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Theoretical considerations

@ motivation of Gaussian Overlap Approximation (GOA)
@ evaluation of GOA parameters in connection with energy-density functionals (EDF)
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Generator Coordinate Method (GCM) in general

Path = set of mean-field states: {|Pg)}

Correlated state: |®) = [dg|®q) f(q)

Griffin-Hill-Wheeler (GHW) eq.:  [dq’ H(q,q') f(q') = E [dq’ Z(q,q9") f(q)
H(9,q') = (gl H|®g) , T(q,q') = (®q|®gr)
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Griffin-Hill-Wheeler (GHW) eq.:  [dq’ H(q,q') f(q') = E [dq’ Z(q,q9") f(q)
H(9,q') = (gl H|®g) , T(q,q') = (®q|®gr)

Problem with energy-density functionals (EDF):
Aunkown = H(q,q)=7?? for g#q
only the expectation value given:  H(q,q'=q) = E(pq) , pq(r) = (Pq|p(r)|Pq)
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Generator Coordinate Method (GCM) in general

Path = set of mean-field states: {|®q)}

Correlated state: |®) = [dg|®q) f(q)

Griffin-Hill-Wheeler (GHW) eq.:  [dq’ H(q,q') f(q’) = E [dq' Z(q,q") f(q')
H(9,q') = (gl H|®g) , T(q,q') = (®q|®gr)

Problem with energy-density functionals (EDF):
Aunkown = H(q,q)=7?? for g#q
only the expectation value given:  H(q.q'=q) = E(pq) , pqa(r) = (Pqlp(r)|Pq)

Analytical continuation in complex g plane = extension of EDF:
H(9,9') = Epaq')  pag (1) = (®q|p(r)|®q)
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Generator Coordinate Method (GCM) in general

Path = set of mean-field states: {|®q)}

Correlated state: |®) = [dg|®q) f(q)

Griffin-Hill-Wheeler (GHW) eq.:  [dq’ H(q,q') f(q’) = E [dq' Z(q,q") f(q')
H(9,q') = (gl H|®g) , T(q,q') = (®q|®gr)

Problem with energy-density functionals (EDF):
Aunkown = H(q,q)=7?? for g#q
only the expectation value given:  H(q,q'=q) = E(pq) , pq(r) = (Pg|p(r)|®q)
Analytical continuation in complex g plane = extension of EDF:
H(q,q') = E(pgq') » Pagr (1) = (Pglp(r)|®gr)
Still problems if: 1) pge becomes singular
2) E(p) not analytical (e.g. exchange in Slater appr. £ o p*/?)
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Generator Coordinate Method (GCM) in general

Path = set of mean-field states: {|®q)}

Correlated state: |®) = [dg|®q) f(q)

Griffin-Hill-Wheeler (GHW) eq.:  [dq’ H(q,q') f(q’) = E [dq' Z(q,q") f(q')
H(9,q') = (gl H|®g) , T(q,q') = (®q|®gr)

Problem with energy-density functionals (EDF):
Aunkown = H(q,q)=7?? for g#q
only the expectation value given:  H(q,q'=q) = E(pq) , pq(r) = (Pg|p(r)|®q)

Analytical continuation in complex g plane = extension of EDF:
H(q,9') = E(pgq') 5 paqr(r) = (Pq|p(r)|Pg)
Still problems if: 1) pge becomes singular
2) E(p) not analytical (e.g. exchange in Slater appr. £ o p*/?)

Problems circumvented by the Gaussian Overlap Approximation (GOA)
= this talk: explore performance of (topological) GOA for typical collective motion
(ignoring here the further step to a collective Schrodinger equation)
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The Gaussian Overlap Approximation (GOA) )
Experience: overlaps qickly decreasing with |g — q’| for fixed g = q —; qa
= approximate by Gaussians

7(q.q) =~ exp (w(q q) - f(q q) ) 7€q,q)

H(q,d) ~ T°N(q,q) [Ho(a) +i(g—q)Hi(9) - ;f;

14. September 2011 5/33
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The Gaussian Overlap Approximation (GOA) )
Experience: overlaps qickly decreasing with |g — q’| for fixed g = g —; q
= approximate by Gaussians

(q.9) =~ exp(iu(q—q)—f(q q))

GOA

'(a.9)

