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Relativistic Energy Density Functionals

¢/ natural inclusion of the spin degree of freedom (spin-orbit potential with empirical
strength).

v/ the distinction between scalar and vector self-energies leads to a natural saturation

mechanism for nuclear matter.
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Relativistic energy density functionals:

The elementary building blocks are two-fermion terms of the general type:

(QEOTF’Q&) O’r S {laTi} I’ S {1)7;1,:’75775’7#70#,1/}

... isoscalar and isovector four-currents and scalar densities:

Ju = (Golyud|do) = Zwkwk ,

-

ju — <¢O|E'7u?"/)|¢0> — Zak'ﬁﬂ—-’wk ’

k

ps = {olYldo) = Y Utk
k

ps = (dolbTYldo) = Y rTek
k

where |¢0> is the nuclear ground state.



= build four-fermion (contact) interaction terms in the various isospace-space channels:

isoscalar-scalar:  (i9)?

isoscalar-vector:  (1)ry,1) (y*1))
isovector-scalar: @ff’w) - (zﬁ'ﬁ_ﬁ)

Isovector-vector: [ pr'fyuw) . (wf*,yuw)

Empirical ground-state properties of finite nuclei can only determine a small set of parameters
in the expansion of an effective Lagrangian in powers of fields and their derivatives.

Already at lowest order one finds more parameters than can be uniquely determined from
data.



= effective Lagrangian:

L = (iy-0—m)

— 5 as(B) (V) (B) — v () (@r) ()
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5 Y

oi(p) = a; + (bs Ciw)e—dw (1=8,V,TV) z=p/psat

Only one isovector term and one gradient term can be constrained by data.



Semi-phenomenological functionals

Infinite nuclear matter cannot determine the density functional on the level of accuracy that is
needed for a quantitative description of structure phenomena in finite nuclei.

... start from a favorite microscopic nuclear matter EOS.

... the parameters of the functional are fine-tuned to data of finite nuclei.

DD-PCI

... starts from microscopic nucleon self-energies in nuclear matter.

... parameters adjusted in self-consistent mean-field calculations of masses of 64 axially deformed
nuclei in the mass regions A ~ [50-180 and A ~ 230-250.
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... calculated masses of finite nuclei are primarily sensitive to the three leading terms in the empirical
mass formula:

(N—-2)*
4A |

Eg =a,A+a,A*3 + ay,

... generate families of effective interactions characterized by different values of a,, as and a4, and
determine which parametrization minimizes the deviation from the empirical binding energies of a
large set of deformed nuclei.



Absolute deviations of the calculated binding energies from data for 64 axially deformed nuclei:
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Test: calculation of observables not included in the fitting procedure

re (fm)

re (fm)

re (fm)

53
5.2
5.1
5.0
4.9

54
5.3
5.2
5.1
5.0

5.5
54
5.3
5.2
5.1
5.0

Charge radii

|
!
1

1 1 | 1 1

136 140 144 148 152

T
3
<
1

y g
- o ® d

146 150 154 158 162

_—
)
~—

1

T

®
D)
]

T
(o]
]

| | | | 1 |

150154158162166170174
A

54
5.3
5.2
5.1
5.0
4.9

54
5.3
5.2
5.1
5.0

5.6
5.5
54
5.3
5.2
5.1

- Sm

L » -

L .,.‘-'-V
.w.“.A'

I I 1 I |

(b) -

.8 |
- ®

-

1 1 1 I 1

140 144 148 152 156 160

. Dy (d)
o®
o jr’L' .
;.g'
! . i
V4
oo’

- Yb (f) -
.F’ﬁeﬁeﬂeﬂsl'~
i ‘.,o"’ |

158 162 166 170 174 178
A

B2

B2

B2

0.4
0.3
0.2
0.1
0.0
-0.1

134 138 142 146 150 154

0.5
0.4
0.3
0.2
0.1
0.0
-0.1

0.5
0.4
0.3
0.2
0.1
0.0
-0.1

Quadrupole deformations

i (@) .

! Nd @
&

i % vﬁv"’r i

-\ v/ .

