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From	
  W.	
  Dickhoff	
  



R(θ,φ)=	
  Ro	
  (1	
  +	
  ∑	
  αλμY*λμ(θ,φ))	
  

HPVC=	
  -­‐	
  Ro	
  dU/dr	
  	
  ∑	
  αλμY*λμ(θ,φ)	
  

Vjj'λ	
  :	
  <j||HPVC||j’λ>	
  =	
  	
  	
  
	
  
	
  	
  βλ(2λ+1)-­‐1/2<j||Ro	
  dU/dr	
  Yλ||j’>	
  (uj	
  uj’	
  –	
  vj	
  vj’)	
  (2j+1)-­‐1/2	
  	
  

U(r)=	
  -­‐Uo/(1	
  +	
  exp(r-­‐Ro)/a)	
  

βλ	
  	
  is	
  extracted	
  from	
  experimental	
  B(Eλ),	
  
inelas7c	
  cross	
  sec7ons,	
  …	
  

Coupling	
  of	
  single-­‐par\cle	
  states	
  to	
  surface	
  modes	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  A	
  reminder	
  of	
  basic	
  concepts	
  and	
  nota7on	
  

	
  αλμ	
  =	
  βλ(2λ+1)-­‐1/2	
  (O+
λμ	
  +	
  Oλμ)	
  

Wjj'λ	
  :	
  <j(j'λ)j||HPVC||gs>	
  =	
  	
  	
  βλ(2λ+1)-­‐1/2<j||Ro	
  dU/dr	
  Yλ||j’>	
  (uj	
  vj’	
  +	
  uj	
  vj’)	
  (2j+1)-­‐1/2	
  	
  

j	
  

j	
  

j'	
  

j'	
  

λ	
  

Forward scattering vertex 

Backward scattering vertex 

Mean Field 

Deformed Surface 

Change in the mean field 

Quantize surface oscillations 



132Sn	
  
Interes7ng	
  new	
  

experimental	
  evidences	
  
and	
  ques7ons	
  



132Sn	
  





E.V.	
  Litvinova,	
  A.V.	
  Afanasjev,	
  
PRC	
  84	
  (2011)014305	
  

Alterna\ve	
  	
  self-­‐consistent	
  descrip\ons	
  using	
  effec\ve	
  zero-­‐range	
  forces	
  (normal	
  nuclei):	
  	
  

G.	
  Colo’,	
  H.	
  Sagawa,	
  P.F.	
  Bor\gnon,	
  
PRC	
  	
  82	
  (2010)064307	
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  IN	
  PRINCIPLE	
  VIBRATIONS	
  SHOULD	
  ALSO	
  BE	
  RENORMALIZED…	
  

BUT	
  WE	
  FREEZE	
  THEM	
  AND	
  USE	
  EMPIRICAL	
  INFORMATION.	
  





 
 

Microscopic description of superfluid nuclei  beyond mean field: 

iterating the basic NFT diagrams  with Nambu-Gor’kov formalism   

by extending the Dyson equation… 

to the case of superfluid nuclei (Nambu-Gor’kov), it is possible to consider both: 

and 

J. Terasaki et al., Nucl.Phys. A697(2002)126;   

F. Barranco et al, EPJ  A21 (2004) 57 

A.  Idini et al.  PRC 85 (2012) 014 

cf.  V. Soma’ , C. Barbieri, T. Duguet, 

 PRC	
  84	
  (2011)	
  064317 

	
  PRC87	
  	
  (2013)	
  011303	
  	
  



	
  	
  	
  	
  	
  	
  	
  Outline	
  of	
  the	
  various	
  steps	
  of	
  the	
  calcula\on:	
  
	
  
1)	
  Perform	
  a	
  QRPA	
  calcula\on	
  with	
  a	
  separable	
  force.	
  The	
  	
  
coupling	
  is	
  tuned	
  to	
  reproduce	
  the	
  experimental	
  values	
  of	
  the	
  low-­‐lying	
  modes.	
  	