M@.q) ~ 19M@.q) [ro(@ +ita - i) - gD )
\ = 2(0g] 0405 |05) . 11 = — 5(¥g| g — Og |0g)
Ho(G) = (@glMI0g) . H1(a) = — 4 (0] 5 H — H 7 |og)
1o(0) = (gl By H 255 Hog +H 25 [0

GOA requires collective path < many s.p. states move each a little bit

simple example: N-boson state
N

A N ANl | B _(q*q/)z vy
2(9.9) = ({paleq))” = |1 —(a—q){vgl 95 l¢g) (gl Og0g |oq)

exp (iu(q ~q)- (- q’)z)

Q
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The Gaussian Overlap Approximation (GOA)
Experience: overlaps qickly decreasing with |g — q’| for fixed g = q —; qa
= approximate by Gaussians
7(q.q) =~ exp (w(q q) - f(q q) ) 7€q,q)
PAY:
ad) ~ 16 [He(@ +ita- )@ - LT
i — —
&gl 9 — O |®q)

= 2(®g| 005 |Pg) N=—§<

Ho(q) = (PglH|dg) . Hi(Q)
2 - - -
H2(q) = (®g| 9g H—20q Hg+H g |®q)
Advantage of GOA: H, & H. can be computed with EDF
trivially as Ho = E(pg)  (expectation value of Slater state)

by analytical continuation (Wick rotation) — ...

Ho:
H1,Ho:
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Evaluation of H», with EDF

define generating momentum: P|dg) = idy|®4) , (®4|P = —i(P4]04 (is a 1ph operator)
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Evaluation of H», with EDF
define generating momentum: P|dg) = idy|®4) , (®4|P = —i(P4]04 (is a 1ph operator)
= |Pq) =exp (iqﬁ’) |Po) , (Pql = (Po| exp (—iqﬁ’)

Ha = (®5|{P, {H, P}}|®5) = double anti-commutator - not yet suited for EDF

P-G. Reinhard (Saclay 2011) A critical evaluation of the Gaussian Overlap Approxim 14. September 2011 6/33



Evaluation of H», with EDF
define generating momentum: P|dg) = idy|®4) , (®4|P = —i(P4]04 (is a 1ph operator)
—  |dg) =exp (iqﬁ’) |bg) , (Pg| = (do| exp (—iqﬁ’)

Ha = (®5|{P, {H, P}}|®5) = double anti-commutator - not yet suited for EDF

rotate to imaginary g-axis g — —iu: (Wick rotation)
= [8u) = oxp (uP) |00) , (Bu] = (@] exp (uP)
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Evaluation of H, with EDF
define generating momentum: P|dg) = idy|®4) , (®4|P = —i(P4]04 (is a 1ph operator)
= [®g) = exp (iqP) [%o) , (bq| = (®| exp (-iqP)
Ha = (®5|{P, {H, P}}|®5) = double anti-commutator - not yet suited for EDF

rotate to imaginary g-axis g — —iu: (Wick rotation)

= |P,) =exp (ulA’) |bo) , (Py| = (do] exp (uf’)

= O5(®ulH|By) = (@0 {P, {H, P}}|®0) = 712

and (®y|H|Pu) = E(pu) , pu(r) = (®u|p(r)|®u)

= Ho= 8§E(pu)|p=o well defined in DFT
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Evaluation of H, with EDF
define generating momentum: P|dg) = idy|®4) , (®4|P = —i(P4]04 (is a 1ph operator)
— [0g) = oxp (igP) [®0) , (q] = (Bo|exp (~igP)
Ha = (®5|{P, {H, P}}|®5) = double anti-commutator - not yet suited for EDF
rotate to imaginary g-axis q — —iu: (Wick rotation)
= |P,) =exp (ulA’) |bo) , (Py| = (do] exp (uf’)

= O (®u|H|Du) = (Do|{P,{H, P}}|dg) = Ho
and <$U|’:"&>U> = E(pu) 5 pu(r) = (®u]p(r)[®u)

—  Ho=02E(pu)lp=o well defined in DFT

in principle applicable at any order u” = analytical continuation
but the Taylor expansion has to exist — not guaranteed for most EDF
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Center-of-mass motion

