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Self-Consistent Mean Field approaches

Self-consistent Mean Field approaches

The nuclear EDF
The energy of the atomic nucleus is postulated as a functional

E = E kin(ρ) + ESk(ρ) + Ecoul(ρ) + Epairing(ρ, κ, κ∗) + Ecorr(ρ)

it depends on one-body density matrix ρ and the pair tensor κ

ρij = 〈Φ0|c†
j ci|Φ0〉 ,

κij = 〈Φ0|cjci|Φ0〉 ,

κ∗ij = 〈Φ0|c†
i c†

j |Φ0〉 .

where |Φ0〉 is the quasi-particle vacuum
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The Skyrme EDF

What is in the ESk(ρ) box ?

ESk ? Take Hartree-Fock expectation value

ESk =
1
2

A

∑
i,j=1
〈ij|v̄central + v̄LS + v̄tensor|ij〉

of effective zero-range interaction containing a central, spin-orbit and tensor
part

The central, spin-orbit, and tensor Skyrme force

vcentral =
[
t0 (1 + x0P̂σ) + 1

6 t3 (1 + x3P̂σ) ρα
]

δ(r− r′)

+ 1
2 t1 (1 + x1P̂σ)

[
k̂′2 δ(r− r′) + δ(r− r′) k̂2

]
+ t2 (1 + x2P̂σ) k̂′∗ · δ(r− r′) k̂

vLS = iW0 (σ̂1 + σ̂2) · k̂′∗ × δ(r− r′) k̂

vtensor =
te

2

{[
3(σ1 · k′)(σ2 · k′)− (σ1 · σ2)k′2

]
δ(r) + hc

}
+

to

2

{
3(σ1 · k′)δ(r)(σ2 · k)− (σ1 · σ2)k′ · δ(r)k + hc

}
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The Skyrme EDF

From the force to the energy density functional

ESk =
1
2

A

∑
i,j=1
〈ij|v̄central + v̄LS + v̄tensor|ij〉

=
∫

d3r ∑
t=0,1

{
Cρ

t [ρ0]ρ2
t + Cs

t [ρ0]s2
t + C∆ρ

t ρt∆ρt + C∇s
t (∇ · st)2 + C∆s

t st · ∆st

+ CT
t
(
st · Tt − ∑

µ,ν=x,y,z
Jt,µνJt,µν

)
+ +C∇·Jt (ρt∇ · Jt + st · ∇ × jt)

+ CF
t

[
st · Ft − 1

2

(
∑

µ=x,y,z
Jt,µµ

)2
− 1

2 ∑
µ,ν=x,y,z

Jt,µνJt,νµ

]
+ Cτ

t (ρtτt − j2
t )
}

The coupling constants are a function of the ti and xi coefficients in the
Skyrme force

ρq(r) = ρq(r, r′)
∣∣
r=r′ , τq(r) = ∇ ·∇′ ρq(r, r′)

∣∣
r=r′ ,

Jq,µν(r) = − i
2 (∇µ −∇′µ) sq,ν(r, r′)

∣∣
r=r′ , jq(r) = 1

2i (∇−∇′) ρq(r, r′)
∣∣
r=r′ ,

sq(r) = sq(r, r′)
∣∣
r=r′ , Tq(r) = ∇ ·∇′ sq(r, r′)

∣∣
r=r′ ,

Fq(r) = 1
2 ∑

µ,ν=x,y,z
(∇µ∇′ν +∇′µ∇ν) sq,ν(r, r′)

∣∣
r=r′ .
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The Skyrme EDF

From the force to the energy density functional

ESk =
1
2

A

∑
i,j=1
〈ij|v̄central + v̄LS + v̄tensor|ij〉

=
∫

d3r ∑
t=0,1

{
Cρ

t [ρ0]ρ2
t + Cs

t [ρ0]s2
t + C∆ρ

t ρt∆ρt + C∇s
t (∇ · st)2 + C∆s

t st · ∆st

+ CT
t
(
st · Tt − ∑

µ,ν=x,y,z
Jt,µνJt,µν

)
+ C∇·Jt (ρt∇ · Jt + st · ∇ × jt)

+ CF
t

[
st · Ft − 1

2

(
∑

µ=x,y,z
Jt,µµ

)2
− 1

2 ∑
µ,ν=x,y,z

Jt,µνJt,νµ

]
+ Cτ

t (ρtτt − j2
t )
}

The coupling constants are a function of the ti and xi coefficients in the
Skyrme force
the EDF is a function of densities, currents and tensors. Some transform
even under time reversal, other transform odd under time reversal.