  	
  
Calculate	
  the	
  par\cle-­‐vibra\on	
  couplings	
  with	
  levels	
  that	
  reproduce	
  the	
  experimental	
  
energies.	
  These	
  values	
  will	
  be	
  frozen	
  in	
  the	
  rest	
  of	
  the	
  calcula\on.	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
2)	
  Perform	
  a	
  HF	
  calcula\on	
  with	
  an	
  effec\ve	
  force	
  (SLy4)	
  
	
  
3)	
  Perform	
  a	
  BCS	
  calcula\on	
  with	
  a	
  bare	
  pairing	
  force	
  (Argonne,	
  Vlow-­‐k)	
  on	
  the	
  HF	
  
	
  	
  	
  	
  	
  mean	
  field	
  to	
  obtain	
  quasipar\cle	
  and	
  occupa\on	
  factors	
  of	
  the	
  orbitals	
  close	
  to	
  the	
  	
  
	
  	
  	
  	
  Fermi	
  energy	
  
	
  	
  
4)	
  Solve	
  the	
  Nambu-­‐Gor’kov	
  equa\ons	
  with	
  the	
  par\cle-­‐vibra\on	
  couplings	
  to	
  	
  obtain	
  	
  
	
  	
  	
  	
  	
  	
  the	
  dynamic	
  self-­‐energies.	
  Iterate	
  to	
  convergence.	
  	
  	
  	
  	
  	
  	
  

Advantages:	
  
-­‐  Good	
  descrip\on	
  of	
  surface	
  collec\ve	
  modes	
  
-­‐  Fast	
  convergence	
  with	
  phonon	
  energies	
  
Drawbacks:	
  
-­‐  Phenomenological	
  input	
  
-­‐  Treatment	
  of	
  spin	
  modes	
  

A.  Idini	
  et	
  al,	
  
PRC 85 
(2012) 01433 
	
  	
  



K.Hebeler,	
  T.	
  Duguet,	
  	
  
T.	
  Lesinski,	
  A.Schwenk	
  (2011)	
  

Mean field calculation with Vlow-k pairing 
force: 3-body force reduces the pairing 
gaps 

Open	
  ques\on:	
  the	
  value	
  of	
  the	
  ‘bare’	
  pairing	
  	
  gap	
  	
  

Dependence	
  on	
  the	
  	
  
effec\ve	
  mass	
  at	
  
high	
  momenta	
  
(Vlow-­‐k	
  vs	
  	
  V14	
  	
  	
  	
  	
  )	
  



       USED FORMALISM  
(cf. Van der Sluys et al., NPA551(1993)210)  

 
 

Σpho
12 

Σ12 = Σpho
12 + Σbare

12 

	
  
V(jj'λ)	
  	
  =	
  	
  βλ(2λ+1)-­‐1/2<j||Ro	
  dU/dr	
  Yλ||j’>	
  (uj	
  ũj’	
  –	
  vj	
  vj’)	
  (2j+1)-­‐1/2	
  
W(jj'λ)	
  =	
  	
  βλ(2λ+1)-­‐1/2<j||Ro	
  dU/dr	
  Yλ||j’>	
  (uj	
  vj’	
  +	
  vj	
  ũj’)	
  (2j+1)-­‐1/2	
  
	
  	
  



BCS-like rewriting 

Since self-energies are energy dependent many solutions are obtained: n=1,2,.. 
Each carrying a quasi-particle strength u(a,n)2+v(a,n)2<1 
Closure requires Σnu(a,n)2+v(a,n)2=1 





Z 

k 

nk 

Z=1  free Fermi gas 
Z<1  correlated Fermi system 

! p = !
1
2
d 3p '

ZpVpp ' Zp '
( !! p ' !!F )

2 +! p '
2

! " p '

Generalized	
  Gap	
  Equa\on	
  (schema\c)	
  	
  

Renormalized  
s.p. energy 

Quasiparticle  
strength <1 

Bare+Induced 
interaction 



Semiclassical	
  es\mate	
  of	
  	
  diagonal	
  
pairing	
  	
  matrix	
  elements	
  (120Sn)	
  

Vind	
  

Vbare	
  

VGogny	
  

F.	
  Barranco,	
  P.	
  Schuck	
  	
  et	
  al.,	
  Phys.	
  Rev.	
  72(2005)054314	
  

E	
  

E	
  

E	
  

E	
  

	
  	
  	
  

(Vlow-­‐k)	
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Exchange	
  of	
  spin	
  fluctua\ons	
  	
  induces	
  a	
  repulsive	
  interac\on	
  which	
  quenches	
  the	
  gap	
  	
  

Difficult	
  to	
  quan\fy	
  in	
  atomic	
  nuclei.	
  	
  
A	
  calcula\on	
  with	
  SkM*	
  interac\on	
  
indicates	
  a	
  30%	
  reduc\on	
  of	
  the	
  gap	
  induced	
  	
  
by	
  phonons	
  (Gori	
  et	
  al.	
  PRC72(2005)011302)	
  

Landau	
  parameters	
  for	
  effec\ve	
  forces	
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How	
  to	
  probe	
  more	
  directly	
  the	
  effects	
  of	
  phonon	
  coupling	
  in	
  the	
  pairing	
  channel?	
  

