
Clustering	
  in	
  the	
  Skyrme-­‐Force	
  
Hartree-­‐Fock	
  Approach	
  

Collaborators	
  

P.-­‐G.	
  Reinhard,	
  U.	
  Erlangen	
   N.	
  Itagaki,	
  Kyoto	
  

T.	
  Ichikawa,	
  Kyoto	
   S.	
  Umar,	
  Vanderbilt	
  U.	
  

Lu	
  Guo,	
  Tokyo	
  U.	
   H.	
  Horiuchi,	
  RCNP	
  Osaka	
  

V.	
  Oberacker,	
  Vanderbilt	
  U.	
   N.	
  Löbl,	
  U.	
  Frankfurt	
  

M.	
  Kimura,	
  Sapporo	
   S.	
  Schramm,	
  U.	
  Frankfurt	
  

P.	
  Stevenson,	
  Surrey	
   B.	
  Schuetrumpf,	
  Frankfurt	
  



•  J. A. Maruhn, M. Kimura, S. Schramm, P.-G. Reinhard, H. Horiuchi, and 
A. Tohsaki, "Alpha Cluster Structure and Exotic States in a Self-
Consistent Model for Light Nuclei", Phys. Rev. C 74, 044311 (2006). 

•  J.A. Maruhn, N. Loebl, N. Itagaki b, and M. Kimura, "Linear-chain 
structure of three α-clusters in 16C and 20C", Nucl. Phys. A 833, 1  (2010). 

•  A. S. Umar, J. A. Maruhn, N. Itagaki, and V. E. Oberacker, "Microscopic 
Study of the Triple-α Reaction", Phys. Rev. Lett. 104, 212503 (2010). 

•  板垣直之, Joachim A. Maruhn, and 木村真明, "中性子の果たす"糊"の効果
とaクラスターの結合形態", 日本物理学会誌 64, 840 (2009). 

•  Methods	
  
•  StaOc	
  and	
  Ome-­‐dependent	
  Hartree-­‐Fock	
  
•  Full	
  Skyrme	
  force	
  
•  Cartesian	
  grid	
  in	
  3D,	
  no	
  symmetries	
  
•  Differencing	
  using	
  FFT	
  
•  Exact	
  treatment	
  of	
  Coulomb	
  boundary	
  condiOon	
  

IniOal	
  PublicaOons	
  



Alpha	
  Cluster	
  Structure	
  and	
  ExoOc	
  States	
  	
  
in	
  a	
  Self-­‐Consistent	
  Model	
  for	
  Light	
  Nuclei	
  

•  Search	
  for	
  presence	
  of	
  α-­‐clustering	
  in	
  pure	
  mean-­‐field	
  
states	
  (no	
  projecOon):	
  result	
  is	
  a	
  Slater	
  determinant	
  
defined	
  by	
  occupied	
  s.p.	
  wave	
  funcOons	
  given	
  on	
  a	
  3D	
  
Cartesian	
  grid	
  

•  Despite	
  the	
  „independent	
  parOcle	
  model“,	
  
correlaOons	
  are	
  present	
  through	
  the	
  mean	
  field,	
  
which	
  can	
  produce	
  similar	
  wave	
  funcOons	
  for	
  quartets	
  

•  The	
  existence	
  of	
  clusters	
  is	
  not	
  assumed	
  in	
  the	
  theory	
  



Cluster	
  Analyses	
  

•  The	
  result	
  is	
  always	
  the	
  overlap	
  of	
  two	
  many-­‐body	
  
wave	
  funcOons,	
  leading	
  to	
  determinants	
  

•  Pure	
  a	
  configuraOons:	
  Gaussian	
  wave	
  funcOons	
  
distributed	
  in	
  
–  Prescribed	
  geometry	
  with	
  scales	
  adjustable	
  
–  Fully	
  free	
  posiOoning;	
  all	
  posiOon	
  vectors	
  fi]ed	
  

•  The	
  radius	
  parameter	
  of	
  the	
  α‘s	
  was	
  adjusted	
  in	
  the	
  
same	
  way,	
  in	
  most	
  cases	
  all	
  α‘s	
  had	
  the	
  same	
  radius	
  

