introduced. It was deduced as the

difference between the "hr2i values using only the calcu-
lated atomic parameters for the 843.38 nm line and those
obtained via the King plot and the calculated atomic pa-
rameters from the 255.8 nm transition. The "hr2i (see
Table I) are compared with the predictions from the spheri-
cal FRDM [18] using the second parametrization from
Ref. [23] (see Fig. 3). On the neutron-deficient side, a
surprisingly large deviation from sphericity can be seen
starting from 198

114Po that becomes increasingly marked for
the lighter isotopes. The deviation is larger in magnitude
and occurs for larger neutron numbers than in the Z " 82
isotones. The data in the neutron-deficient radon and ra-
dium isotopes [24] do not extend far enough in the neutron-
deficient side to compare with the polonium isotopes.
In order to understand the unexpectedly large and early

deviation from sphericity in the polonium isotopes, the
"hr2i have been calculated using the same beyond mean
field method as in Refs. [25,26]. The most important
feature of the method for this study is that the ground-state
wave function is constructed as a superposition of mean-
field wave functions corresponding to a large set of axial
quadrupole deformations, projected on angular momentum
and particle number. The coefficients of the expansion
are determined by varying the energy corresponding to a
Skyrme energy density functional. The SLy4 Skyrme pa-
rametrization has been tested together with the effect of a
reduced pairing strength (SLy4#). Within this framework,
one cannot assign an intrinsic deformation to the wave
functions. Instead, they are a mixture of mean-field states
of different deformation and therefore different radii. In
general, deformed configurations have larger radii than
spherical ones. The two main effects that increase the radii
of neutron-deficient polonium isotopes, compared to the
global A1=3 trend set by spherical configurations, are the
spread of the collective wave function in deformation
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FIG. 3 (color online). (top) "hr2i for the even-Z isotopes from
platinum (Z ¼ 78) to radium (Z ¼ 88) [5,7,24,27,29–31]. The
solid black line represents the predictions from the spherical
FRDM [18] using the second parametrization from Ref. [23].
(bottom) Difference between the measured "hr2i to the spherical
FRDM. The dotted lines represent the beyond mean field calcu-
lations with the SLy4 and SLy4# (with reduced pairing) inter-
actions [25,26].
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FIG. 2 (color online). King plot between the transitions at
255.8 nm ([17], x axis) and at 843.38 nm (present work, y
axis) for 200–210Po. The solid line is a linear fit through the
data points; the dotted red line is the calculated relation from
the large-scale atomic calculation and lies within 1! of the fit.

TABLE II. Calculated atomic electronic factors F and specific
mass shifts MSMS.

Transition [nm] F [GHz=fm2] MSMS [GHz $ amu]

255.8 28.363 51
843.38 %12:786 %311

PRL 106, 052503 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

4 FEBRUARY 2011

052503-3

T. Cocolios, . . . , M. B., P.-H. Heenen, PRL 106 (2011) 052503.
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Laboratory densities

J. M. Yao, M. B., P.-H. Heenen, PRC 91 (2015) 024301

Contour plots of the 3D proton densities (in fm�3) in the y = 0 plane for the 0+1

(a), 2+1 (b), 4+1 (c) states (with M = 0) in 24Mg.
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Recent developments
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Sign problem (of the overlap)

Onishi’s formula: hq|q0i2 = det(D) () undetermined sign)

Starting point: L. Robledo, PRC 79 (2009) 021302; PRC 84 (2011) 014307:
calculate overlap in some special cases from Pfa�an

Examples: 3d J projection: ↵, � held fixed at some values, � varied

one-quasiparticle states in 25Mg

Im
(h
�
a
|�

b
i)

Re (h�a|�bi)

Im
(h
�
a
|�

b
i)

Re (h�a|�bi)

24Mg cranked to I = 8~

Im
(h
�
a
|�

b
i)

Re (h�a|�bi)
B. Avez & M. B., PRC 85 (2012) 034255

Similar expressions derived by Bertsch & Robledo, PRL108 (2012) 042505.
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”Pole problem”

I pure particle-number projection
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”Pole problem”

I pure particle-number projection

I first hints from Hamiltonian-based
approaches in the form of failure of
approximations: Dönau, PRC 58 (1998)
872; Almehed, Frauendorf, Dönau, PRC
63 (2001) 044311.