Pairing	
  density	
  is	
  not	
  very	
  sensi\ve	
  to	
  	
  
the	
  density-­‐dependence	
  of	
  the	
  interac\on	
  

N.	
  Sandulescu	
  et	
  al.,	
  PRC	
  71	
  (2005)	
  054303	
  



How	
  to	
  probe	
  more	
  directly	
  the	
  effects	
  of	
  phonon	
  coupling	
  in	
  the	
  pairing	
  channel?	
  

The	
  coupling	
  with	
  the	
  phonons	
  induces	
  a	
  	
  
surface-­‐peaked	
  	
  interac\on	
  and	
  pairing	
  gap	
  	
   Argonne+	
  induced	
  

Argonne	
  

Induced	
  

But	
  the	
  pairing	
  density	
  is	
  	
  
much	
  less	
  	
  affected	
  	
  

A.	
  Pastore	
  et	
  al.,	
  	
  
PRC	
  78(2008)	
  024315	
  

Δ	
  ≈	
  v	
  κ	
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Survey	
  of	
  OES:	
  G.F.	
  Bertsch	
  et	
  al.	
  Phys.	
  Rev.	
  C	
  79,	
  
034306	
  (2009)	
  

HFB	
  predic\ons	
  for	
  OES	
  

An\correla\on	
  between	
  
pairing	
  and	
  shell	
  gaps	
  

2
G
=

1
Ekk> 0

! "1 = G
2

1
# 2 + $2

a

b

% g #( )d#

If g #( ) & g   and  Gg << 1  then   $ ' e((1/ g G)

h�p://irfu.cea.fr/Sphn/Espace_Theorie/Jun2010/talks/Nazarewicz.pdf	
  



EN =
1

2J (N −N0)2

Pairing	
  rota\onal	
  band	
  in	
  superfluid	
  	
  \n	
  isotopes	
  	
  

g.s.	
  

p.v.	
  

•  Static deformation of the pair field 
• Rotational-like spectrum formed by a sequence of ground states of even-N 

systems associated with large two-neutron transfer cross sections  

E’(N)	
  =	
  [	
  E(NSn)	
  –	
  λN]	
  	
  	
  	
  E’(N)	
  –	
  E’(N0)	
  =	
  	
  
E’
(N
)	
  –

	
  E
’(N

0)
	
  	
  [
M
eV

]	
  	
  
	
  	
  



ASn(p,t)A−2Sn, results
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Comparison with the experimental
data available so far for superfluid tin
isotopes
Potel et al., PRL 107, 092501 (2011)

Kyoto, October 24th, 2011 slide 17/22

G.	
  Potel	
  et	
  al.,	
  PRL107	
  (2011)	
  092501	
  

Very	
  good	
  agreement	
  with	
  	
  
observa\ons	
  using	
  :	
  
Pairing	
  constant	
  G	
  adjusted	
  
to	
  3-­‐point	
  mass	
  difference;	
  
BCS	
  spectroscopic	
  factors;	
  
Woods-­‐Saxon	
  levels	
  adjusted	
  
to	
  	
  experimental	
  separa\on	
  
energies	
  

Pair	
  transfer	
  between	
  
	
  	
  	
  	
  coherent	
  states	
  	
  



•  HFB	
  wavefunc\ons	
  and	
  spectroscopic	
  factors	
  	
  (M.	
  Matsuo)	
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levels up to Eq=4 MeV

levels up to Eq=5 MeV

136Sn(p,t)134Sn, Ep= 25MeV

φ(x) =

�
φ(1)(x)
φ(2)(x)

�

β† =

�
dxφ(1)(x)ψ†(x) +

�
dxφ(2)(x)ψ†(x̄)

< ΦA|ψ(x)|ΦA+1 >=< Φ|ψ(x)
�
β†|Φ >

�
= φ(1)(x)

< ΦA+2|ψ†(x)|ΦA+1 >=< Φ|ψ†(x)
�
β†|Φ >

�
= φ(2)(x)

1

cf.	
  Grasso,	
  Lacroix,	
  Vi�uri,	
  PRC85	
  	
  034317	
  (2012)	
  



BCS	
  wavefunc\ons	
  are	
  enough	
  to	
  calculate	
  2n	
  transfer	
  
between	
  ground	
  states	
  and	
  	
  pair	
  vibra\onal	
  states.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  BUT	
  
2n	
  transfer	
  reac\ons	
  to	
  collec\ve	
  surface	
  vibra\onal	
  states	
  are	
  
sensi\ve	
  to	
  the	
  existence	
  of	
  shape	
  fluctua\ons	
  in	
  the	
  condensate	
  	
  

A	
   A	
  

A-­‐2	
  A-­‐2	
  

λ	
   λ	
  

aj1aj2)λ	
  

aj1aj2)λ	
  

+	
  
Ground	
  state	
  
correla\ons	
  

R.A.	
  Broglia,	
  C.	
  Riedel,	
  	
  
T.	
  Udagawa,	
  	
  
NPA169	
  (1971)	
  225	
  

What	
  is	
  the	
  effect	
  of	
  these	
  
	
  fluctua\ons	
  on	
  the	
  	
  condensate?	
  	