•  Numerically,	
  a	
  mulOdimensional	
  opOmizaOon	
  
algorithm	
  was	
  used	
  and	
  proved	
  very	
  successful	
  



AlternaOve	
  Analyses	
  
•  Use	
  a	
  mixture	
  of	
  ground-­‐state	
  nuclei	
  from	
  a	
  staOc	
  HF	
  
calculaOon	
  and	
  /or	
  α-­‐clusters	
  

•  Expand	
  over	
  a	
  number	
  of	
  similar	
  configuraOons	
  in	
  a	
  
GCM	
  manner	
  

•  In	
  all	
  cases	
  the	
  occupied	
  states	
  in	
  the	
  model	
  state	
  are	
  
parOally	
  non-­‐orthogonal	
  

General	
  ProperOes	
  
•  ResulOng	
  staOc	
  states	
  were	
  always	
  axially	
  and	
  
mirror-­‐symmetric.	
  

•  	
  δ-­‐force	
  pairing	
  included,	
  but	
  was	
  found	
  to	
  vanish	
  in	
  
converged	
  configuraOons	
  



LocalizaOon	
  Analysis	
  
•  Originally	
  from	
  molecular	
  physics	
  

A.	
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  and	
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  used	
  from	
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  to	
  present	
  study	
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  Phys.	
  Rev.	
  C83,	
  034312	
  (2011)	
  
•  LocalizaOon	
  is	
  defined	
  by	
  having	
  a	
  parOcle	
  at	
  some	
  posiOon	
  with	
  low	
  

probability	
  of	
  finding	
  another	
  parOcle	
  of	
  the	
  same	
  spin	
  and	
  isospin	
  nearby	
  	
  
•  Probability	
  of	
  finding	
  such	
  a	
  pair	
  of	
  nucleons	
  at	
  r	
  and	
  r‘:	
  

	
  
	
  
for	
  same	
  isospin	
  q	
  and	
  spin	
  σ.	
  

	
  

 
Pq,σ (
r , ′r ) = ρq,σ (

r )ρq,σ (
′r )− ρqqσσ (

r , ′r )
2



The	
  LocalizaOon	
  Field	
  
•  Averaging	
  over	
  a	
  spherical	
  shell	
  of	
  radius	
  δ	
  and	
  using	
  a	
  Taylor	
  expansion	
  

we	
  get	
  
	
  
	
  
	
  
with	
  
	
  
	
  
	
  
Since	
  we	
  want	
  a	
  measure	
  for	
  the	
  absence	
  of	
  a	
  second	
  parOcle,	
  we	
  invert	
  
	
  
	
  
	
  
	
  
This	
  is	
  normalized	
  to	
  the	
  range	
  0...1	
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LimiOng	
  Cases	
  

•  For	
  Fermi	
  gas 	
   	
  since	
  	
  	
  
	
  

•  For	
  an	
  α-­‐parOcle,	
  	
   	
  	
  	
  	
  	
  	
  	
  ,	
  i.	
  e.	
  perfect	
  localizaOon	
  
	
  	
  	
  

Rq,σ ≈ 12

Rq,σ ≈1

Numerical results 
for the localization 
are not meaningful 
in low-density 
regions 

τ ≈ τ TF



2d 

8Be	
  



The Case of 12C 



The Case of 16O 

•  Four non-coplanar alpha-particles are required 

•  The precise arrangement is unimportant 

•  Their relative distance tends to zero 

•  This is not a cluster structure, but the close-lying 
Gaussians generate the p-states 



LocalizaOon	
  for	
  12C	
  and	
  16O	
  



Free	
  placement	
  
20Ne

16O + symmetrized a	



d 



LocalizaOon	
  for	
  20Ne	
  

This supports the interpretation of a 12C core with  
α-particles attached at the sides 



24Mg

pp

(0,q,r) 

(0,-q,-r) 



28Si



32S 

α‘s closely concentrated 
with random geometry 



36Ar 
•  α‘s closely concentrated with 
random geometry 

•  overlap quite large: spin-orbit 
energy is reduced 



Other	
  ConfiguraOons:	
  a	
  3-­‐α	
  Chain	
  



Three-­‐α-­‐Chain	
  Nonaxial	
  	
  



Convergence	
  Behavior	
  

An excited quasistable (?) 
state appears as an 
apparently converged 
configuartion for 1000‘s of 
iterations. Sometimes 
convergence indicators 
are as good as for the 
ground state. 
 