@ quality of GOA for norm overlap of *O
@ testing GOA for electro-magnetic formfactor of ®*O  (quality depends on momentum g)
@ counter example single-particle motion
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GOA for c.m. motion

norm overlap <&g|Pg->

test case 0, SLy6 force
path: |®g) = A{[], va(ra — R)} «— ideally collective

1116 exact 1 xact
[o) GOA —— 102 A ——
0.8 | BKN 0 10':
o -
10
0.6 2 0®
S -0
0.4 ¥ 10
10"
0.2 10
107®
0
3 2 A1 0 1 2 3 -4 -2 0 2 4
distance R-R’ distance R-R’

GOA is well satisfied
log plot reveals deviations in the far outside wings < correct asympt. e IA-FI
GOA well applicable for observables which concentrate on small |R — R’|
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The nuclear formfactor

charge formfactor:
Fe(a) = [ d°re?"pg(r) !

)
« electron scattering , 160
g 7 Skyrme M *
£ |
£ 104!
8 1
U’ 1
k) |
MR §
2 l
$ l
£ 10-8 - ! o
£ | diffraction
] | radius
[) 104 1
<4 10 | surface
8 ! thickness
'S r.m.s. radius ;
10—12_
) I | | |
rm.s. radius « 03F| 0 1 2 3 4 5
q=0
diffraction radius «— F(qm) =0, transferred momentum q [fm -]
surface thickness « first maximum
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Testing GOA for c.m. projection of the nuclear formfactor

projected state:

1
W) = [ dR|®r) b full projection
10-2 - GOA projection
2 :
£ |
£ 10 160
o] |
g ; Skyrme M’
PR &
2 |
g .
E 10-8 4 | s |
£ ! diffraction ll
L | radius \
d, 10l |
< 10 | surface
e ' thickness
'S r.m.s. radius
10-12 ok
looks o.K. for fims, Ruittr, Osurt =
. I

quality depends on q: 0 1 |2 :I,, J, 5

large deviations for q > 2k

(ke = Fermi momentum) transferred momentum q [fm -1

g > 2kr anyway beyond mean-field description
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GOA for c.m. projection more quantitatively

The difference between GOA and exact projection
for diffraction radius and surface thickness (computed with SkM*):

2C %0 “Ca “Ca 2%Pp | present quality
SRym [mfm] | 35 5 20 21 10 40
dosurt [MfmM] | -30 -4 20 20 9 40

the effect on rms is negligible (< 5 mfm)

— correction small compared to typical error on Ruitsr, Tsurt
negligible for A > 50 — but beware when improving the precision
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Counter example “non-collective”: shift only 1d;,, , state in 70

116
e 08} .
o shift only 1d
v@; 0.6 |

o 04}

o

o 027

>

o 0

£

5 -0.2

< .04

-3 -2 -1 0 1 2 3
distance R-R’

anything else than Gaussian — outcome unpredictable in simple terms
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Rotation

@ quality of GOA for norm overlap of 2Ne
@ extension to topologically augmented GOA (topGOA) for rotation
@ counter example: rotation of 'O (=single-particle motion)
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GOA for rotation

test case ?Ne, SLy6, path: |®.5) = exp (—iﬂfly) |do)

’-}5 1
ol

& 08}
\

g 06|
S 04t
o

E 02}
o

[

"o exact
22Ne GOA ——
SLy6
-150-100 -50 O 50 100 150

difference angle 9—%’

GOA is well satisfied in —7 <9 <7
but misses the basic structure of the exact Z(+,9"): 7 periodicity in 9 — '
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Topologically augmented GOA (topGOA) for rotation

GOA: 7(q,q') ~ exp (—%(q - q’)2> for Cartesian coordinate —co < g < +oo

but: rotation angle —w < ¢ <7 and/or periodicity ¥ — ¥ + 27
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Topologically augmented GOA (topGOA) for rotation

GOA: 7(q,q') ~ exp (—%(q - q’)2> for Cartesian coordinate —co < g < +oo

but: rotation angle —w < ¢ <7 and/or periodicity ¥ — ¥ + 27
= modify g — ¢’ to distance on the unit ring (sphere) sin(¥ — ¥’) :

7(q,q') ~ exp (—% sin(v¥ — 19’)2>
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Topologically augmented GOA (topGOA) for rotation