ρT
q (r) = ρ(r)

sT
q (r) = −sq(r)
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Systematic divergencies

How it started : Instabilities/divergencies in cr8

1 Systematic divergencies in cr8 found for several TIJ parameterizations
after implementation of the tensor terms

2 The calculation stops because the total energy diverges or the total
energy becomes positive.

The culprits ?

ESk =
∫

d3r ∑
t=0,1

{
Cρ

t ρ2
t + Cs

ts
2
t + C∆ρ

t ρt∆ρt + C∆s
t st · ∆st

+ CT
t
(
st · Tt − ∑

µ,ν=x,y,z
Jt,µνJt,µν

)
+ Cτ

t (ρtτt − j2
t )

+ C∇·Jt (ρt∇ · Jt + st · ∇ × jt) + C∇s
t (∇ · st)2

+ CF
t
[
st · Ft − 1

2
(

∑
µ=x,y,z

Jt,µµ
)2 − 1

2 ∑
µ,ν=x,y,z

Jt,µνJt,νµ
]}

3 reason ? finite-size instabilities ?
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Systematic divergencies

Some technical details

Calculation details

HFB + LN (+ self-consistent
cranking)

In pairing channel : surface
density-dependent δ interaction
with 5 MeV cutoff above and
below the Fermi level and
V=-1250 MeV fm−3

cr8 and evb8 :
parity and z-signature
3D Cartesian mesh
imaginary time-step method

|φ̃(i)
k 〉 = 1− dt

h̄ h(i)|φ(i−1)
k 〉

dt ∼ dx2 (for dx = 0.8 fm,
dt = 0.012 10−22 s)
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Finite-size instabilities ?

Finite-size instabilities?

What are they ?

They are associated with strong
derivative terms in the Skyrme
EDF : ρt∆ρt, s · ∆s, and (∇ · s)2

They cause systematic
non-convergence in SCMF
calculations

They can be studied with linear
response theory in INM :
calculate the response of INM to
perturbations of the density.

∞ wavelength→ cfr. Landau
parameters
finite wavelength→ finite-size
instability

Finite-size instability caused by ρ1∆ρ1
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(Taken from T. Lesinski et al, PRC74 (044315) 2006)
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Finite-size instabilities ?

What is happening when the ρ1∆ρ1 occurs ? (in spherical symmetry)

Toy model : Take the SLy5 parameterisation and vary C∆ρ
1 . Compare RPA in

INM and results for finite nucleus (132Sn)
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Finite-size instabilities ?

What is happening when the ρ1∆ρ1 occurs ? (in spherical symmetry)

Toy model : Take the SLy5 parameterisation and vary C∆ρ
1 . Compare RPA in

INM and results for finite nucleus (132Sn)
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Finite-size instabilities ?

What is happening when the ρ1∆ρ1 occurs ? (in spherical symmetry)

Toy model : Take the SLy5 parameterisation and vary C∆ρ
1 . Compare RPA in

INM and results for finite nucleus (132Sn)
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Finite-size instabilities ?

What is happening when the ρ1∆ρ1 occurs ? (in spherical symmetry)

Toy model : Take the SLy5 parameterisation and vary C∆ρ
1 . Compare RPA in

INM and results for finite nucleus (132Sn)
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The ρ1∆ρ1 term favours strong oscillations in the proton and neutron density

Linear Response Theory : from infinite nuclear matter to finite nuclei Université Libre de Bruxelles
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Finite-size instabilities ?

How important are these (∇ · s)2 and s · ∆s terms ?

SD band in 194Hg
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C∆s
t values chosen close to limit of stability to obtain maximal effect

Small, sign-dependent effect on J (2)

Similar for C∇s
t

Thus ...
Small terms that can be very annoying...
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Force vs functional

Force vs functional

Symmetry restoration !

(M. Bender et al., PRC 79, 044319 (2009))

Why not adopt the EDF approach and
put these terms to zero ?

→ anomalies appear in the PNR
deformation energy surface when you
take enough discretization points of
the integral over the gauge angle

Solutions ?