 
 
Subsequently, there is 
rapid conversion to the 
ground state via triaxial 
shapes. 
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Dynamic	
  Stability	
  
Give wave functions an initial boost factor 
with r=3fm, a=1fm 
Then do time-dependent calculation. 
Result shows long-term return to ground state, but some oscillations before. 
 
Sample calculations for 0.04 and 2.83 MeV excitation energy  
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RotaOonal	
  StabilizaOon	
  of	
  4α	
  Chain	
  

•  StaOc	
  HF	
  is	
  done	
  with	
  a	
  cranking	
  constraint	
  	
  -­‐ωjy	
  
•  IniOalizaOon	
  is	
  with	
  four	
  a-­‐parOcles	
  stretched	
  in	
  a	
  non-­‐axial	
  configuraOon	
  
•  For	
  fixed	
  w, the	
  resulOng	
  total	
  angular	
  momentum	
  Jy	
  is	
  calculated	
  quantum	
  

mechanically	
  and	
  the	
  moment	
  of	
  inerOa	
  and	
  rotaOonal	
  energy	
  factor	
  determined	
  
as	
  	
  
	
  
	
  

•  AlternaOvely,	
  the	
  rigid-­‐body	
  moment	
  can	
  be	
  calculated	
  as	
  
	
  
	
  
For	
  the	
  larger	
  deformaOons	
  both	
  values	
  agree	
  quite	
  well;	
  for	
  the	
  spherical	
  shape	
  
naturally	
  ω	
  and	
  Θ	
  vanish.	
  

	
  
	
  

   
Θ =

J y

ω
Erot =

2

2Θ

   
Θrigid = (x2 + z2 ) ρ(r ) d 3r∫

“Linear chain structure of four-α clusters in 16O”, 
 T. Ichikawa, J. A. Maruhn, N. Itagaki, and S. Ohkubo, PRL 107: 112501 (2011) 
„Rod-shaped Nucleus“, Michelangelo d‘Agostino, Phys. Rev. Focus, Sep. 9, 2011 
Earlier results: H. Flocard, P. H. Heenen, S. J. Krieger and M. S. Weiss, 

 Prog. Theor. Phys. 72 (1984) 1000 



ResulOng	
  Convergence	
  

•  There	
  is	
  a	
  range	
  of	
  angular	
  momenta	
  
where	
  the	
  4α	
  chain	
  is	
  the	
  convergence	
  
limit	
  

•  For	
  smaller	
  angular	
  momenta,	
  transiOon	
  is	
  
to	
  spherical	
  via	
  a	
  deformed	
  metastable	
  
state	
  (note:	
  for	
  spherical	
  rigid-­‐body	
  
moment	
  is	
  given,	
  quantal	
  one	
  is	
  zero).	
  

•  For	
  larger	
  angular	
  momenta,	
  fission	
  
occurs	
  



Range	
  of	
  Angular	
  Momenta	
  

•  The	
  4α	
  chain	
  is	
  stabilized	
  in	
  a	
  range	
  of	
  angular	
  momenta	
  around	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  . 
The	
  quantal	
  moment	
  of	
  inerOa	
  agrees	
  quite	
  well	
  with	
  the	
  rigid-­‐body	
  value	
  

•  Axial	
  symmetry	
  is	
  restored	
  by	
  rotaOon	
  
•  No	
  stabilizaOon	
  was	
  observed	
  for	
  3α	
  configuraOons	
  

 13−18



Role	
  in	
  Dynamics	
  	
  
•  In	
  a	
  collision	
  of	
  8Be+8Be,	
  a	
  transient	
  

rotaOng	
  chain	
  state	
  is	
  visible	
  but	
  
combined	
  with	
  strong	
  oscillaOons	
  

•  Angular	
  momentum	
  helps	
  to	
  keep	
  
the	
  rotaOng	
  chain	
  stabilized.	
  