-\ (&M‘, -

L 8 -

1 | 1 | 1

I ] 1

ic). _
. -9
-;""

’
- [ -
v

= ; -
4

- e0 -

- -

- Gd

— A

1 1 1 1 1

146 150 154 158 162

1 | 1 I 1 I |

- Er (e) .

i “""".
B _
A

R

— / -
14

14
- 0@ -

— A

| | | 1 | 1 1

150154158162166170174
A

0.5
0.4
0.3
0.2
0.1
0.0
-0.1

0.5
0.4
0.3
0.2
0.1
0.0
-0.1

0.4

0.3

0.2

0.1

1

4
— ‘ o
1

9009 .
4

1 1 1 |

140 144 148 152 156 160

: Dy
! ‘x&" i
| 0-0-6 i

— R

(d) |

) .';.“.'.“.

o
v

£
4

| 1 1 1 1 1

146 150 154 158 162 166

Yb

1 | I ]

2o O
t."./'.—,v. r‘.?eh‘ |

158 162 166 170 174 178
A



.itation energies of collective modes: =
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Test: “double-humped” fission barriers of actinides
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Nuclear Many-Body Correlations

short-range long-range collective correlations
' (hard repulsive core of nuclear resonance large-amplitude soft modes:
the NIN-interaction) modes Ji (center of mass motion, rotation,

(giant resonances) low-energy quadrupole vibrations)

\

...vary smoothly with nucleon number! ...sensitive to shell-effects and strong variations
Implicitly included in an effective EDF. with nucleon number!
Cannot be included in a simple Kohn-Sham EDF
framework.



Five-dimensional collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational degrees of freedom

Hcoll — %ib(ﬁ’ ’7) + 7;01: (/87 v Q) an Vcoll(/Ba ’7)

1

Tib = §Bﬂﬁ52 + BBg 07y + §ﬂ2Bw’72

3
1
Trot = 5 ,;Ikw}%

The entire dynamics of the collective Hamiltonian is governed by the seven functions of the
intrinsic deformations P and Y: the collective potential, the three mass parameters: Bgg, By,
Byy, and the three moments of inertia k.



Evolution of triaxial shapes in Pt nuclei:
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Shape evolution and triaxiality in germanium isotopes
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Quadrupole collective Hamiltonian based on the functional DD-PCI
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The level of K-mixing is reflected in the staggering in energy between odd- and even-spin states in the Y band:

E[J}] = 2E[(J — D]+ E[(J — 2)F]
E[27]

S(J) =

Deformed Y-soft potential = S(]) oscillates between negative values for even-spin states and positive values for odd-spin states.

Y-rigid triaxial potential = S(J) oscillates between positive values for even-spin states and negative values for odd-spin states.

The mean-field potential of 7°Ge is Y soft. The inclusion of collective correlations (symmetry restoration and quantum
fluctuations) drives the nucleus toward triaxiality, but they are not strong enough to stabilize a Y = 30° triaxial shape.



Energy Density Functionals - Covariance Analysis

'_ | N (th) __ m(exp) j ]
Quality measure: ixz (p) - Z (O’n (I;)O O,
, n=1 . n

ox*(p) )
3?@ P=Po

“Best model” po =

=0ix’(po) =0 (fori=1,...,F)

Expand the quality measure around the optimal model po =

F
1
X*(P) = x"(Po) + Z P — Po)i(P — P0);0:9;x* (Po) + - -
dimensionless variables: r; = (p — po)i
(Po)z'

= the quadratic deviations of X? from its minimum value: Xz( P) — Xz (@) = sz! X) = x? Mg




The symmetric FXF matrix of second derivatives:

1 0x? 1 o
My =5 (Gasa ) = 3®0) (000X (o)

Diagonalization =

The deviations of the X? from its minimum value are parameterized in terms of F uncoupled harmonic
oscillators — the eigenvalues play the role of the spring constants.

Soft direction = small eigenvalue A, little deterioration in X2. The corresponding eigenvector € involves

a particular linear combination of model parameters that is not constrained by the observables included in
the fit.

Stiff direction = large eigenvalue A, X2 rapidly worsens away from minimum, the fit provides a
stringent constraint on this particular linear combination of parameters.