  	
  	
  



130Sn	
  -­‐>	
  132Sn	
  (2+,3-­‐)	
  

Forward	
  amplitudes	
  

Backward	
  amplitudes	
  

(t,p)	
  

(t,p)	
  

(t,p)	
  

(t,p)	
  





230 R. A. BROGLIA et al. 

BIEX) 

(O,O) 

A, 

Fig. 3. Schematic representation of the inelastic scattering and two-neutron transfer processes for 
systems around closed-shell nuclei A”. The pairing phonons (#) and particle-hole phonons (7) 

carry quantum transfer quantum number a = 2 and 0, respectively, and are of multipolarity il. 

~ 

iCP) 
*--- _ 

Fig. 4. Schematic representation of the inelastic scattering and two-neutron transfer processes for 
superfluid systems. The collective phonon (5) receives contributions both from the multipole 
pairing and particle-hole residual interactions, as the distinction between particles and holes is lost 

here. The phonons are completely characterized by the m~tipol~i~ 1. 
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Fig. 4. Schematic representation of the inelastic scattering and two-neutron transfer processes for 
superfluid systems. The collective phonon (5) receives contributions both from the multipole 
pairing and particle-hole residual interactions, as the distinction between particles and holes is lost 

here. The phonons are completely characterized by the m~tipol~i~ 1. 



226 R. A. BROGLIA et nl. 

Particle-particle correlations which aIso play an important role in the nuclear spec- 
trum are pairing correlations. These correlations scatter pairs of particles coupled 

““5” 

Fig. 1. Inelastic scattering cross sections of 2 + ,3 -, and 5 - states are compared with the correspond- 
ing (t, p) and (p, t) cross sections. The ISR cross sections are given in terms of single-particle units 
and are taken from refs. “) (42Ca(cx, cc’)), 18) (1’6*1*8Sn(p, p’)) and lp) (206*ZasPb@, p’)). The 
TNTR data were taken from refs. 20) f40Ca(t, pf*“Ca), 21) (lzo* “*Sn(p, t)) and 22) (zo4-206Pb 

(t, P)). 
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F.	
  Barranco,	
  R.A.	
  Broglia	
  PRL	
  59	
  (1987)2724	
  

Density	
  renormaliza\on	
  due	
  to	
  zero-­‐point	
  fluctua\ons	
  	
  



Channels c leading to the first 1/2− excited state of 9Li

c = 1: Transfer of the two halo neutrons
c = 2: Transfer of a p1/2 halo neutron and a p3/2 core neutron
c = 3: Transfer to the ground state + inelastic excitation

P(1) = 1.3× 10−3

P(2) = 4.6× 10−5

P(3) = 2.6× 10−6

σc = π
k2

�
l(2l + 1)|S (c)

l |2, P(c) =
�

l |S (c)
l |2 (c = 1, 2, 3).

Small probabilities ⇒ use of second order perturbation theory.

Berkeley, August 9, 2010 slide 6/8



Probing	
  par\cle-­‐vibra\on	
  coupling:	
  septuplet	
  in	
  209Bi	
  



SELF ENERGY RENORMALIZATION OF QUASI-PARTICLE STATES: 
      CLOSED SHELL  

C. Mahaux, P.F. Bortignon, R.A. Broglia, C.H. Dasso and Mahaux, Phys. Rep. 120 (1985)1 

208Pb 

Ep =|E-EFermi| 

V2(p,p’,L)	
  
-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐	
  
Ep-­‐Ep’-­‐ħω	
  

W2(p,p’,L)	
  
-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐	
  
Ep+Ep’+ħω	
  



-­‐  Mean	
  field	
  descrip\on	
  of	
  pairing	
  correla\ons	
  
-­‐  Two-­‐nucleon	
  transfer	
  reac\ons	
  
-­‐  Evidence	
  for	
  phonon	
  coupling	
  (heavy	
  nuclei)	
  
-­‐  Pairing	
  correla\ons	
  beyond	
  mean	
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Pairing Vibrations 

• Near closed shell nuclei (like 208Pb) no static deformation of pair field 
•  Vibrational-like excitation spectrum. 
•  Enhanced pair-addition and pair-removal cross-sections seen in (t,p) and 

(p,t) reactions (indicated by arrows). 
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Broglia, Terasaki, Giovanardi, Phys. Rep. 335, 1 (2000) 

• Many like-nucleon pairs outside a closed-shell configuration (e.g. 116Sn) 
gives rise to a static deformation of the pair field 

• Rotational-like spectrum formed by a sequence of ground states of even-N 
systems 
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parametrized according to [17], its strength adjusted so as
to reproduce the intermediate channel deuteron binding
energy.