•  This	
  may	
  play	
  a	
  role	
  in	
  astrophysical	
  
fusion	
  situaOons	
  



LocalizaOon	
  for	
  the	
  Chain	
  States	
  



Ground	
  State	
  Binding	
  Energies	
  



IniOalizaOon	
  for	
  16C	
  
•  For	
  three	
  a-­‐clusters	
  Gaussians	
  at	
  	
  

z=0,	
  -­‐d,	
  and	
  +d,	
  with	
  d	
  usually	
  3	
  fm.	
  Width	
  1.8	
  fm.	
  
•  σ-­‐state	
  neutrons	
  added	
  as	
  distorted	
  Gaussians	
  (3	
  Omes	
  larger	
  width	
  in	
  z-­‐

direcOon)	
  mulOplied	
  by	
  z(z-­‐d)	
  	
  
•  π-­‐state	
  neutrons	
  similar	
  with	
  	
  

factor	
  (x+isry).	
  s	
  for	
  spin	
  direcOon,	
  	
  
r	
  for	
  regular	
  (r=1)	
  π‘	
  and	
  	
  
irregular	
  (r=-­‐1)	
  π.	
  	
  

•  δ-­‐states	
  use	
  factor	
  (x+isy)z.	
  
•  In	
  the	
  results,	
  π‘	
  have	
  jz=±1/2,	
  π have	
  	
  

jz=±3/2	
  
•  Both	
  for	
  Ome-­‐reversal	
  invariant	
  and	
  	
  

other	
  states,	
  HF-­‐3D	
  produces	
  the	
  	
  
angular-­‐momentum	
  quanOzaOon	
  
very	
  well.	
  

Ini-al	
   Final	
  

Name	
   Spins	
   States	
  

π2σ2	
   +	
  -­‐	
  +	
  -­‐	
   π2π‘2	
  

π2σπ	
   +	
  -­‐	
  +	
  -­‐	
   π2σπ‘	
  

π2σπ‘	
   +	
  -­‐	
  +	
  +	
   π2π‘2	
  

π2δ2	
   +	
  -­‐	
  +	
  -­‐	
   π2δ2	
  

π2δπ	
   +	
  -­‐	
  +	
  -­‐	
   π2δπ’	
  

π2δπ‘	
   +	
  -­‐	
  +	
  +	
   π2δπ‘‘	
  



Observed	
  states:	
  contain	
  2/3	
  probability	
  for	
  3-­‐a	
  chain	
  

Kp=0+ Kp=0+ Kp=2+ 

Kp=1+ 

Kp=1- 



Stability:	
  StaOc	
  Quadrupole	
  

•  Check	
  stability	
  using	
  quadrupole	
  constraint	
  
•  (N.	
  Löbl)	
  
	
  



20C	
  Chain	
  States	
  
SkI3 SkI4 

Sly6 SkM* 



LocalizaOon	
  for	
  20C	
  

•  Localization is quite 
different for p and n 

•  Protons show higher 
degree of localization 

•  Average still shows 
some remnants 



ProperOes	
  and	
  Dynamic	
  Stability	
  
Force	
   Dh×106	
   n	
   EB	
  (g.s.)	
   E*	
   b2	
  

SkI3	
   21	
   >50000	
   113.37	
   14.48	
   0.851	
  

SkI4	
   14	
   12000	
   108.11	
   14.71	
   0.824	
  

Sly6	
   22	
   19000	
   109.73	
   14.95	
   0.837	
  

SkM*	
   23	
   9000	
   128.67	
   17.06	
   0.823	
  

Give wave functions an initial boost factor with r=3fm, a=1fm 
Then do time-dependent calculation. 
Result shows long-term return to ground state, but some oscillations before. 
 