1 Regularization scheme (eliminate
spurious terms). This requires
forces with α = 1

2 Use an effective strong +
Coulomb interaction with all
direct, exchange and pairing
terms

Linear Response Theory : from infinite nuclear matter to finite nuclei Université Libre de Bruxelles
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Force vs functional

Force vs functional

We cannot switch off these small
derivative terms

Need for stable forces !

Especially difficult for time-odd
(∇ · s)2 and s · ∆s as they are zero
during the fitting procedure

Our goal is two-fold :

1 Define a save interval

2 Understand what is going on at
the instability

3 Establish the link between finite
nuclei and INM

Why not adopt the EDF approach and
put these terms to zero ?

→ anomalies appear in the PNR
deformation energy surface when you
take enough discretization points of
the integral over the gauge angle

Solutions ?

1 Regularization scheme (eliminate
spurious terms). This requires
forces with α = 1

2 Use an effective strong +
Coulomb interaction with all
direct, exchange and pairing
terms
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ρ1∆ρ1

First, start from what we know : ρ1∆ρ1
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Scan of C∆ρ
1 in 3D codes

208Pb with SLy5 interaction and evb8

dx=0.8 fm, dt=0.012 10−22 s
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ρ1∆ρ1

Evolution of ρ1 at C∆ρ
1 = 40
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ρ1∆ρ1

Evolution of ρ0 at C∆ρ
1 = 40
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ρ1∆ρ1

ρt, ∆ρt and ρt∆ρt at C∆ρ
1 = 40
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ρ1∆ρ1

What is seen in infinite nuclear matter

(with the SLy5 parameterization)

C∆ρ
1 = 30 MeV fm5

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  1  2  3  4  5

ρ
 [
fm

-3
]

q [fm-1]

C∆ ρ
1=30, C∆ ρ

0=-76.524531249999995 

Channel S=0 M=0 I=0
Channel S=0 M=0 I=1
Channel S=1 M=0 I=0
Channel S=1 M=1 I=0
Channel S=1 M=0 I=1
Channel S=1 M=1 I=1

rho-sat

C∆ρ
1 = 40 MeV fm5

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  1  2  3  4  5

ρ
 [
fm

-3
]

q [fm-1]

C∆ ρ
1=40, C∆ ρ

0=-76.524531249999995 

Channel S=0 M=0 I=0
Channel S=0 M=0 I=1
Channel S=1 M=0 I=0
Channel S=1 M=1 I=0
Channel S=1 M=0 I=1
Channel S=1 M=1 I=1

rho-sat

A. Pastore, private communication
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s0∆s0

Now, proceed to : s0∆s0
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in 194Hg with T22 parameterization

Outside this domain, the
calculation diverges !
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steep downward slope of
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strong change in
spin-polarization
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no strong variation

Empirical limits :

C∆s
t = [−24 : 36] MeV fm5
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s0∆s0
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For C∆s
t = 0 MeV fm5, the spins are aligned to the rotation axis at Jz=54
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s0∆s0

Evolution of s0 at C∆s
0 = 40 MeV fm5
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s0∆s0

s0, ∆s0 and s0 · ∆s0 at C∆s
0 = 40 MeV fm5
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At 150 iterations

Negative coupling constant :
E(s0∆s0) becomes strongly
negative
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s0∆s0

What is seen in infinite nuclear matter

(with the T22 parameterization)

C∆s
0 = 32 MeV fm5
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A. Pastore, private communication
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(∇ · s0)2

How about (∇ · s0)2
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Vary C∇s
0 ( C∆s

t = C∇s
1 = 0) for Jz = 54

in 194Hg with T22 parameterization

Outside this domain, the
calculation diverges !

Empirical limits :

C∇s
0 = [−56 : 92] MeV fm5

C∇s
1 = [−48 : 96] MeV fm5
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(∇ · s0)2

C∇s
t = C∆s

t = 0
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C∇s
0 = −60 MeV fm5 at 550 iterations
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(∇ · s0)2

The spin density s0 and ∇ · s0 at C∇s
0 = −60 MeV fm5

At 10 iterations
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(∇ · s0)2

The spin density s0 and ∇ · s0 at C∇s
0 = −60 MeV fm5

At 200 iterations
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(∇ · s0)2

The spin density s0 and ∇ · s0 at C∇s
0 = −60 MeV fm5

At 400 iterations

s0

0.0336

25.   

x

8.0   

25.   

z

25.   