GOA: 7(q,q') ~ exp (—%(q - q’)2> for Cartesian coordinate —co < g < +oo

but: rotation angle —w < ¢ <7 and/or periodicity ¥ — ¥ + 27
= modify g — ¢’ to distance on the unit ring (sphere) sin(¥ — ¥’) :

7(q,q') ~ exp (—% sin(v¥ — 19’)2>

and — take care of reflection symmetry = add reflected copy:

7{10pGOA) (9,9) = exp (_é sin(¥ — ¥) ) + exp (—é sin(¥ — 9" + ) )
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Topologically augmented GOA (topGOA) for rotation
test case ?Ne, SLy6, path: |®.5) = exp (—iﬁfly) |do)

A "y ' exact

_e'? 1 22Ne opGOA ——
§- 0.6 |

2 04}

o

E 02}

o

[ e

-150-100 -50 0 50 100 150
difference angle 9—%’

topGOA matches exact overlap very well (even for the small system 22Ne)
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P—G. Reinhard (Saclay 2011) A critical evaluation of the Gaussian Overlap Approxim



Testing rotatonial topGOA for 80
test case 80, SLy6, path: |®s) = exp (—iﬂfly) |Do)

1
0.8 |
0.6 |
0.4 |
0.2

norm overlap <®;|d >

-150-100 -50 0 50 100 150
difference angle 9—%’

topGOA misses the extra peak at 0 = +7/2
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Testing rotatonial topGOA for 80
test case 80, SLy6, path: |®s) = exp (—iﬂfly) |Do)

case not really collective
dominated by one s.p.
state

the neutron 105, state

1
08}
w900

0.6 |
0.4 |

0.2

norm overlap <®;|d >

-150 -100 -50 0 50 100 150 rotation by 7/2
. yields secondary peak
difference angle 95—’

topGOA misses the extra peak at 0 = +7/2
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Quadrupole deformation

@ testing GOA for norm overlap in ''®Sn

@ testing GOA for norm overlaps along Sn chain
@ testing GOA for collective kinetic energy along Sn chain
@ collective E(2{) energies along Sn chain
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GOA and exact overlap for quadrupole deformation in '6Sn
"GSn, SLy6 -- compare norm overlaps at various quadrupole deformations

A 1 }p=-0.1 exact —— 1B=0.36 exact ——
3
. 0.8 |
\'
§- 0.6 |
g o4
°
E o2
)
=

0
A 1p=-036 ~ RaN 1B=0.1
=]
[<= +
8 0.8
\'
§- 0.6
g o4
°
E o2
[]
[=

0 n n n n n n

-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 1] 0.1 0.2
difference quadr. def. 3-p’ difference quadr. def. B-p’

difference not really visible — amplify —
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Diff. “GOA-exact” overlap for quadrupole deformation 3 in '1Sn

116Sn, SLy6 -- difference of norm overlaps ’exact-GOA’

0.005 /\\A 1 1
0 /\ N\ /\/\/\ /\
AW
g -0.005 L
K]
2 .001
°
g -0.015 =-.0'1 . . . . _B:q.36
f=
5 0.005 J\ /k
[
g, VA
WA
5 -0.005
-0.01
0.015 =-0.36 | B=0.1 ]
-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2
difference quadr. def. g-p’ difference quadr. def. 3-p’

deviation depends on average deformation — but is very small everywhere
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Map of diff. “GOA-exact” overlap for deformation /3 in '6Sn

118gn, SLy6 -- difference |Igyacr-lgonl

'3 : 0.02

<02t

Q

S 01} 0.015

2

S 0t 0.01

O

Q

e -01 r 0.005

o

8 -02

5 ' 0
04 02 0 02 04

average quadr. deformation

confirms results from previous snapshots: deviation is very small everywhere
regions of "enhanced” deviation systematically at certain average deformations /3
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Compare map of diffences
with proton pairing

prot. pair. energy [MeV]
- N W s OO N®

regions of “enhanced” devia-

. o 0.02
tion are clearly correlated to A 0.2
regions of quickly changing S
pairing energy T 0.1 0.015
=
(as indicated by green vertical lines) s 0 0.01
T
8
g 0.1 0.005
2 02
) . 0

-04 -0.2 0 02 04
average quadr. deformation
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Average deviations along the chain of Sn isotopes
Sn-chain, SLy6 -- integrated difference |l y,c1-Igoal