Sample calculations for 0.04 and 2.83 MeV excitation energy  



•  Calculated by initializing with fragment ground states at a distance 
•  In practice converge to symmetric configuration (i.e. 12C+20Ne 
identical to 16O+16O) 

•  Pairing is important 

SuperdeformedStates	
  



Convergence	
  



28Si*

32S*

1.23 

3.1 

1.9 

2.8 



LocalizaOon	
  in	
  28Si	
  Isomer	
  



•  InterpretaOon	
  of	
  32S	
  superdeformed	
  state	
  as	
  
16O+16O	
  molecular	
  configuraOon	
  



40Ca*

36Ar 

a configuration 
not well 
determined 

2.9 

4.3 



4He	
  +	
  8Be	
  at	
  b=0.2	
  fm	
  



Q20(t)	
  for	
  b=0.2fm	
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Dependence	
  on	
  b	
  and	
  Ecm	
  



Successive	
  Mode	
  Coupling	
  



Toroidal	
  Nuclei	
  

•  Originally	
  proposed	
  by	
  C.	
  Y.	
  Wong	
  Phys.	
  Le].	
  B41,	
  446	
  (1972)	
  
•  Also	
  studied	
  stability	
  against	
  rotaOon	
  and	
  “sausage”	
  deformaOons	
  in	
  a	
  liquid-­‐drop	
  

approach	
  
•  Recently	
  also	
  looked	
  at	
  very	
  heavy	
  systems	
  in	
  a	
  Skyrme-­‐force	
  Hartree-­‐Fock	
  

approach	
  

•  Static HF with cranking constraint 
around symmetry axis 

•  No clustering seen 

•  Starting with an initial distorted 
configuration also leads to a smooth 
ring. 

The 10-α Ring 



ProperOes	
  of	
  the	
  States	
  
•  Very	
  precisely	
  quanOzed	
  J,	
  but	
  different	
  values	
  

can	
  occur	
  
•  R.m.s.	
  radius	
  varies	
  with	
  J	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
ExcitaOon	
  energy	
  176	
  MeV	
  

•  Concrete	
  results	
  for	
  Sly6	
  

J [ ] R fm[ ] E MeV[ ]



QuanOzaOon	
  of	
  J	
  
•  The	
  s.p.	
  states	
  are	
  of	
  the	
  type	
  

with	
  the	
  z	
  and	
  r	
  direcOons	
  in	
  the	
  ground	
  state	
  
•  Isospin	
  and	
  spin	
  are	
  approximately	
  degenerate,	
  with	
  4	
  

parOcles	
  per	
  s.p.	
  state	
  
•  The	
  total	
  angular	
  momentum	
  is	
  generated	
  by	
  having	
  an	
  

asymmetric	
  occupaOon	
  of	
  m-­‐states	
  (K-­‐isomers)	
  
•  The	
  occupaOon	
  of	
  m-­‐states	
  is	
  	
  

–  Either	
  from	
  -­‐3…+6:	
  resulOng	
  J=4*(4+5+6)=60	
  
–  Or	
  from	
  -­‐2…+7:	
  resulOng	
  J=4*(3+4+5+6+7)=100	
  
These	
  are	
  the	
  values	
  seen	
  in	
  the	
  numerical	
  results.	
  

( ) ( ) exp( )z imη ρ χ φ



Cu|ng	
  up	
  the	
  Ring	
  

V=10MeV V=30MeV V=50MeV 

A time-dependent Gaussian potential is 
applied at the positive x-axis side.  



Summary	
  

•  Cluster	
  structure	
  is	
  present	
  in	
  HF,	
  but	
  diminishes	
  rapidly	
  with	
  A.	
  
•  Stability	
  crucially	
  dependent	
  on	
  symmetries	
  
•  The	
  superdeformed	
  chain-­‐type	
  states	
  are	
  unstable	
  with	
  respect	
  

to	
  a	
  bending	
  deformaOon,	
  but	
  may	
  be	
  present	
  as	
  resonances.	
  
For	
  4α	
  they	
  appear	
  stabilized	
  by	
  rotaOon.	
  

•  TDHF	
  shows	
  both	
  such	
  resonances	
  and	
  a	
  triangle-­‐shape	
  state	
  as	
  
well	
  as	
  rotaOng	
  chains	
  

•  There	
  may	
  be	
  a	
  new	
  access	
  to	
  toroidal	
  nuclei	
  
•  THDF	
  dynamics	
  leads	
  to	
  a	
  nonlinear	
  coupling	
  of	
  collecOve	
  

modes.	
  Stability	
  is	
  not	
  cleared	
  up	
  completely!	
  