With the help of a Saxon-Wood potential ([18] p. 239)
and a !GPyP pairing interaction single-particle levels
were calculated and BCS occupation parameters U!V!

were obtained adjusting G so as to reproduce the (four
point) odd-even mass difference for the nuclei of mass
number A and A! 2. Making use of the associated
two-particle transfer spectroscopic amplitudes B! ¼
ðj! þ 1=2Þ1=2U!ðA! 2ÞV!ðAÞ [10], and standard optical
parameters [11–15], the absolute differential cross sections
associated with the reactions ASnðp; tÞA!2Snðg:s:Þ (102 &
A & 130) were calculated. In all cases, successive, simul-
taneous, and nonorthogonality contributions (postrepre-
sentation) to the cross section were considered (see
[19–21] and references therein, see also [22]). We display
in Fig. 2 the theoretical predictions in comparison with
the experimental data for all of the six mass numbers
(A ¼ 124, 122, 120, 118, 116, and 112) for which obser-
vations have been carried out ([11–15]). Theory provides,
without any free parameters, an account of the absolute

value of all measured differential cross sections within
limits well below the (estimated) 15% (systematic) experi-
mental error, and almost within statistical errors.
In keeping with the results displayed in this figure, we

present below predictions concerning the expected pairing
vibrational spectrum of the closed shell nuclei 100

50 Sn50,
132
50 Sn82, and the associated absolute differential cross sec-
tions. Within the harmonic approximation [8,10], the two-
phonon pairing vibrational 0þ states of 132Sn and 100Sn are
predicted at an excitation energy of 6.6 and 7.1 MeV,
respectively [see Figs. 3 (I) and (II)]. At variance with
the superfluid (pairing rotational) case (see Fig. 1), these
excited 0þ state are predicted to be populated with a cross
section comparable to or larger than that associated with
the g:s: ! g:s: transition, a direct consequence of the clear
distinction which can be operated between occupied
(V2 ' 1, U2 ' 0) and empty (V2 ' 0, U2 ' 1) states

FIG. 2. Absolute calculated cross section predictions in com-
parison with the experimental results of [11–15].

FIG. 3. (I) The solid bold lines represent the values of the
expression E ¼ Bð132SnÞ ! BðASnNÞ ! 4:75ð82! NÞ MeV (see
also caption to Fig. 1) corresponding to the pair addition (a), pair
removal (r), and two-phonon pairing vibrational state (E ¼
6:6 MeV) of 132Sn. The absolute differential cross sections
associated with the reaction 134Snðp; tÞ132Snðg:s:Þ (pair addition,
a) and 132Snðp; tÞ130Snðg:s:Þ (pair removal, r) at Ec:m: ¼ 20 MeV
and 26 MeV, respectively, are also displayed. At the bottom we
show the ratio of cross section associated with the reactions
134Snðp; tÞ132Snðpv; 6:6 MeVÞ and 134Snðp; tÞ132Snðg:s:Þ, i.e., the
relative cross section of the 132Sn, 0þ two-phonon pairing vibra-
tional state. (II) The same as above but for 100Sn. In this case
E ¼ Bð100SnÞ ! BðASnNÞ ! 14:5ð50! NÞ MeV.
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Figure 21: Summary of the absolute differential cross section predictions in comparison
with the experimental data (see Figs. 9, 17, 18, 19 and 20).
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Channels c leading to the first 1/2− excited state of 9Li

c = 1: Transfer of the two halo neutrons
c = 2: Transfer of a p1/2 halo neutron and a p3/2 core neutron
c = 3: Transfer to the ground state + inelastic excitation

P(1) = 1.3× 10−3

P(2) = 4.6× 10−5

P(3) = 2.6× 10−6

σc = π
k2

�
l(2l + 1)|S (c)

l |2, P(c) =
�

l |S (c)
l |2 (c = 1, 2, 3).

Small probabilities ⇒ use of second order perturbation theory.
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