... covariance between two observables A and B:

cov(A, B) = % i (4 — (4)) (B™ - (B))] = (4B) - (4)(B)

Pearson product-moment correlation p( B) — COV(A: B)
coefficient: ’ \/var(A)mr(B)
F i M F
B 0A | 1 () (m) 0B 0A .BB
COV(A’ B) - Z 8:1:1 M Z i I - Z 8.'137, CZJ a.'Bj
i,j=1 m=1 - =1
" . HA . _, 0B
COV(A, B) — (M )?,] Z 6€ A'L 6§

R ————



... relativistic energy density functional DD-PCI| = is it “predictive” ! Agreement with experiment!?
= is it “unique”? A model is unique if all the eigenvalues
Ai of M are large.

PARAMETER
o (p) = as + (bs + cox)e%” as (fm?) —10.0462
—d,x bs (fmz) —9.1504
o (p) = av + bye ¢, (fm?)  —6.4273
ity (p) = bype™4v® d, 1.3724
a, (fm*) 5.9195
b, (fm?) 8.8637
d, 0.6584
by, (fm?) 1.8360
ds., 0.6403

5, (fm%)  —0.8149




Correlations between the lowest-order terms in a Taylor expansion of the density-dependent coupling

functions around the saturation point:

Psat

Cs = eds [dsa; (psat) + psata;, (psat)] :

d,

by = ¢ i—1 — o (psat) é
s — Cg d. s\ Psat ) Psat ds,

s = 0ts(psar) — (bs + Cs)e %

d, = _a»,u,(Psat)

a;}(psa‘t) sats

ed”
)

Ay

Oy = Qy(Psat) — b€

b’U — —04;) (psa,t)

—d,

a:‘xv (pSUb)
Kty (psub) ,

3
btv — Oty (psub)edw (Psub/psat)

dtv = —Psat

Psub = 0.12 fm =3

Nuclear matter pseudo-observables

OBSERVABLE DD-PC1
00 0.152 fm—°
€(po) -16.06 MeV
€(Prow) -6.48 MeV
G(Phigh) 34.38 MeV
Ky 230 MeV
mp 0.58
m* 0.66
82 (psub) 27.8 MeV
L(psub) 57.2 MeV
a4 33 MeV




Eigenvalues and eigenvectors of the 9 x 9 matrix of second derivatives M of X?(p) for the functional DD-PCI
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. r ¢ ‘ . 1
of = (M), = (4D A7), pPaR)) = e
\.0' JM " .‘M ,‘j
28| | Ay
24 ] Ay
o /"
20 - | II;‘ /N
X 16 . =
| x, _ B
© 12} | dy =
"
8| | e B
4| [ o
0 N N I / s N I | 1 /
Qg Oy O ds 53 Q,, O, O, Qryyy Oy, Qg Oy g ds Q,, O, O, Oy, Oy,
Uncertainties 0; of model parameters for the 36 independent correlation coefficients between 9
functional DD-PCI. model parameters that contribute to infinite nuclear

matter calculations .
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A, =1.91 x10°

l..-lll

' Ud 6 / N '
a,a,a s Ya a, O_' a, nfrn!r

aa'a’d § aaa’a, 0l
> y Uy )l"lal"l‘?l'n'!




of = (M) = (ADT'A"),

28}
241
20 i /_\
X 16 =
© 12} <
Kt
4}
0 0" d S N / | 0" d S N /
Qg Qg Qg Ay S &, &, Q) Oy, Oy, Qg 0y A S Q, O, O, Qe Xy
Uncertainties 0; of model parameters for the 45 independent correlation coefficients between 10
functional DD-PCI. model parameters that contribute to semi-infinite

nuclear matter calculations .



Finite nuclei
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Relative contributions in percentage of the ten linear combinations of model parameters that
correspond to the eigenvectors of the matrix of second derivatives .# to the variances of the

binding energy of rare-earth nuclei.
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Relative contributions in percentage of the ten linear combinations of model parameters that
correspond to the eigenvectors of the matrix of second derivatives .# to the variances of the
binding energy of actinide nuclei.
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Relative contributions in percentage of the ten linear combinations of model parameters that
correspond to the eigenvectors of the matrix of second derivatives .# to the variances of the
binding energy and radius of the proton distribution of tin isotopes.



A simple analysis of the quality measure X2 around the minimum in nuclear
matter can be used as a starting point in the determination of the functional

density dependence of a nuclear EDF, and in the selection of the type of data

that can constrain the values of model parameters.

How do uncertainties and correlations between parameters of a nuclear
EDF propagate into models of nuclear structure (RPA, collective
Hamiltonian etc) that are used to compute spectroscopic properties.