•  LocalizaOon	
  analysis	
  appears	
  a]racOve	
  for	
  clustering.	
  



Astrophysics	
  

•  Principal	
  invesOgators:	
  B.	
  Schuetrumpf,	
  Kei	
  Iida	
  
(Kochi),	
  M.	
  Kla]	
  and	
  K.	
  Mecke	
  (Erlangen).	
  

•  SimulaOon	
  of	
  the	
  “pasta”phase	
  of	
  nuclear	
  ma]er	
  
•  Periodic	
  cubic	
  box	
  filled	
  with	
  a-­‐parOcles	
  
•  Thermal	
  excitaOon	
  through	
  iniOal	
  velociOes	
  for	
  the	
  
parOcles	
  

•  A	
  relaOvely	
  rapid	
  thermalizaOon	
  is	
  observed,	
  leading	
  
to	
  the	
  different	
  pasta	
  structures	
  depending	
  on	
  iniOal	
  
density	
  and	
  temperature	
  



ThermalizaOon	
  



EquilibraOon	
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Phase	
  diagram	
  

ρ −





Minkowski	
  funcOonal	
  analysis	
  

{

ρ < ρ →
ρ > ρ →

ρ . .

(with M. Klatt and K. Mecke  
(University of Erlangen) 
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New	
  shapes	
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Preliminary:	
  gyroid	
  structure	
  



Wikipedia	
  arOcle	
  
•  A	
  gyroid	
  is	
  a	
  certain	
  infinitely	
  connected	
  triply	
  

periodic	
  minimal	
  surface	
  discovered	
  by	
  Alan	
  
Schoen	
  in	
  1970.	
  

•  The	
  gyroid	
  has	
  space	
  group	
  Ia3d.	
  Channels	
  run	
  
through	
  the	
  gyroid	
  labyrinths	
  in	
  the	
  (100)	
  and	
  
(111)	
  direcOons;	
  passages	
  emerge	
  at	
  70.5	
  
degree	
  angles	
  to	
  any	
  given	
  channel	
  as	
  it	
  is	
  
traversed,	
  the	
  direcOon	
  at	
  which	
  they	
  do	
  so	
  
gyraOng	
  down	
  the	
  channel,	
  giving	
  rise	
  to	
  the	
  
name	
  "gyroid".	
  

•  In	
  1986,	
  Osserman	
  proved	
  that	
  it	
  contains	
  no	
  
straight	
  lines,	
  in	
  1996	
  Große-­‐Brauckmann	
  and	
  
Wohlgemuth	
  proved	
  that	
  it	
  is	
  embedded,	
  in	
  
1997	
  Große-­‐Brauckmann	
  proved	
  that	
  it	
  has	
  no	
  
reflecOonal	
  symmetries.	
  



•  Α	
  chains	
  could	
  be	
  stabilized	
  by	
  rotaOon	
  
•  Toroidal	
  light	
  nuclei	
  show	
  unusual	
  quanOzaOon	
  and	
  could	
  be	
  

linked	
  to	
  spaghe|	
  
•  A	
  gas	
  of	
  α-­‐parOcles	
  rapidly	
  se]les	
  into	
  a	
  pasta	
  structure	
  	
  
•  The	
  full	
  range	
  of	
  pasta	
  formaOons	
  was	
  observed	
  
•  It	
  is	
  likely	
  that	
  even	
  a	
  gyroid	
  structure	
  was	
  formed	
  
•  TDHF	
  is	
  not	
  useful	
  for	
  detailed	
  studies	
  because	
  of	
  the	
  

computaOonal	
  expense,	
  but	
  might	
  be	
  applied	
  to	
  vibraOons	
  of	
  
the	
  pasta	
  structures	
  

•  The	
  HF/TDHF	
  code	
  Oak3d	
  will	
  soon	
  be	
  available	
  in	
  source	
  
form	
  

Summary	
  