. . . . . 0.035
| 0.03
B 0.025
370 ¢ 0.02
S 65 ¢ 0.015
‘§ 60 0.01
€35 0.005
50 L. n . . . 0

-0.4 -0.2 0 0.2 0.4

average quadr. deformation

deviations remain small everywhere, have slight trend to grow for N \,50
[ regions with enhanced deviations are nearly independent of N
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Difference “GOA-exact” for (V| T|¥) along Sn chain

Sn'Chain, SLyG - dlffel‘ence <Ekin>exact'<Ekin>GOA

<Eyin>exact<Exin>coa [MeV]

50 60 70 80

neutron number

acceptably small — as compared to typical 2] excitation energy ~ 2 MeV
larger uncertainty next to shell closure «—  non-collective situation
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Practical example: £(2]) energies in Sn and Pb chains

topGOA for vib.&rot. — collective Schrédinger eq. in 5-dim. Bohr coordinates
(dynamical) path < axial CHF, linear response for vibration & rotation
interpolate potential, mass, inertia, GOA-width to triaxial plane
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Practical example: £(2]) energies in Sn and Pb chains

topGOA for vib.&rot. — collective Schrédinger eq. in 5-dim. Bohr coordinates
(dynamical) path < axial CHF, linear response for vibration & rotation
interpolate potential, mass, inertia, GOA-width to triaxial plane

mismatches next to shell closures

5 | SV-bas

Y
[}
£ 4| Snchain
g
w L
c %
S
I
B
8 1y
0 =

50 58 66 74-. 82 96 106 116 126

Neutrons N N -7 Neutrons N

\ -
! -

good description mid—shell
results comply with findings from study of error on collective kinetic energy
however: deviations near shell closures partly to to CHF instead of ATDHF
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Open points in brief
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Norm overlaps for gauge path (particle-number projection)
particle number projection |W) = [ d¢|d,) <«  gauge path |d,) = V| dy)

[ YaWaWaWaVaVaVaVaVal

shell gap one shell -@@-@o0cOCOCOO
symmetric  .90-0-0-00000S- semifilled

V$=0.9, Vg=0.1

1
Gau55|an Gaussmn

0.8

0.4

0.2

0

gauge phase dlfference 0— ¢ [n] gauge-phase dlfference 0— ¢ [=]

v220.3, v2=0.0

phase of norm ovlp. [r]
o N H O

Inorm overlap|
o
(<]

abs.value |Z| could match GOA — but (complex) phase of Z is changing regimes
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1ph states: Discrepancy of EDF exp. value and RPA energy

define generating operators: P = —i(&}a, —h.c.), Q= a}a, + h.c.

1phpath: |®g) = exp (ip@) exp (—iqf?) |®o) , limiting case, e.g., | /2,0) = &)&h|Po)
“RPA”=small oscillations along qp = wrea «— direct EDF evaluation Ep, = Egpr[ppn]
test case is an electronic system: Nag cluster with P&W EDF compared to exact exchange

Nag, EDF (Perdew+Wang), 1ph =9 to 4 Nag, ionic, exact exchange, 1ph =91to 4
0.12 ]

= OgppaA 0.25 Etph

e 0 g :

& 0.8 _

e £

o 0.06 =

5 2

':;: 0.04 o

S 0.02 along "q" —— P

x "o !

@ - along "p"" - 0.05 along p -
0 harmonic appr. - 0 N~ *harmonic appr,
20 0 20 40 60 80 100 20 0 20 40 60 80 100

angle angles q,p

results perfectly consistent for exact exchange — but dramatic difference for EDF
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Conclusions

Formal aspects

(¢q|I:I|¢q/) not given in DFT, may be recovered by analytical continuation
problems with non-analiticity of energy-density functionals

GOA complies with DFT < only lowest order Wick rotation

GOA implies collective deformations
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Conclusions
Formal aspects

(¢q|lﬁl\¢q/) not given in DFT, may be recovered by analytical continuation
problems with non-analiticity of energy-density functionals

GOA complies with DFT < only lowest order Wick rotation

GOA implies collective deformations

Realistic test cases

center-of-mass ideally collective, works fine for bulk observables
fails for high momenta (small distances)
rotation requires topological extension — topGOA
works fine for collective rotation (22Ne), fails for s.p. structures ('80)
quadrupole quality varies along the path (beware of quickly changing pairing)
typical uncertainty on collective excitation energies ~ 0.2 MeV
more uncertainty next to magic shells (s.p. structures)
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Conclusions
Formal aspects