I analysis in density-dependent-
Hamiltonian-based approach: Anguiano,
Egido, Robledo NPA696 (2001) 467

I First analysis in a strict energy density
functional (EDF) framework and of
EDF-specific consequences by
Dobaczewski, Stoitsov, Nazarewicz,
Reinhard, PRC 76 (2007) 054315

I Further analysis of the EDF case by
Lacroix, Duguet, Bender, PRC 79 (2009)
044318; Bender, Duguet, Lacroix, PRC 79
(2009) 044319; Duguet, Bender,
Bennaceur, Lacroix, Lesinski, PRC 79
(2009) 044320; Bender, Avez, Bally,
Duguet, Heenen, Lacroix, still in
preparation
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The origin of the problem in a nutshell

I All standard energy density functionals (EDF) used for mean-field models
and beyond do not correspond to the expectation value of a Hamiltonian
for at least one of the following reasons:

I density dependences
I the use of di↵erent e↵ective interactions in the particle-hole and pairing

parts of the energy functional
I the omission, approximation or modification of specific exchange terms

that are all introduced for phenomenological reasons and/or the sake of
numerical e�ciency.

I consequence: breaking of the exchange symmetry (”Pauli principle”)
under particle exchange when calculating the energy, leading to
non-physical interactions of a given nucleon or pair of nucleons with itself,
or of three nucleons among themselves etc.

I the resulting self-interactions and self-pairing-interactions remain (usually)
hidden in the mean field

I in the extension to symmetry-restored GCM, these terms cause
I discontinuities and divergences in symmetry-restored energy surfaces
I breaking of sum rules in symmetry restoration
I potentially multi-valued EDF in case of standard density-dependences

M. Bender, CEN de Bordeaux Gradignan Symmetry-restored mean-field theory for nuclei



Second problem: non-analytical density dependences

Non-viability of non-integer density
dependences

Duguet, Lacroix, M. B., Bennaceur, Lesinski, PRC 79 (2009) 044320

I in symmetry restored GCM, the local
densities ⇢qq

0
(r) are in general complex

I
⇥
⇢qq

0
(r)

⇤
↵

is a multi-valued
non-analytical function

I spurious contribution from branch cuts
(see Dobaczewskiet al. PRC 76 (2007)
054315, and Duguet et al. PRC 79
(2009) 044320 for complex plane
analysis)

I (partial) workaround when conserving
specific symmetries: use
particle-number projected densities for
density dependence instead (stategy
currently used by L. Egido and
collaborators).

I di�cult to justify formally.
I leads to unphysical excitation spectra

when using time-reversal-invariance
breaking reference states.
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What to do?

1. construct the EDF from a density-dependent Hamiltonians with special
ad-hoc treatment of the density entering the density-dependent terms for
which numerically e�cient high-quality parameterizations can be easily
constructed. Problem: cannot be defined for all possible confifuration
mixings of interest [Robledo, J. Phys. G 37 (2010) 064020] and/or fails
when breaking time-reversal invariance [Bender, Avez, Bally, Heenen, in
preparation].

2. introducing a regularization scheme of the EDF that allows for the use of
(almost) standard functionals [Lacroix, Duguet, & Bender, PRC 79 (2009)
044318] for which numerically e�cient high-quality parameterizations can
be easily constructed [Washiyama, Bennaceur, Avez, Bender, Heenen, &
Hellemans, PRC 86 (2012) 054309]. Problems: complicated formalism.
Almost works sometimes. Sometimes fails spectactularly.

3. constructing the EDF as expectation value of a strict Hamiltonian. New
problems: numerically much more costly due to Coulomb exchange &
pairing; no available parameterizations of high quality (the di�culties to
construct such parametrizations was the main motivation to use EDFs
with density-dependent coupling constants in the 1970s).

M. Bender, CEN de Bordeaux Gradignan Symmetry-restored mean-field theory for nuclei



Toy Skyrme Hamiltonian: SLyMR0

v̂ = t0

⇣
1 + x0P̂�

⌘
�̂
r1r2

+
t1

2

⇣
1 + x1P̂�

⌘⇣
k̂

0 2
12 �̂r1r2 + �̂

r1r2
k̂

2
12

⌘

+ t2

⇣
1 + x2P̂�

⌘
k̂

0
12 · �̂r1r2 k̂12

+ iW0 (�̂1 + �̂2) · k̂
0
12 ⇥ �̂

r1r2
k̂12

+ u0

⇣
�̂
r1r3 �̂r2r3 + �̂

r3r2 �̂r1r2 + �̂
r2r1 �̂r3r1

⌘

+ v0

⇣
�̂
r1r3 �̂r2r3 �̂r3r4 + �̂

r1r2 �̂r3r2 �̂r2r4 + · · ·
⌘

+ Coulomb

I impossible to fullfil usual nuclear matter
constraints, to have stable interactions and
attractive pairing