8.0   8.0   

0.0000

0.0048

0.0096

0.0144

0.0192

0.0240

0.0288

y

∇ · s0

0.0632

8.0   

x
25.   

y

8.0   8.0   

25.   

0.105 

-0.147

-0.105

-0.0632

-0.0211

0.0211

0.147 

z

25.   

Linear Response Theory : from infinite nuclear matter to finite nuclei Université Libre de Bruxelles
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(∇ · s0)2

The spin density s0 and ∇ · s0 at C∇s
0 = −60 MeV fm5

At 550 iterations
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(∇ · s0)2

What is seen in infinite nuclear matter

(with the T22 parameterization)

C∇s
0 = −46 MeV fm5
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A. Pastore, private communication
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The “negative side” of the coupling constants

What about the “negative side” ?
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The “negative side” of the coupling constants

What about the “negative side” ? Divergence or instability ?
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Calculation normally stops
around 200 iterations for
C∆ρ

1 = −260 MeV fm5

Beyond 200 iteration, it becomes
“metastable” with very bad
convergence of the s.p. levels
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The “negative side” of the coupling constants

What happens with ρ0 for C∆ρ
1 = −260 MeV fm5

(Loading movie...)

Calculation for 208 Pb with dx=0.8
fm, dt=0.012 10−22 s

Isosurface of ρ0 at 95% of ρ0,max

Nucleus essentially “falls apart”
(respecting the symmetries of the
code, hence octahedral shape)

ρ0
ρ0

208Pb
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The “negative side” of the coupling constants

What happens with ρ1 for C∆ρ
1 = −260 MeV fm5

(Loading movie...)
Calculation for 208 Pb with dx=0.8
fm, dt=0.012 10−22 s

Isosurface of ρ1 at 60% of ρ1,max
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The gory details ...

The gory details ...

Disclaimer : The exact value of the coupling constant where non-convergence
first occurs is sensitive to the numerics of the problem (basis or mesh,
damping, etc), to the mass number of the nucleus, to the other parameters, ...

M. Bender et al., Phys. Rev. C 65, 054322 (2002).

that a different definition of the normalization factor is used
there! to fix C0

s .
We perform the calculations in exactly the same way as in

Ref. "3# by using the code HFODD $v1.75r! described in Ref.
"68#. We examine 152Dy, which is a doubly magic superde-
formed system. Pairing has a minor influence and we neglect
it. We focus on the dynamic moment of inertia J2:

J (2)$I !!!d2EdI2 "
"1

#
4%2

&E'
$21!

$from experimental data! or

J (2)$(1!!
dI
d(

#
I$(1!"I$(2!

(1"(2
$22!

$in calculations!. Figure 13 shows results of calculations
when one of the four time-odd isovector coupling constants
is varied, while the other ones are kept at the values men-
tioned above. Variations of the coupling constants C1

s "0# ,
C1
s ")nm# , and C1

T have little effect on the dynamic moments
of inertia in 152Dy. When C1

&s is varied, the moments change
noticeably, but the general trend with frequency is still the
same. Thus, altering the isovector time-odd couplings does
not appear to change the quality with which we describe
superdeformed rotational bands. Of course, a consistent de-
scription of both the high-spin data and the GT resonance
properties over a wide range of nuclei will require a much
more detailed analysis.

VI. SUMMARY, CONCLUSIONS, AND OUTLOOK

By exploiting the freedom in the Skyrme energy func-
tional, we have taken significant steps towards a fully self-
consistent description of nuclear ground states and the GT
response. Along the way, we debunked the notion that the
strength and location of the GT resonance in finite nuclei is
determined entirely by the Landau parameter g0! . Our analy-

sis also shows this parameter to be smaller than previous
work indicates.
There are not enough experimental data for spherical

even-even nuclei to fix the time-odd isovector coupling con-
stants; the ability to do calculations in deformed nuclei
should help there. We could, however, choose values that
reproduce the data we do analyze, without spoiling our de-
scription of high-spin superdeformation. Doing a lot better
may require improving our time-even energy functionals. GT
resonance energies and strengths depend significantly on
spin-orbit splitting as well as the residual spin-isospin inter-
action. Until we are better able to reproduce single-particle
energies, therefore, a fit of the time-odd interaction will be
tentative.
We have not considered isoscalar time-odd interactions.