(¢q|lﬁl\¢q/) not given in DFT, may be recovered by analytical continuation
problems with non-analiticity of energy-density functionals

GOA complies with DFT < only lowest order Wick rotation

GOA implies collective deformations

Realistic test cases

center-of-mass ideally collective, works fine for bulk observables
fails for high momenta (small distances)
rotation requires topological extension — topGOA
works fine for collective rotation (22Ne), fails for s.p. structures ('80)
quadrupole quality varies along the path (beware of quickly changing pairing)
typical uncertainty on collective excitation energies ~ 0.2 MeV
more uncertainty next to magic shells (s.p. structures)
alltogether GOA is a working approximation — but beware of occasional drop-outs
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Conclusions

Formal aspects

(¢q|lﬁl\¢q/) not given in DFT, may be recovered by analytical continuation
problems with non-analiticity of energy-density functionals

GOA complies with DFT < only lowest order Wick rotation

GOA implies collective deformations

Realistic test cases

center-of-mass ideally collective, works fine for bulk observables
fails for high momenta (small distances)
rotation requires topological extension — topGOA
works fine for collective rotation (22Ne), fails for s.p. structures ('80)
quadrupole quality varies along the path (beware of quickly changing pairing)
typical uncertainty on collective excitation energies ~ 0.2 MeV
more uncertainty next to magic shells (s.p. structures)
alltogether GOA is a working approximation — but beware of occasional drop-outs

Future developments

GOA may be improved by extending Wick rotation to 4. order
EDF directly for (®q|H|®g)
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Appendix: additional material in reserve

P—G. Reinhard (Saclay 2011)

A critical evaluation of the Gaussian Overlap Approxim




Non-diagonal overlaps by analytical continuation
for simplicity set ¢ = 0, thus considering

H(G) = (®—qlH|Pg) = (dole” P He |0o) = (677 He ")
— (B —iq((A. Py — T (AP PY -1 (LAY + TPy
3 4

turn to purely imaginary coordinate g — iy = |®,) = e“ﬁ’\cbo) =

Hu) = (dulf|oy) =
2

= (H)+ ul{H.PY) + S (A, P,

wvoa . ut . s
N+ g FLPY + g (H P
3 4

o

DFT identification as H(u) = E(pu) = reconstruct H(q) by analytical continuation
e.g. by identifying 9T = (—/)"04H

problem: ﬂ(u) has to be analytical (Taylor expandable) +«—  usually not provided
GOA requires only existence up to ¢* (u¥) «—— usually possible

hope: stepwise improvement of GOA by going to higher order, e.g., g*
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TopGOA in the 5-dimensional quadrupole plane
Cartesian az,, pp =—2,...,42 «— intrinsic (Bohr) (8,7, 9x, Yy, 9z)
D@, (9) + D?),(v)
2

GOA appropriate for Cartesian coord.: 7@ (a, ) = e #(n =) Auv(av—ei)

azu(B,7,9) = B COS'yDLZO)(ﬂ)+sin7

topGOA for Bohr coordinates by transformation of Z(¢*:
1) insert oz, = a2,(8,7,9) 4
2) transform width matrix A, to intrinsic Aj'"

)\HV — Vviu)\i_lptrvvju
We V= WAV, . ic {B.7.9)
Ass sy O 0 0
As Ay O 0 O
3) exploit symmetries  AJ" = 0 0 X 0 0

0 0 0 X 0
0 0 0 0 X

practically: evaluate by Maple, feed in directly to Fortran code
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GOA for c.m. motion — excited state

test case 'O, BKN force
consider path built on excited state éfds/zéh pi /2| P)

A 1}16 exact 1 exact

& (o) GOA —— 102 OA ——
& 0.8 [BKN T 10':

v 1ph exc. e 10

% 0.6 g‘: 108

S o4 Y 101

s S 1012

E 02 = 10

2 o 107®

3 2 A1 0 1 2 3 -4 -2 0 2 4
distance R-R’ distance R-R’

GOA is also well satisfied for this case

— c¢.m. motion is most robust
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