I no ”best fit” possible

I very bad performance compared to standard
general functionals

J. Sadoudi, M. Bender, K. Bennaceur, D. Davesne, R. Jodon, and T. Duguet, Physica Scripta T154 (2013) 014013
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Breaking pairs: MR calculations with angular-momentum-optimized states

Nuclear physics jargon: breaking time-reversal invariance of the reference states

I one non-paired nucleon: odd-A nuclei

I one or several broken pairs: states with seniority 6= 0 (and usually J 6= 0)
in even-even nuclei

I disturbed pairs: angular-momentum optimized collectively rotating states
(in nuclear physics jargon: self-consistent cranking)

Ĥ ! Ĥ � ! · Ĵ
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First ”beyond-mean-field” results for odd-A nuclei with SLyMR0
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B. Bally, doctoral thesis, Université de Bordeaux (2014)

B. Bally, B. Avez, M. B., and P.-H. Heenen, PRL 113 (2014) 162501
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First ”beyond-mean-field” results for odd-A nuclei with SLyMR0

B. Bally, B. Avez, M. B., P.-H. Heenen (to be published)

Data from Nuclear Data Sheets 110 (2009) 1691

I spectroscopic quadrupole moment Q
s

of the 5/2+ ground state:
Exp: 20.1± 0.3 e fm2

Calc: 23.25 e fm2

I magnetic moment µ of the 5/2+

ground state in nuclear magnetons:
Exp: �0.855
Calc: �1.054
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Projection of cranked states
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B. Bally, B. Avez, M. B., P.-H. Heenen (unpublished)

I compression of excitation spectrum
I projecting the states cranked to I does not lead to the lowest energy for

J = I states.
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MR EDF with diabatic states: 46Ca

seniority 0
N, Z , J = 0 projected N, Z , J = 6 projected

seniority 2, lowest N, Z , J = 6 projected

M. B.& P.-H. Heenen to be published
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MR EDF with diabatic states: 46Ca

seniority 0
N, Z , J = 0 projected N, Z , J = 6 projected

seniority 2, lowest N, Z , J = 6 projected

M. B.& P.-H. Heenen to be published
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Ongoing explorative work on the e↵ective interaction

I construction of most general central 3-body contact interaction of 2nd
order in gradients J. Sadoudi, T. Duguet, J. Meyer, M. B., PRC 88 (2013) 064326

I parameter adjustment of a standard 2-body + central 3-body contact
interaction up to 2nd order in gradients: SLyMR1 R. Jodon, Thesis, Lyon (2014).
Better than SLyMR0, but still serious deficiencies.

I construction of most general spin-orbit + tensor 3-body force of 2nd order
in gradients has been started by J. Sadoudi.

What to add?

I two-body contact terms of 4th (and even 6nd) order in gradients
F. Raimondi, B. G. Carlsson, J. Dobaczewski, J. Toivanen PRC84 (2011) 064303

D. Davesne, A. Pastore, J. Navarro, JPG 40 (2013) 095104

P. Becker, D. Davesne, J. Meyer, A. Pastore, J. Navarro, JPG 42 (2015) 034001

I non-local finite range two-body terms
F. Raimondi, K. Bennaceur, J. Dobaczewski, JPG41 (2014) 055112

I semi-contact three-body force
D. Lacroix, K. Bennaceur, PRC91 (2015) 011302R

I or try a di↵erent strategy altogether: explicit in-medium correlations from
MBPT
T. Duguet, M. Bender, J.-P. Ebran, T. Lesinski, V. Somà, arXiv:1502.03672
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Take-away messages

I MR techniques provide useful tools to describe correlations related to the
finiteness and self-boundedness of atomic nuclei

I symmetry restoration of symmetry-breaking reference states

I GCM-type mixing of (symmetry-restored) states

I The last 10 years brought a huge step forward in the advancement of
implementation of multi-dimensional MR techniques

I there are interesting formal problems that we just start to identify and
understand, and that remain to be solved
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