The couplings there will be harder to fix because there are
fewer data on the response, which is not as collective as in
the charge-exchange channel. In addition, the isovector time-
odd terms will play a role in calculations of isoscalar observ-
ables. Though a lot clearly remains to be done, our work can
already be put to good use. We will, for example, employ the
new values for the isovector time-odd coupling constants in
future calculations of beta decay and in the observables that
tell us about the extent of real time-reversal violation in nu-
clei.
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FIG. 13. Dynamical moment
of inertia J (2) in the superde-
formed band of 152Dy calculated
with the SkO! energy density
functional and modified time-odd
coupling constants. In the upper
left panel $corresponding to Fig.
6! all coupling constants are cho-
sen to be density independent, C1

*

is kept at the Skyrme-force value,
and C1

&s!0. In the upper right
panel $corresponding to Fig. 8! the
density dependence of C1

s is var-
ied keeping g0!!1.2. In the lower
left panel $corresponding to Fig.
9! C1

&s is varied, while in the
lower right panel $corresponding
to Fig. 10! Ct

T is varied. See text
for the choice of isoscalar time-
odd couplings.

M. BENDER, J. DOBACZEWSKI, J. ENGEL, AND W. NAZAREWICZ PHYSICAL REVIEW C 65 054322

054322-12

HFODD converges (?) for C∆s
1 = 40 MeV fm5and C∆s

1 < −24 MeV fm5, which
is unstable with cr8
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The gory details ...

Some numerics

Test for 208Pb, with dx=0.8 fm (up to 2000 iterations)
(dt= time step in the imaginary time-step method)

C∆ρ
1 [MeV fm5]

dt [10−22 s] -260 -280 -300 -320
0.009 X X X X
0.010 X X X X
0.011 X X X X
0.012 X X X X

Calculation with dt=0.011 10−22 s starting from “metastable” result for
dt=0.012 10−22 s converges (C∆ρ

1 =-260)
Calculation with dt=0.012 10−22 s starting from “converged” result for
dt=0.011 10−22 s diverges (C∆ρ

1 =-260)
Calculation with dt=0.011 10−22 s starting from dt=0.011 10−22 s
(C∆ρ

1 =-260) with ndiag = 1 converges (ndiag=1 : diagonalization before
iterations start)
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The gory details ...

Play with damping
nxmu=10 (W(n+1) = nxmu/100 ∗W(n+1) + (1− nxmu/100) ∗W(n))

C∆ρ
1 [MeV fm5]

dt [10−22 s] -260 -300 -340 -380 -420
0.006 X X X X
0.008 X X X X X
0.010 X X X X X
0.012 X X X X X

nxmu=20
C∆ρ

1 [MeV fm5]
dt [10−22 s] -260 -300 -340 -380 -420
0.006 X X X X
0.008 X X X X X
0.010 X X X X X
0.012 X X X X X

nxmu=30
C∆ρ

1 [MeV fm5]
dt [10−22 s] -260 -300 -340 -380 -420
0.006 X X X X
0.008 X X X X X
0.010 X X X X X
0.012 X X X X X
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The gory details ...

Play with damping

nxmu=10 (damping parameter)
C∆ρ

1 [MeV fm5]
dt [10−22 s] -260 -300 -340 -380 -420
0.006 X X X X
0.008 X X X X X
0.010 X X X X X
0.012 X X X X X

nxmu=25 : start calculation from fully “converged” calculation with
nxmu=10

C∆ρ
1 [MeV fm5]

dt [10−22 s] -260 -300 -340 -380 -420
0.006 X X X X
0.008 X X X X X
0.010 X X X X X
0.012 X X X X X
⇒ It seems as if the nxmu= 10 calculation is “fake” converged. Diminishing
the time step is also some sort of damping.
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Some conclusions and questions

1 We found finite-size instabilities for the (∇ · s)2 and the s∆s terms for all
TIJ. We have scanned the range of their respective coupling constants
where these terms remain stable.

2 We have studied the ρ1∆ρ1, the s∆s, and the (∇ · s)2 in detail.

3 Studies in infinite nuclear matter confirm the “positive” end of the safe
range but not the negative side. How to study the negative side ? Can it
be done with INM ?

Disclaimer : The exact value of the coupling constant where non-convergence
first occurs is sensitive to the numerics of the problem (basis or mesh,
damping, etc), to the mass number of the nucleus, to the other parameters, ...
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Université Bordeaux (France)
M. Bender
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